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Forrewocrd

--the Wisconsin Department of Public Instruction's Strategic Plan identifies the following among its sev-
eral goals:

Goal 1: Help all students reach challenging academic standards so they are prepared for further learning and
productive employment.

Goal 2: Build a solid foundation for learning for all children.
Goal 3: Help all students become caring, contributing, responsible citizens.
Goal 4: Ensure talented, dedicated, and well-prepared educators are in every classroom and public school.

In a technological society that is continually requiring a better and deeper understanding of mathemat-
ics, meeting the cited goals becomes insistent and compelling. Because knowledge is increasing so rapidly,
this document contends that we have all become learners of mathematics. And because we cannot begin to
predict where it will all lead, it is necessary that we teach our children how to think, how to learn, and how
to be critical consumers of knowledge. Teaching and learning mathematics with understanding is the goal of
the curriculum, instruction, and assessment that is evolving. Professional development assumes a major role
because teachers are learners, too.

Putting the standards into action requires addressing the content strands identified in Wisconsin's Model
Academic Standards for Mathematics as well as the processes identified in Standard A: application of a vari-
ety of mathematical skills and strategiesincluding reasoning, oral and written communication, and the use
of appropriate technologywhen solving mathematical, real-world, and nonroutine problems. Implementa-
tion of the standards also requires an understanding of current educational research regarding the teaching
and learning of mathematics.

There are certain foundations the task force deemed necessary in the curriculum design process, many
of which have been foci of agency efforts as well: equity, technology, and service-learning. Additionally, the
task force identified mathematics-specific foundations: openness, time, commitment, and adaptability. All of
these factors often weigh heavily in the success of viable efforts.

This document has been prepared to help school districts with curriculum planning as they build pro-
grams to address these goals. Many thoughtful educators contributed to these efforts. The department ex-
tends its sincere gratitude to these people and thanks them for their genuine interest in the welfare of Wis-
consin's mathematics students.

John T. Benson
State Superintendent of Public Instruction
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iFir©m the hfierione Perrspece

Mary M. Lindquist
Chair, Commission on the Future of the Standards
Past President, National Council of Teachers of Mathematics

ften those of us who have worked on standards at the national level
are asked why we have developed national standards when educa-
tional decisions are the prerogative of states. The mission of the Na-

tional Council of Teachers of Mathematics (NCTM), the world's largest pro-
fessional organization of mathematics teachers, is to improve mathematics
education for all students. To make improvement, the council needed a vision
that included what mathematics students should know and be able to do. Its
first major effort in enunciating.a vision was the publication of the Curricu-
lum and Evaluation Standards for School Mathematics (NCTM 1989).

The Standards set broad goals that give direction but not prescription.
Most states took the challenge of moving toward this vision as they created
their own documents. Wisconsin was a leader because it had already created
a document that was visionary for that time. Those of us developing the
NCTM document often turned to A Guide to Curriculum Planning in Math-
ematics (Wisconsin Department of Public Instruction 1986) for guidance.
This symbiotic relationship between state and national standards continues to
develop. The national group provides a valuable resource for states and the
states inform future documents of the council. For example, the writers of the
Principles and Standards for School Mathematics (NCTM 2000) studied
many state documents to ascertain the status of the nation's thinldng and
progress to date.

Wisconsin has again built on its own documents and on the national ef-
forts in producing Planning Curriculum in Mathematics. This document
complements Wisconsin's Model Academic Standards for Mathematics (Wis-
consin Department of Public Instruction 1998), which sets forth what mathe-
matics students should know and be able to do at the end of grade levels 4, 8,
and 12. Setting content standards is a necessary step, but not a sufficient ac-
tion. This document will help those involved in the mathematics education of
Wisconsin students to move forward. In particular, the following aspects of
this document are noteworthy:

Focus on teaching and learning. Teachers shape what students learn and
their disposition toward learning mathematics. This document takes the
position that learning mathematics with understanding is at the heart of
making improvement. This position itself needs to be understood and
teachers need support as they strive to teach for understanding. Not only

1 3



will teaching strategies change, but expectations of what we value and the
ways we measure students' achievement must also change.

Inclusion of research. It would be inappropriate for the state from which
, some of the most illuminating research in mathematics education has
taken place not to include relevant research. Decisions informed by re-
search and based on thoughtful practice should be the norm rather than
the exception. This document has made a conscious effort to bring re-
search into the picture.

Discussion of issues. The Principles and Standards for School Mathematics
(NCTM 2000) includes six principles that offer perspective to guide deci-
sions. Many of the same issues are discussed in this document providing
the Wisconsin perspective. Agreement on these basic assumptions and
ways to approach these issues are as crucial as selecting the content to be
learned.

Practical Assistance. The resources, especially the discussion by grade lev-
els, are an important and useful piece to help teachers understand and
use Wisconsin's Model Academic Standards for Mathematics (Wisconsin
Department of Public Instruction 1998) in their teaching. The issue dis-
cussions are useful as policy decisions at all levels are being made. The ex-
tensive references provided serve as a resource for further study of issues
and ideas.

I challenge those who desire a quality mathematics education for eveiy
Wisconsin student to examine this document, to reflect on its vision of teach-
ing and learning, to discuss and make resolutions regarding the issues raised,
and to support efforts for improving educational practice. In so doing, come
to a common vision of a mathematics program that will serve your students
and your state well. As the closing statements of the Principles and Standards

for School Mathematics say: "We should not underestimate the difficulty of
the task [realizing this vision of mathematics education], but it can be done.
Now is the time to undertake the collaborative efforts that will make the vi-
sion come alive. We owe our children nothing less" (NCTM 2000, 380).

References
National Council of Teachers of Mathematics. 1989. Curriculum and Evaluation Stan-

dards for School Mathematics. Reston, VA: National Council of Teachers of Mathe-
matics.

National Council of Teachers of Mathematics. 2000. Principles and Standards for School
Mathematics. Reston, VA: National Council of Teachers of Mathematics.

Wisconsin Department of Public Instruction. 1986. A Guide to Curriculum Planning in
Mathematics. Madison, WI: Wisconsin Department of Public Instruction.

Wisconsin Department of Public Instruction. 1998. Wisconsin's Model Academic Stan-
dards for Mathematics. Madison, WI: Wisconsin Department of Public Instruction.
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Changing the lisachring and
_Giscrnring off MeiTeMeMCS

Thomas A. Romberg
University of WisconsinMadison

During the past quarter-century there has been considerable rhetoric about
the need to reform the teaching and learning of mathematics. The standards-
based reform movement now under way in many states and schools is the re-
sponse to these calls for change. The Wisconsin Department of Public In-
structionin its creation of Wisconsin's Model Academic Standardsand the
state's schoolsin examining their materials and procedures in relation to
those standardsare in the process of making needed changes. This docu-
ment should be seen as a tool to assist teachers and school administrators in
the process of reform.

The question I am raising in this brief preface is, How would one know if
the reforms had had an influence on student learning? My response to this
question involves clarifying four aspects of the question itself. First, the shift
in the nature of knowledge about the learning of mathematicsepistemol-
ogymust be understood. Second, the system's notions about schooling that
follow from that shift need to be considered. Third, appropriate evidence re-
lated to the notions of schooling practices should be documented. And finally,
if the influence of the reform practices on student learning is to be deter-
mined, new means of assessment must be developed.

Shift in Epistemology: The Nature
of Knowledge about the Learning
of Mathematics
The Board of Directors of the National Council of Teachers of Mathematics
(NCTM) established the Commission on Standards for School Mathematics
to:

1. Create a coherent vision of what it means to be mathematically literate in
a world that relies on calculators and computers to carry out mathemati-
cal procedures and where mathematics is rapidly growing and is exten-
sively being applied in diverse fields.

2. Create a set of standards to guide the revision of the school mathematics
curriculum and its associated evaluation toward this vision. The products

This document should
be seen as a tool to
assist teachers and
school administrators
in the process of reform.

XV
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The central tenet
underlying this charge
is that students need to
become mathematically

literate.

All students can and
must learn more and

somewhat different
mathematics than has

been expected in the
past in order to be

productive citizens in
tomorrow's world.

of this charge were NCTM's three standards documents published in
1989, 1991, and 1995.

The central tenet underlying this charge is that students need to become
mathematically literate. Note that the term literacy refers to the human use
of language. In fact, one's ability to read, write, listen, and speak a language is
the most important tool through which human social activity is mediated.
Each human language and each human use of language has an intricate de-
sign and a variety of functions to which it is tied in complex ways. For a per-
son to be literate in a language implies that the person knows many of the de-
sign resources of the.language and is able to use those resources for several
different social functions. Analogously considering mathematics as a language
implies that students must learn not only the concepts and procedures of
mathematics (its design features), but also to use such ideas to solve nonrou-
tine problems and to mathematize in a variety of situations (its social func-
tions). The epistemological shift involves moving from judging student learn-
ing in terms of mastery of concepts and procedures to making judgments
about student understanding of the concepts and procedures and their ability
to mathematize problem situations. In the past, too little instructional empha-
sis was placed on understanding and the tests used to judge learning failed to
adequately provide evidence about understanding or the ability to solve non-
routine problems.

Reform Schooling
A set of assumptions about instruction and schooling practices has been asso-
ciated with this vision of mathematical literacy. First, all students can and
must learn more and somewhat different mathematics than has been ex-
pected in the past in order to be productive citizens in tomorrow's world. In
particular, all students must have the opportunity to learn important mathe-
matics regardless of socioeconomic class, gender, and ethnicity. Second, we
have long underestimated the capability of all students to learn mathematics.
Third, some of the important notions we expect students to learn have
changed due to changes in technology and new applications. Thus, at every
stage in the design of instructional settings we must continually ask, Are these
important ideas in mathematics for students to understand?. Wisconsin's
Model Academic Standards for Mathematics were developed in light of these
assumptions. Fourth, technological tools increasingly make it possible to cre-
ate new, different, and engaging instructional environments. Fifth, the critical
learning of mathematics by students occurs as a consequence of building on
prior knowledge via purposeful engagement in activities and by discourse
with other students and teachers in classrooms. The new NSF-stipported
mathematics curricula have been developed with these notions in mind.

This last assumption about the learning of mathematics is based on re-
search carried out in the last decade showing that, in classrooms where the
emphasis of instruction has shifted from mastery of facts and skills to under-
standing, students have become motivated to learn and achievement at all

xvi Preface: Changing the Teaching and Learning of Mathematics
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levels has increased. Carpenter and Lehrer (1999) have characterized under-
standing in terms of five interrelated forms of mental activity frorn which
mathematical and seientific understanding emerges:

1. Constructing relationships
2. Extending and applying mathematical and scientific knowledge
3. Reflecting about mathematical and scientific experiences
4. Articulating what one knows
5. Making mathematical and scientific knowledge one's own

Since all learning occurs as a consequence of experiences and all humans
have a variety of experiences, virtually all complex ideas in mathematics are
understood by a student at a number of different levels in quite different
ways. Furthermore, a student's level of understanding will change as a conse-
quence of instructional experiences. Thus, the challenge is to create class-
room experiences so that a student's understanding grows over time. As re-
cently stated in How People Learn:

Students come to the classroom with preconceptions about how the world
works. If their initial understanding is not engaged, they may fail to grasp the
new concepts and information that are taught, or they may learn them for
purposes of a test but revert to their preconceptions outside the classrooms.

(Donovan, Bransford, and Pellegrino 1999,10

Research in mathematics instruction has identified a series of steps that
lead students to understanding. Students should begin their investigations
with a problem that needs to be addressed and that makes sense to them. The
initial instructional activity should be experientially real to students so they
are motivated to engage in personally meaningful mathematical work. This
step involves raising questions about the problem situation. Hypothesis gen-
eration is a critical aspect of mathematical and scientific reasoning that has
rarely been taught. Any instructional sequence assumes that each activity is
justifiable in terms of some potential end points in a learning sequence. Paul
Cobb states:

This implies that students' initially informal mathematical activity should con-

stitute a basis from which they can abstract and construct increasingly sophis-

ticated mathematical conceptions. At the same time, the starting point situa-
tions should continue to function as paradigm cases that involve rich imagery
and thus anchor students' increasingly abstract mathematical activity.

(1994, 23-24)

Next, students need to identify information and procedures they could use
to answer their questions. Cobb goes on to argue that "Instructional sequences
should involve activities in which students create and elaborate symbolic mod-
els of their informal mathematical activity. This modeling activity might in-
volve making drawings, diagrams, or tables, or it could involve developing in-
formal notations or using conventional mathematical notations" (p. 24).

The challenge is to
create classroom
experiences so that
a student's
understanding
grows over time.

Students should begin
their investigations with
a problem that needs to
be addressed and that
makes sense to them.

Students need to
identify information
and procedures they
could use to answer
their questions.

Preface: Changing the Teaching and Learning of Mathematics xvii
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One needs to build a
coherent case about the
quality of one's answer.

To document the impact
of any reform efforts in

classrooms, one needs
to examine the degree to
which the reform vision

has actually been
implemented.

Finally, one needs to build a coherent case about the quality of one's answer,
developing an appreciation of standards of evidence and appropriate forms of
argument.

The point is that, with appropriate guidance from teachers, a student's in-
formal models can evolve into models for increasingly abstract mathematical
and scientific reasoning. The development of ways of symbolizing problem
situations and the transition from informal to formal semiotics are important
aspects of these instructional assumptions.

The complexity of instructional issues involved in creating classrooms
that promote understanding include the interconnected roles of tasks on the
one hand and how students and their teachers talk about mathematics on the
other; how technological tools can help in the development of classrooms
that promote understanding; the normative beliefs within a classroom about
how one does mathematics; the organizational structures of the classroom;
the role of professional development in helping teachers to develop their
own classrooms that promote understanding; how the school, as an organiza-
tion, supports (or impedes) the work of teachers in developing and sustain-
ing these classrooms; and how nonschool agents (such as parents), agencies
(district), and their actions support (or impede) the development of these
classrooms.

The fact is that the vision of reform should be focused on this nonroutine
pattern of instruction that allows students to become mathematically literate.

Appropriate Evidence about Changes
in Schooling Practices
The problem with the vision of school mathematics as outlined in the previous
paragraphs is that there are ideas put forward by educational leaders, policy-
makers, and professors about what mathematical content, pedagogy, and as-
sessments should be. Implementation of such ideas can be undermined by a
number of factors. For example, not all persons agree with the goal of mathe-
matical literacy for all, and some influential persons believe that the current
course of study works reasonably well (particularly for their children). In fact,
Labaree points out that during the past century calls for reform have had "re-
markably little effect on the character of teaching and learning in American
classrooms" (1999, p. 42). In conventional classrooms, the mathematical con-
tent is cut off from practical problem situations and taught in isolation from
other subjects, students are differentiated by ability and sequenced by age,
and instruction is grounded in textbooks and delivered in a teacher-centered
environment. Instead of changing conventional practices, the common re-
sponse to calls for reform has been the nominal adoption of the reform ideas.
Schools have used the reform labels but have not followed most of the prac-
tices advocated. It is often a political necessity for schools and teachers to
claim they are using a standards-based reform program, even if classroom
practices have not changed. Thus, to document the impact of any reform ef-
forts in classrooms, one needs to examine the degree to which the reform vi-
sion has actually been implemented.

xviii Preface: Changing the Teaching and Learning of Mathematics
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Being aware of this problem, the strategy that underlies the reform move-
ment was based on the notion that since we live in a supply-and-demand
economy, if the mathematics community wanted different texts and tests, a
demand would have to be created. To respond to this challenge it was antici-
pated that the mathematical sciences community would follow an iterative
strategy over several years. First, to create demand it was assumed that states,
districts, and schools would arrive at consensus about the details of long- and
short-range plans (with timetables) for change. Wisconsin has done this. Sec-
ond, specific elements of the system to be targeted for change (e.g., curricu-
lum materials, instructional methods, examinations, teachers, and technol-
ogy) would be identified and prioritized. Third, demands would be made to
textbook publishers, testing companies, staff developers, and teacher educa-
tion programs that they contribute the ingredients necessary for the desired
changes in elements. Next, assuming that new materials and procedures con-
sistent with the vision are supplied, they need to be tried out; feedback from
this trial phase must be matched with the vision and the plan and revisions
made. Finally, the quality of student performance should be judged in terms
of what students are able to do, whether this meets the reform vision, and in
turn whether this meets society's needs". Only by following such a strategy
would real rather than nominal change actually occur.

Assessing Mathematical Literacy
To be consistent with the standards-based vision, the quality of student per-
formance should be judged in terms of whether students are mathematically
literate. This means there should be information gathered about what con-
cepts and procedures students know with understanding, and how students
can use such knowledge to mathematize a variety of nonroutine problem sit-
uations. Only then can one judge whether student performance meets the
reform vision, and in turn whether the changes meet society's needs. Unfor-
tunately, the existing instruments commonly used to judge student perform-
ances in mathematics were not designed to assess mathematical literacy.
Standardized tests used by school districts measure the number of correct
answers a student can give to questions about knowledge of facts, represent-
ing, recognizing equivalents, recalling mathematical objects and properties,
performing routine procedures, applying standard algorithms, manipulating
expressions containing symbols and formulae in standard form, and doing
calculations. Most state assessments, along with the items included in the re-
cent National Assessment of Educational Progress (NAEP) and in the recent
Third International Mathematics and Science Study (TIMSS), are of this
character. As such, at best they measure a student's knowledge of some of
the design features associated with mathematical literacy. Also, it is ques-
tionable as to whether such instruments measure understanding of such fea-
tures. And none make any serious attempt to assess student capability to
mathematize. Thus, to honestly assess the intended impact of standards-
based reforms in mathematics, a new assessment system will need to be de-
veloped.

The quality of student
performance should be
judged in terms of
whether students are
mathematically literate.

Existing instruments
commonly used to judge
student performances in
mathematics were not
designed to assess
mathematical literacy.

To honestly assess the
intended impact of
standards-based
reforms in mathematics,
a new assessment
system will need to
be developed.
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[Inctrodusgdon
Planning Curriculum ft Mathematics

1 this document is designed to facilitate Planning Curriculum in Mathe-
matics. It is hoped that the materials presented here will serve as

_ springboards for contemplation by curriculum planners, developers,
implementers, and evaluations as they ponder and build district mathematics
programs that will serve students well as they become productive citizens in a
technological age. An information era and mushrooming technological devel-
opment have made planning more essential than it has ever been. The math-
ematics program today needs to be cognizant of the research that exists re-
garding teaching and learning mathematics for understanding (Fennerna and
Romberg 1999). This means that assessment needs to mirror what is done in
the classroom, that curricular materials need to foster this kind of develop-
ment, that accountability measures need to be aware of this goal, and that
professional development needs to focus on methodologies that can help
teachers augment their skills for teaching to build conceptual understanding
and knowledge. If mathematics is to be a useful tool in this new era, the math-
ematics program is of necessity a total, cohesive, articulated, "forward-
looking" packagecurriculum, instruction, assessment, accountability, and
professional development.

The first Wisconsin curriculum guide was published by the Department of
Public Instruction (DPI) in .1967. State Superintendent Kahl at that time
stated, "In a dynamic society such as ours, change is constant. People accept
this fact more readily in many fields than in the area of mathematics. . . . In re-
cent years new projects, new courses, and new materials remind us that a great
potential exists for improved changes in the .. . . mathematics program" (Kahl,
Foreword). In the foreword to the 1981 mathematics curriculum guide, State
Superintendent Grover (Wisconsin Department of Public Instruction 1981)
advocated for careful evolution of the mathematics curriculum and empha-
sized the importance of problem solving as the main focus of any mathematic
endeavor. An outstanding Guide to Curriculum Planning in Mathematics was
offered by the department in 1986 in an effort to continue "to provide a better
mathematics curriculum for all students" (Wisconsin Department of Public
Instruction 1986, p. v) and was revised in February 1991 with a charge to dis-
tricts to develop creative plans for implementation. This guide hopes to con-
tinue the process already begun by DPI to assist Wisconsin school districts to
identify the elements of their mathematics programs that are reaping promis-
ing results, to become familiar with current needs for mathematical prowess,
and to contemplate any improvements that might need to be made in those
programs. This guide follows a series of events that have brought increasing

It is hoped that the
materials presented
here will serve as
springboards for
contemplation by
curriculum planners.

If mathematics is to be
a useful tool in this new
era, the mathematics
program is of necessity
a total, cohesive,
articulated, 'forward-
looking" package.

"In a dynamic society
such as ours, change is
constant."
WI Dept. of Public Instruction, 1967
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This document is an
extensive compendium

of resources.

This document reflects
the underlying belief

that mathematics must
be taught and learned

with understanding.

It is believed that this
document can serve as a

reasonable and
responsible guide for

Wisconsin school
mathematics programs.

focus on the effectiveness of the school mathematics programs and on the
mathematical preparedness and success of its students.

The team that worked to produce this guide was an outstanding assem-
blage of college professors, teacher educators, teachers, administrators, and
state supervisors who are totally committed to Wisconsin students and to
their mathematics programs. The team, with no remuneration, met over the
course of an entire year as a team, worked individually at home, and met in
small groups as often as was necessary. Utilizing the electronics communica-
tion media available to them, team members researched and wrote drafts, cir-
culated the drafts for comment, revised, redrafted, and so on. These very
busy people found time in their already full schedules, often using weekends,
to meet with team members to produce yet another piece. The children and
schools of Wisconsin are fortunate to have these people working for them.

The resulting document has multiple purposes. First of all, it is an exten-
sive compendium of resources. Realizing the amount of material available
today and the limited timeframes of those who are charged with program de-
velopment, it was felt that a synopsis of current thought and research would
be helpful and that identification of important resources was essential. It is
envisioned that this document will be used as a ready reference.

Second, the document reflects the underlying belief that mathematics
must be taught and learned with understanding. The development team
wanted to provide what assistance it could in making standards-based mathe-
matics education, with a focus on teaching and learning for conceptual un-
derstanding, come alive. With that goal in mind, it was felt that a section that
presented rich mathematical investigations illustrative of the standards
strands would be helpful. These tasks are presented with commentary re-
garding hoped-for understanding, with assessments that would measure
gained understanding, and with suggested extensions. The pieces offered are
meant to be thought-provoking but by no means exhaustive. Various re-
sources that have been developed in Wisconsin schools to address the stan-
dards effort have also been included, with district permission, again as aids to
school district efforts.

Third, a state document is, by its very nature, a policy piece. Careful con-
templation of each of the current issues dealing with mathematics education
has been undertaken. Many pieces of research have been accessed, read, con-
sidered, and discussed. Statewide opinions have been heard, weighed, and
used as springboards for further research. The considerable expertise of the
team has been utilized to develop stances and to support conjectures. It is be-
lieved that this document can serve as a reasonable and responsible guide for
the development of Wisconsin school mathematics programs.

Wisconsin has a tradition of outstanding mathematics achievement. In
keeping with that tradition, Wisconsin is interested in developing students
who are:

o Prepared to address the mathematics that will face them as twenty-
first-century citizens

o Confident in their abilities to tackle mathematical challenges

Introduction
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o Motivated to continue in the pursuit of mathematical endeavors
o Excited about the life-long learning and application of mathematics

Wisconsin's schools are committed to seeing that ALL students in its
schools have the opportunity:

o To experience rich mathematics programs
o To access challenging mathematics
o To seek assistance in building the mathematical understanding neces-

sary to pursue personal and career goals

"From a National Perspective," graciously written by Dr. Mary M.
Lindquist of Columbus State University, Columbus, Georgia, and chair of the
Commission on the Future of the Standards that produced the Principles and
Standards for School Mathematics (PSSM) (Standards 2000 Project 2000),
the activities leading up to production of this volume are recounted. Kindly
consenting to take two of her very busy days preceding release of the princi-
ples and standards, Dr. Lindquist provided technical assistance and inspira-
tion as the mathematics guide task force began their contemplation of the
kind of document that would best respond to calls from Wisconsin school dis-
tricts as they moved forward with implementation of Wisconsin's Model Aca-
demic Standards for Mathematics (WMAS) (Wisconsin Department of Public
Instruction 1998). Sharing invaluable knowledge gained as a result of her ex-
perience with the principles and standards, she was able to paint a picture of
what the national standards had accomplished over the decade since their
publication in 1989, to identify questions that were still left to be considered,
and to give the production team a sneak preview of the NCTM vision for the
new era. Using her knowledge of the Wisconsin mathematics scene, visionary
direction was provided to the team as they determined the course they would
pursue to produce this guide.

The preface to this document was written by Thomas A. Romberg of the
University of WisconsinMadison. Co-editor of the standards precursor stud-
ies, The Monitoring of School Mathematics: Background Papers (March 1987);
chair of the NCTM Commission on Standards for School Mathematics, which
produced the Curriculum and Evaluation Standards for School Mathematics
(March 1989); and project director for the management working group for the
Assessment Standards for School Mathematics (May 1995), Dr. Romberg
raises the question, "How would one know if the reforms have an influence on
student learning?" He then suggests that four aspects need to be pursued to
respond to the query: the shift in epistemology about the learning of mathe-
matics, the systems notions about schooling that must follow the shift, the doc-
umentation of appropriate evidence related to schooling practices, and how
such influences can be assessed. Concluding that assessment of mathematical
literacy is consistent with the standards-based vision, he proposes contempla-
tion of a new system of assessment with that end in mind. In addition to
preparing this stimulating preface, Dr. Romberg provided invaluable assis-
tance as an advisor to the mathematics guidelines production team in helping

Wisconsin is interested
in developing students
who are . . .

mathematically literate,
confident, motivated,
and excited about the
life-long learning and
application of
mathematics.

Wisconsin's schools
are committed to
seeing that ALL
students have the
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mathematics programs,
to access challenging
mathematics, and
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necessary to pursue
personal and career
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We are ALL learners of
mathematics.

"Development of
understanding . . .

should pervade
everything that

happens in
mathematics
classrooms."

Carpenter and Lehrer 1999, 15

to identify a vision, in setting the international and state mathematics scene,
and in providing moral support as this daunting task was pursued.

Chapter 1, "We Are All Learners of Mathematics: Mathematics in Wis-
consin," paints a picture of where mathematics as a field is today and briefly
provides a history of mathematical development in the United States. A syn-
opsis of the national standards pieces is given and their relationship to the
Wisconsin's Model Academic Standards for Mathematics (1998) is discussed.
An overview of legislation affecting Wisconsin's mathematics programs is of-
fered and a recounting of Wisconsin's assessment results is cited. Contempla-
tion of future thrusts for mathematics in Wisconsin is conjectured and the im-
plications of the standards and assessment movement for the state are
pondered. Concluding with possible mathematical missions for Wisconsin,
the original contention that, "We are all learners of mathematics!" is sup-
ported. The chapter provides a national and state background against which
the rest of the guidelines can be posited. A special note of thanks goes to Ann
Krause, Dean of General Education, Blackhawk Technical College, for infor-
mation regarding technical college expectations and world of work require-
ments. Thanks also go to J. Marshall Osborn, Mathematics Department, Uni-
versity of WisconsinMadison, for insights into university expectations.

Chapter 2, "Teaching and Learning Mathematics with Understanding,"
has been reprinted with permission of Thomas P. Carpenter and Richard
Lehrer of the University of WisconsinMadison from the book Mathematics
Classrooms That Promote Understanding (Fennema and Romberg 1999,
19-32). These outstanding researchers present compelling evidence for
teaching for understanding to be the goal of instruction. Noting the availabil-
ity of "an emerging research base about teaching and learning," the authors
suggest that "the most important feature of learning with understanding is
that such learning is generative" (19). Discussing what understanding is and
how it is developed through construction of relationships, extending and ap-
plying mathematical knowledge, reflecting about experiences, articulating
what one knows, and making mathematical knowledge one's own, the authors
pose the question, "Is understanding the same for everyone?" (6). Critical di-
mensions of classrooms that promote understanding are then identified and
discussed. Finally, conjecturing that "understanding is a goal not only for stu-
dents but also for teachers" (13), the authors conclude that "development of
understanding . . . should pervade everything that happens in mathematics
classrooms" (15). Sincere gratitude is expressed to the authors of the chapter
and to the publishers, Lawrence Erlbaum Associates, for use of the chapter.
It states the understanding case in terminology that could not be duplicated
nor recounted.

Chapter 3, "CIACurriculum, Instruction, and AssessmentAn Inte-
grated Whole" looks at three crucial components of a mathematics program
designed to foster understanding. Characterized by Fortier and Moser (No-
vember 1992) as "CIA," the three pieces are offered as a package; one cannot
function adequately without attention to each of the others. The heart of the
mathematics program discussion, curriculum, instruction, and assessment are
its most important foundations. The curriculum segment contends that an ex-
cellent curriculum cannot achieve what is intended unless it is well taught
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and appropriately assessed. The instruction piece suggests that a district can
adopt the finest curriculum available, but, if those materials are not well
taught, it will not reap the desired results. Additionally, the enacted curricu-
lum is much more than curricular materials. It is the interaction between and
among the materials, the teacher, the students, and the mathematical envi-
ronment. Excellent instructors of mathematics listen to students' cognitions
to inform curricular decision-making. Finally, an excellent curriculum can be
in place. Wise and wonderful teaching- can take place. Yet, it is assessment,
both formal and informal, that will convince us that teaching and learning
mathematics with understanding is occurring. "It is assessment that helps us
distinguish between teaching and learning."

Chapter 4, "Designing Professional Development to Promote Under-
standing," is written by Jodean E. Grunow, mathematics consultant, Depart-
ment of Public Instruction. Having been involved in mathematics profes-
sional development for Wisconsin teachers for the last several years and
having recently completed research (Grunow 1999) that deals specifically
with building conceptual understanding, teacher knowledge, and appropriate
assessment of the growth of such knowledge, Dr. Grunow gives a synopsis of
current research regarding effective professional development. The profes-
sional development chapter is placed at the beginning of this document be-
cause the guide team felt that if we are to accomplish the goal of truly im-
proving mathematics education for the children of Wisconsin, professional
development needs to come first, not last (or maybe never), the position to
which such endeavors have often been assigned in the past. "The scary thing
about these efforts to truly address mathematical understanding is that those
who are charged with the reform, were the most successful in the traditional
classroom and often have never been themselves taught in the manner in
which we need to teach" (Sparks 1998). Fortunately, Wisconsin has had sev-
eral very successful professional development efforts that have advanced the
cause considerably. Examples of those outstanding professional development
programs are given at the end of the chapter as models of professional devel-
opment programs that can be emulated.

Having laid the groundwork for the document in the first five chapters,
chapter 5, "Putting the Standards into Action," is the heart and soul of the
document. In discussing district requests for help in implementing standards-
based mathematics education, the guide team felt that several components
were essential:

o Rationale for process and procedures
o Discussion of sequencing and timing of mathematics concepts reflec-

tive of Wisconsin's Model Academic Standards (WMAS) (1998) and
Principles and Standards for School Mathematics (PSSM) (2000)

o Presentation of challenging mathematics investigations complete with
hoped-for understandings, appropriate assessment suggestions, and
extension questions

The introduction to this section, written by Billie Earl Sparks, University
of WisconsinEau Claire, and James M. Moser, mathematics consultant, De-

The heart of the
mathematics program
discussion, curriculum,
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"Understanding is a
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students, but also for
teachers."
Carpenter and Lehrer 1999, 13
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Mathematics
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transcend grade levels
are presented.

An approach believed
to be replicable in

classrooms is carefully
outlined in each of the

content strands.

partment of Public Instruction (retired), gives an "umbrella" view of essen-
tials of rich school mathematics programs as explicated through each of the
WMAS strandS: mathematical processes, number and number relationships,
geometry, measurement, statistics and probability, and algebraic relation-
ships. Drs. Moser and Sparks present mathematical investigations that are
broad enough to transcend grade levels as examples of the kinds of questions
that can be used to build understandings that are developed over the course
of time. The introduction is followed by grade-level sections very carefully
assembled, negotiated, edited, and reedited by outstanding Wisconsin
mathematics educators at the various grade levels. "Early Beginnings in
Mathematics" was prepared by Dr. DeAnn Huinker, University of Wisconsin
Milwaukee; Lynne M. Miller, Early Learning Center, Sheboygan Area
Schools; and Harlan Weber, mathematics coordinator, Sheboygan Area
Schools. It focuses on young children's learning, mathematical programs for
young learners, important ideas for early mathematics, and looks at the early
mathematical beginnings represented in each of the content strands. Pre-
pared by Dr. DeAnn Huinker, University of WisconsinMilwaukee; Dr. Phil
Makurat, University of WisconsinWhitewater; Diana Kasbaum, Title I/
mathematics, Wisconsin Department of Public Instruction; Janet Alekna,
Grove Elementary School, Wisconsin Rapids School District; and Bill
Breisch, Curriculum Director, Monona Grove School District, "Learning
Mathematics in the Elementary Grades" gives an overview of ideas important
in the development of elementary mathematics programs, comments on each
of the standards for elementary grades, provides an illustrative task for each
standard, discusses the task, looks at student work, considers the standards
addressed, cites connections to other standards, asks extension questions, and
notes other sample tasks. Believing this approach to be replicable in class-
rooms, it is carefully outlined in each of the content strands. Pursuing exactly
the same course, "Learning Mathematics in the Middle School" was prepared
by Jane Howell, Platteville Middle School (retired); Dr. John M. Moyer, Mar-
quette University; Steve Reinhart, Chippewa Falls Middle School (retired);
and Faye Hilgart, Madison Metropolitan School District. An interesting arti-
cle by Steve Reinhart that appeared in the NCTM journal Mathematics
Teaching in the Middle School, "Never Say Anything a Kid Can Say," appears
in Appendix E, "Readings," and is offered as a springboard for additional con-
templation. "Learning Mathematics in the High School," prepared by Dr.
James F. Marty, Waukesha North High School and Carroll College; Dr. J.
Marshall Osborn, University of WisconsinMadison; John Janty, Waunakee
High School; Jennifer Thayer, Director of Curriculum and Instruction,
Monona School District; and Ann Krause, Dean of General Education,
Blackhawk Technical College, also worked with this model to present exam-
ples of mathematical investigations at the high school level.

Chapter 6, "Using Learning Research to Guide Mathematics Program
Development," was written by John M. Moyer, Marquette University. This
outstanding task force member has done an analysis of current mathematics
research to identify some important research elements that school districts
must consider in designing their mathematics programs. Dr. Moyer has iden-
tified the principles for teaching, designing curriculum, and conducting as-
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sessment that have grown out of cognitive science research and that focus on
mathematical understanding. Noting the difference between learning re-
search and instructional research, Dr. Moyer presents some principles of in-
struction based on a growing body of effective instruction research. Organiz-
ing the research findings around five dimensions of instruction that should be
considered in designing mathematics instruction that promotes understand-
ing (Hiebert et al. 1997), Moyer explores the nature of classroom tasks, the
role of the teacher and the social culture of the classroom, mathematical tools
as learning supports, and, because these guidelines discuss equity and access,
he left discussion of the fifth dimension, equity and accessibility, to that piece
of the guide. In an era of research quoting, Dr. Moyer has done a learned
analysis of the research that exists, has pinpointed the research that needs to
be -considered in developing school mathematics programs, and has provided
an understandable synopsis for users of this guide. Director of several out-
standing middle school mathematics projects in the Milwaukee area, Dr.
Moyer has also made valuable contributions to the middle school section and
to the outstanding professional development programs pieces.

Chapter 7, "Foundations for Mathematics Program Development," is a
discussion of the assumptions that undergird this guide. Those foundations
are openness; time; equity; technology; and service-learning. Another foun-
dation piece, commitment and adaptability, is the final chapter of this docu-
ment because it lays the groundwork for where we need to go from here.
Openness suggests that there are several pieces presently in place for mathe-
matics educationstandards, assessments, and curriculaand that we have
much knowledge about how children (and teachers) learn mathematics. The
challenge is then presented to "use appropriately, in an unbiased manner, the
knowledge regarding teaching and learning mathematics for understanding
that exists." Often identified as a major deterrent, time is a component of
learning for understanding; we must, as a nation, look at alternative methods
for gaining the time needed to facilitate mathematical learning. Equity con-
tends that, in a mathematized society, we cannot afford to slight one student
mathematically; all students can learn substantive mathematics, and all stu-
dents must be afforded the opportunity to learn the mathematics necessary to
be productive citizens. Technology works hand-in-hand with mathematics,
one providing seed for the other; employment of technological tools in an in-
formation age needs to be an underlying tenet for mathematics program de-
velopment. Service-learning, a thrust of the Wisconsin DPI, provides rich,
compelling problems for mathematical investigation as well as opportunities
to apply mathematical skills in real-world situations.

Chapter 8, "How Does a School District Look at Mathematics Program
Development?" helps school districts look at steps that can be taken in con-
templating their districts' mathematics programs. Offered only as suggestions,
the ideas presented mirror many of the steps taken very effectively by school
districts throughout the state as they work with standards-led mathematics
programs. Many resources are cited in this offering to which districts can refer
as they develop their own processes for mathematics program assessment.
Several districts in Wisconsin have developed outstanding processes for exam-
ining their programs and for developing "next steps." A reflective piece on the
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school districts must
consider in designing
their mathematics
programs are discussed.
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process, "Getting Started at Improving Your Math Education Program: One
District's Ongoing Story," by Glen Miller, Director of Curriculum, Kiel School
District, is eloquently offered in Appendix E.

Chapter 9, "Commitment and Adaptability," provides a look backward, a
view of today, and a vision for tomorrow in mathematics education. Suggest-
ing that we have many important components in place, that we have many
models to help us advance in our efforts, and that we still have challenges, it
is suggested that we need two ideas as we carry forward: commitment and
adaptability. Once we have selected an avenue of pursuit, we need to stay the
course. We need to commit to the effort, to provide the necessary resources
to bring the task to fruition, and to assess continually to see what we have ac-
complished. Then we need to be adaptable, carefully weighing changes to be
made, making those changes in a timely manner, and assessing what has tran-
spired to inform our next decisions. To quote a *wonderful book called Who
Moved My Cheese? (Johnson 1998): "They keep moving our cheese [our
goals]. . . . Today we need flexible people . . . because we want not only to
survive, but to stay competitive." Newman and Wehlage (1995) put it this
way: "Disequilibrium is everywhere, the brain is equipped to deal with a tur-
bulent world, the change process is intrinsically transformational, and to
function best in a new environment, we need to embrace a fundamentally dif-
ferent world view or perceptual orientation" (10-11).

There are seven appendixes in the document. Appendix A offers a listing
of the National Science Foundation-funded mathematics curricula, contacts
for those programs, and impact studies that can be referenced to assess effec-
tiveness of the programs. Content specifications for the newly adopted Chap-
ter PI 34: Teacher Education Program Approval and Licenses (July 1, 2000)
are given in Appendix B. Specific performance standards for each of the
grade levels, compiled by James M. Moser, Ph.D., DPI Mathematics Consul-
tant (retired), in conjunction with his work with school districts on alignment,
are offered in Appendix C. Several resources for classroom assessment are of-
fered in Appendix D. Appendix E offers readings designed to stimulate con-
templation. Thumbnail sketches of several of Wisconsin's exemplary profes-
sional development programs are given in Appendix F and can provide
assistance to districts as they plan their professional development experi-
ences. Finally, Appendix G recounts NCTM Position Papers. Also available
on the NCTM Web site (www.nctm.org), these papers are offered here as
readily reproducible synopses of thought on a host of issues.

This document is designed to assist developers of Wisconsin's school
mathematics programs to make wise decisions about improving their mathe-
matics programs in an era of great change. It is the continuation of effort by
the Wisconsin Department of Public Instruction (DPI) to assist Wisconsin
educators as they strive to maintain outstanding schools and excellent mathe-
matics programs.
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Mathematics in Wisconsin

Where Is Mathematics Today?
e are living in an information age. Knowledge is increasing at an
exponential rate. Mathematical knowledge that a few years ago
fueled the fires of technological advances is now being augmented

by those same advances; new and more complex mathematics is being gener-
ated. Ideas that existed only in the mindfractals, genetic codes, the chaos of
natural phenomenacan now be represented mathematically. The econom-
ics of existence have become more and more complicated. Stock market ma-
neuvers and international monetary exchanges have become familiar entities
of everyday life. We have learned much about how people learn; we can tech-
nologically map learning sequences, and we have research that helps us facil-
itate knowledge building.

In the past quarter century mathematics and mathematical techniques have
become an integral, pervasive, and essential component of science, technol-
ogy, and business. In our technically oriented society, "innumeracy" has re-
placed illiteracy as our principal educational gap. One could compare the
contribution of mathematics to our society with needing air and food for life.
In fact, we could say that we live in an age of mathematicsthe culture has
been "mathematized." (National Academy of Sciences 1986)

We Are Ali Learners sf 1themtjcs
The task of mathematics education, then, becomes one of helping students
and those who work with them to learn how to learn mathematics, how to
solve problems, and how to acquire the automaticity with skills and proce-
dures that is necessary for efficient and effective problem solving. Mathemat-
ics is best learned in meaningful and memorable contexts. Conceptual and
procedural knowledge is best developed when a need for it has been estab-
lished. Teachers of mathematics 'need to know the ever-changing mathemat-
ics content, effective methodologies, and the structure and pedagogy of
mathematics. Others who work with students need to know what research
says about learning and the importance of inquiry, and they need to be aware
of the economic setting in which the mathematics of today and of the future
is couched.

"We live in an age of
mathematicsthe
culture has been
'mathematized.
National Academy of Science 1986
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If today's mathematics students are to survive in an increasingly global
economy, it is imperative that all of them know, understand, and are able to do
complex mathematics. Likewise, with predictions that a majority of our stu-
dents will pursue educational endeavors beyond high school, it is necessary
that all graduating students have access to additional education; they must
have mathematical backgrounds that will allow them to do this. Our students
need to be confident in their mathematical abilities; they should be able to use
problem solving techniques to tackle real-life dilemmas; they must know how
to use the mathematics they presently understand; and they especially must
know how to learn the mathematics they will need to function in the future.

It is an exciting time to be involved in mathematics education! Develop-
ing mathematics programs that capitalize on the strengths that now exist, that
respond to arising needs, and that envision what can be becomes an exciting,
compelling, and demanding challenge.

How Did Mathematics Education
Get Where It Is Today?
World War II had a profound effect on people's ideas about the need for math-
ematics. War operations demanded much knowledge of mathematics; crash
courses in mathematics and other subjects often had to be provided for re-
cruits. The National Council of Teachers of Mathematics (NCTM) created the
Commission on Post-War plans, which issued three reports (Commission on
Post-War Plans of the National Council of Teachers of Mathematics 1944,
1945, 1947) recommending that schools ensure mathematical literacy for all
who could achieve it, though, at the same time, "apparently believing that the
majority of students ought not to be expected to study anything so advanced as
first-year algebra" (Willoughby 2000, 3).

Education in 1950 found itself breathing a sigh of relief after World War II
and responding to the influx of postwar baby boomers. Though the war effort
had called for mathematical innovation, postwar mathematics addressed the
tasks at hand. It was standard practice for many students who were not col-
lege intending to study "practical" courses such as consumer mathematics, in-
stallment buying, principles of insurance, and so forth. Mothers who had
worked during the war returned to homemaking, and daughters viewed
themselves as eventually fulfilling that role, too; a college education for fe-
males was often considered optional as was higher-level mathematics.

The value of educational research had been established during the world
wars, when academic research was used to address urgent national needs.
Thus, in 1954 Congress passed the Cooperative Research Act, which author-
ized the United States Office of Education (USOE) to enter into cooperative
arrangements with universities, colleges, and state education agencies to con-
duct educational research, surveys, and demonstrations, thus beginning "the
modern era in educational research and development" (Klausmeier and Wis-
consin Associates 1990, xiii). In 1954 the National Science Foundation was
authorized to support course content improvement in the sciences, and in
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1956 Congress appropriated funds to support educational research and other
activities in 30 colleges and universities and in six state education agencies.

The launching of Sputnik by the Soviets in 1957 caught much of the
United States unawares and heightened anxieties concerning the preparation
of U.S. students in mathematics, science, and technology. At that time, the
National Defense Education Act was passed, and the U.S. government com-
mitted to investing millions of dollars, under the auspices of the National Sci-
ence Foundation (NSF, established in 1950 with the primary purpose of en-
hancing scientific research), in mathematics and science research in an effort
to determine how both are best learned. In 1963, the USOE initiated a Re-
search and Development Center program and founded four R & D centers in
1964 and six in 1965. The Wisconsin Center, the third center established in
1964, was charged with improving education "through programs of research,
development, and dissemination, including demonstrations in the schools.
Human and financial resources were to be concentrated over an extended pe-
riod of time to solve particular educational problems" (Klausmeier and Wis-
consin Associates 1990, xiii). The establishment of the Wisconsin Center of-
fered education a valuable partner that helped shape mathematics education
in the state and led it to renown in the nation.

In 1959, the College Entrance Examination Board (CEEB) published the
Report of the Commission on Mathematics (Commission on Mathematics
1959), which called for much more mathematics for the college-capable stu-
dent. Calling the traditional one year of algebra and one year of geometry "a
shocking inadequacy," a minimum recommendation of three years of mathe-
matics was offered, and a strong call was issued for four years of high school
mathematics, with the "most talented" needing to attempt an advanced place-
ment program. Those four years should include algebra, geometry, trigonom-
etry, an introduction to statistical thinking, and advanced mathematics
including elementary functions, introductory probability with statistical appli-
cations, and introduction to modern algebra to prepare students for entry into
college at the calculus level. Students able to participate in accelerated pro-
grams could pursue calculus.

The decade following Sputnik and governmental partnership in educa-
tional research saw the development of "new math," a concept that focused
on bringing meaning to the discipline. Though "new math" had been con-
ceived in 1951 with the creation of the University of Illinois Committee on
School Mathematics (UICSM), the federal support following Sputnik gave it
impetus, and the 1960s saw incorporation of its concepts in school materials.
Backed with federal funds for support and innovation, new ideas were intro-
duced into traditional classrooms. Federally funded teacher training pro-
grams proliferated, especially those that addressed advancing technologies.
The effort was noble, but teachers were not specifically trained in how to use
the mathematical materials that had been developed, parents were not given
explanations regarding the shift in mathematical content, and students were
caught between a taught mathematics and an experienced mathematics. Yet
students who experienced well-taught "new math" and capitalized on the
knowledge that it brought them found themselves very well prepared for
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mathematics- and science-oriented fields. Increasing numbers of doctors, re-
search fellows, and so forth emanated from this era.

A parallel movement, begun with the Elementary and Secondary Educa-
tion Act (1965) that launched the Title I program for disadvantaged students,
brought into focus an attention to the equality of opportunity for all, to ad-
dressing the specific needs of each student, and to the allocation of resources
to the benefit of each child. The need to serve all students mathematically,
coupled with a public that on the whole did not understand "new math," led
to calls for "back to the basics." The materials that were produced in the
1970s focused on practice, basic facts, and development of skills and proce-
dures. But the retrenching of the 1970s reaped unwanted results. Mathemat-
ical skills, as measured on the National Assessment of Educational Progress
(NAEP), declined (National Center for Educational Statistics 1998).

An Agend for Action (INiationai Council of Te chers
of Mathematics, 1980)
In 1980, the NCTMprompted by national test results; an extensive survey, Pri-
orities in School Mathematics (PRISM), in which the profession and the public
voiced their opinions on what was needed in mathematics programs; and emerg-
ing research on the building of mathematical understandingissued An Agenda

for Action: Recommendations for School Mathematics of the 1980s. It called for

o a problem solving focus,
o a definition of basic skills to encompass more than computational facility,
o taking full advantage of power of calculators and computers,
o standards for effectiveness and efficiency in the teaching of mathe-

matics,
o the evaluation of mathematics programs on a "wider range of measures

than conventional testing" (NCTM 1980, 1),
o mathematics study for more students with a greater range of options to

accommodate diverse needs of the student population,
o a high level of professionalism for mathematics teachers, and
o public support commensurate with the importance of mathematical

understanding to individuals and society.

Other calls for change were heard. In an open letter to the American peo-
ple, A Nation at Risk: The Imperative for Educational Reform (National
Commission on Excellence in Education 1983, p. 4), a call was issued to
maintain the economic viability of the nation and to afford each child an op-
portunity to access "the tools for developing their individual powers of mind
and spirit to the utmost." John Allen Paulos's Innumeracy: Mathematical Illit-
eracy and its Consequences, became a national bestseller after its publication
in 1988, calling attention to a "disease that has ravaged our technological soci-
ety" (Hofstadter review, cover, Paulos, 1988). In Everybody Counts: A Report
to the Nation on the Future of Mathematics Education, the National Research
Council, the National Academy of Sciences, the National Academy of Engi-
neering, and the Institute of Medicine committed to active participation "in
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the long-term work of rebuilding mathematics education in the United
States" (National Research Council 1989, foreword).

Curriculum and Evaluation Standards for School
Mathematics (Commisson on Standards for Schooll
MathemaUcs, March 119n)
Thus, in 1989, the NCTM issued its Curriculum and Evaluation Standards

for School Mathematics. After the fluctuations of the preceding decadesin
light of the rapid advances that technology was making, the research on math-
ematics teaching and learning, and the uncertainty within the mathematics
curriculum precipitated by changes in mathematics itself, the standards of-
fered a vision of mathematics for the 1990s and appropriate curricular em-
phases for the era. The first document of its kind in a discipline, the standards
were a landmark publication developed to "ensure quality, indicate goals, and
promote change" (Commission on Standards for School Mathematics 1989,
2). The standards set forth societal goals of mathematically literate workers,
lifelong learning, opportunity for all, and an informed electorate; the goals for
students asked that they value mathematics, become confident in their abilir
ties to do mathematics, become problem solvers, communicate mathemati-
cally, and reason mathematically. Urging mathematical empowerment for all
students, the standards called for a paradigm shift in mathematical thinking
away from mathematics as "increasingly constricted sections of pipe through
which all students must pass," toward "a pipeline for human resources that
flows from childhood experiences to scientific careers" (Steen 1990).

Professional Standards for Teaching Mathematics
(ComrrgisMon on Teachring Standards for SchooD
MathemaUcs, March 19911)
Recognizing the implications of research on mathematics teaching and learn-
ing, the NCTM next emphasized the importance of instruction in the process
of building mathematical understanding. Professional Standards for Teaching
Mathematics (Commission on Teaching Standards for School Mathematics
1991) called for teachers who are proficient in: (1) selecting mathematical
tasks to engage students' interests and intellect, (2) providing opportunities to
deepen their own understanding of the mathematics being studied and its ap-
plications, (3) orchestrating classroom discourse to promote the investigation
and growth of mathematical ideas, (4) using, and helping students use, tech-
nology and other tools to pursue mathematical investigations, (5) seeking, and
helping students seek, connections to previous and developing knowledge,
and (6) guiding individual, small-group, and whole-class work.

Citing commonly held beliefs and dispositions regarding mathematics
learning as major detractors to progress, the standards called for shifts to-
ward classrooms as mathematical communities; logic and evidence as verifi-
cation; reasoning, conjecturing, inventing, and problem-solving; and con-
necting mathematics, its ideas, and its applications. Pulling teachers from
textbook-driven activities to decision-making roles in the setting of goals and
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the selection of tasksas managers of classroom discourse, creators of envi-
ronments to support teaching and learning mathematics, and analyzers of
student learningthe standards called for the empowerment of teachers for
the orchestration of learning opportunities. Continual and varied assessment
was urged to inform teacher decision-making and program goal-setting. To
help move teachers toward both goals, professional development for both
pre-service and in-service teachers was urged as a primary thrust, and a call
was made to policy makers, schools and school systems, colleges and univer-
sities, and professional organizations to support teacher development and
worthy mathematics programs. The tenets espoused in the professional
teaching standards served as a beacon in a new decade.

Assessment Standards for School Mathematics
(Assessment Standards Wooldng Groups, May 11995)
We teach what we assess. The third set of standards of the trilogy, Assessment
Standards for School Mathematics, was published in 1995. The standards
were designed to "expand on and complement" (Assessment Standards Work-
ing Groups 1995, 1) the NCTM's Curriculum and Evaluation Standards for
School Math. Believing teachers to be the best judges of student progress and
perceiving all students as capable of learning mathematics and of having that
learning assessed, the working group concluded that "assessment should be a
means of fostering growth toward high expectations" (1). The standards
called for a shift to:

o a rich variety of mathematical topics and problem situations, away
from [an] "arithmetic" [emphasis]

o investigating problems, away from memorizing and repeating
o questioning and listening in teaching, away from telling
o the use of evidence from several sources judged by teachers, away

from a single externally judged test

The identified assessment standards were:

o Assessment should reflect the mathematics that all students need to
know and be able to do.

o Assessment should enhance mathematics learning.
o Assessment should promote equity.
o Assessment should be an open process.
o Assessment should promote valid inferences about mathematics

learning.
o Assessment should be a coherent process.

Citing the different purposes of assessmentmonitoring student progress,
making instructional decisions, evaluating students' achievement, and evaluat-
ing programsthe standards proposed that in order to develop mathematical
power in all students, assessment "needs to support the, continued mathematics
learning of each student . . . Assessment occurs at the intersection of important
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mathematics content, teaching practices, and student learning" (6). Assessment
Standards for School Math was a revolutionary document, offering a vision for
a new decade.

Nationai Science Fourodation-IFu.mded Curricuie
Much has ensued in the decade since the release of the "Curriculum and
Evaluation Standards." The standards movement brought focus to educa-
tional reform and prompted other disciplines to develop parallel standards.
Educators, finding that the standards answered many of their needs, next in-
quired about curricular materials to address standards-led learning. The Na-
tional Science Foundation, finding this to be a worthwhile focus, offered
funding to groups willing to develop total curricula at the elementary, middle,
and high school levels that reflected knowledge and research about the teach-
ing and learning of mathematics and that incorporated the vision of the stan-
dards. Several consortia of interested mathematics researchers, professors,
teachers, and others took up the challenge and developed curricula to reflect
the intent of the standards. Those curricula had to be conceived using student
research and had to show that they did, indeed, positively impact mathemat-
ics teaching and learning. Publishers for the materials were then sought. Ad-
ditionally, support centers for the implementation of the materials were es-
tablished to provide professional development for teachers in the use of the
materials, to connect users of the materials for collegial dialogue, to further
research the use of the materials, and to answer questions regarding the ma-
terials. (See Appendix A for a listing of the materials, supporting research
pertaining to the materials, and support site centers' addresses, Web sites,
etc.) Following the lead of the National Science Foundation, textbook pub-
lishers began to address standards-led education, revamping and augmenting
their series to reflect those visions. States that had lists of recommended ma-
terials and texts demanded that the materials or texts to be considered were
in sync with the intent of the standards.

Systemic Reform
Concurrent with the introduction of the standards and with the curricula de-
velopment, the National Science Foundation initiated systemic reforms in
states, cities, rural areas, and other local regions. The NCTM Standards doc-
uments proved to be useful frameworks for mathematics in those efforts. It
was the intent of the developers of the national standards that states take
those standards and "fit" them to their specific needs. States began the pro-
cess of developing standards, adopting them, and then measuring attainment
of them. Throughout the decade following the introduction of the standards,
the states did this in various forms. (See the Mathematics in Wisconsin sec-
tion in this chapter.)

Another goal of the original standards developers was that following the
development of state standards, districts within the state would study the im-
plications of the state standards for their programs and align their efforts
appropriately. This part of the process has, likewise, often come to fruition.

The National Science
Foundation . . . offered
funding to groups
willing to develop total
curricula at three levels:
elementary, middle, and
high school.

Concurrent with the
introduction of the
standards . . . the
National Science
Foundation initiated
systemic reforms in
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areas, and other local
regions.
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Ultimately, however, it was the intent of the standards that they "influence the
classroom practice of teachers directly" (Ferrini-Mundy 2000, 39). The adop-
tion of the standards by the policy community through systemic efforts and
curricula development brought an unintended focus: "The [influence of the
standards] on classroom practice was, by an large, mediated through the
translation of standards into other forms" (39).

Principlles and Standards for School Mathematics
(Nationa0 Coma of Teachers of Mathematics, 2000)
A decade after the release of the first national standards for school mathemat-
ics, the NCTM stepped back to evaluate the results of the standards move-
ment, assess what still needed to be done, and consider foci for the next de-
cade. In April 2000 at the NCTM Conference in Chicago, the Principles and
Standards for School Mathematics were unveiled. Reaffimfing the process al-
ready begun, reflecting requests for specific emphases, and planning for the
future, the PSSM narrowed the content focus to five strandsnumber and
operations, algebra, geometry, measurement, and data analysis and probabil-
ity; this validated Wisconsin's Model Academic Standards for Mathematics
(WMAS), which also listed those five content strands. Five process strands
were identified: problem solving, reasoning and proof, communication, con-
nections, and representations (WMAS lists all process standards as Standard
A, the all-encompassing Mathematical Processes). To the standards of the
PSSM were added six principles for school mathematics: equity, curriculum,
teaching, learning, assessment, and technology; this reflects Wisconsin's con-
centration on CIA (curriculum, instruction, and assessment), openness, time,
equity, technology, service-learning, and commitment and adaptability. In A
Vision for School Mathematics, PSSM calls for a plan that "is highly ambitious.
Achieving it requires solid mathematics curricula, competent and knowledge-
able teachers who can integrate instruction with assessment, education poli-
cies that enhance and support learning, classrooms with ready access to tech-
nology, and a commitment to both equity and excellence" (NCTM 2000, ix).

Mathematics in Wisconsin
Glow Dias Wisconsin Addressed the Standards
and Assessment Movement?
In 1998, Wisconsin's Model Academic Standards for Mathematics (Wisconsin
Department of Public Instruction 1998) were released. In a joint letter from
the lieutenant governor and state superintendent to the citizens of Wisconsin,
the standards were characterized as guidelines for "greater academic achieve-
ment" for meeting "the challenges of tomorrow" and "significant because they
herald the dramatically different way in which student achievement will be
judged." The standards were the result of efforts over several years to ascertain
what the people of Wisconsin wanted from their schools and from specific dis-
ciplines. Focus groups worked on identifying those desired outcomes.
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Task forces made up of people from diverse backgrounds were appointed
to identify the content and performance standards. The task forces grounded
themselves in mathematical learning research, familiarized themselves with
national and other state standards, and investigated international standards
and assessments. The results of their efforts were offered three times for pub-
lic hearing and feedback. Revisions were made in accordance with what was
heard. The resulting document was published and widely disseminated. For
instance, in the spring following the release of the document, each teacher
who attended the Wisconsin Mathematics Council Green Lake Conference
received a copy of the document.

Required by legislation [Wisconsin School Law 118.30 Pupil assessment
(1g)(a)] to have a set of standards in place by August 1, 1988, for at least read-
ing and writing, geography and history, mathematics, and science, school dis-
tricts were offered the option of adopting the state standards or developing
their own. Many districts, finding that the standards gave them good direction
for their mathematics programs, began a process of examining their enacted
curricula in light of the standards. This alignment process proved to be ex-
tremely valuable to districts. It afforded teachers within a discipline an op-
portunity to meet with the entire discipline staff, K-12, to examine the cur-
riculum across grade levels and to identify gaps and overlaps. Focusing on
developing a total K-12 mathematics experience and assuring that all pieces
were in place for district students led districts to further identify important
concepts to be developed at each grade level.

With these processes complete, many districts began reexamining their
curricular materials to see if they were adequately addressing the identified
sequence and the focus on the building of understanding called for in the
standards. Finding on the market for the first time materials that had been
developed to reflect the intent of the standards and student effectiveness re-
search, many school districts began a pilot process to evaluate materials be-
fore adopting them. Considering that in many cases school districts use their
materials for 7 to 10 years, this review process has strengthened the basis of
an important decision. Many Wisconsin districts are, at present, in this phase
of standards implementation.

In conjunction with a call for standards, Wisconsin School Law 118.30
Pupil assessment called for examinations to: (1)(a) . . . "measure pupil attain-
ment of knowledge and concepts in the fourth, eighth, and tenth grades"; and
to (1)(b) ". . . measure whether pupils meet the pupil academic standards is-
sued by the governor as executive order no. 326, dated January 13, 1998."
These criteria are applicable to charter schools as well as public schools. In ad-
dition to spelling out graduation criteria that include proficiency demonstra-
tion in specified coursework (118.33 High school graduation standards; crite-
ria for promotion), by September 1, 2002, each school board "shall develop a
written policy specifying criteria for granting a high school diploma that, in ad-
dition to the proficiency criteria, shall include the pupil's academic perfor-
mance and the recommendations of teachers" (Wisconsin Department of Pub-
lic Instruction 2000b). Likewise, each school board must adopt a written policy
specifying the criteria for promoting a pupil from fourth grade to fifth grade
and from eighth grade to ninth grade, including a proficiency measure and
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"the pupil's academic performance; the recommendations of teachers, . . . and
any other academic criteria specified by the school board" (6)(a)1. This mea-
sure also pertains to charter schools. Districts may adopt the state-developed
proficiency examinations or they may develop their own. The state-developed
examinations reflect the content and performance standards and the thrust for
the development of student understanding.

What as Wasconsan's Mathematacs "ag Record"?
Wisconsin has always been a national leader in the field of mathematics. The
recent National Education Goals Report: Building a Nation of Learners (Na-
tional Education Goals Panel 1999) identified Wisconsin as one of 12 states
that achieved "outstanding performance" in public school education improve-
ment and cited six areas of "highest performing" ratingsincluding Wiscon-
sin fourth graders, 27 percent of whom performed at or above proficient in
mathematics, and Wisconsin eighth graders, 32 percent of whom performed
at or above proficient. Additionally, Wisconsin eighth graders achieved "most-
improved" status, with a nine-point gain in the percentage of public school
eighth graders scoring at or above proficient in mathematics (34-35). "Im-
provement over time" also cited Wisconsin eighth graders for the significant
increase in the percentages of public school eighth graders who scored at or
above proficient in mathematics.

On an international basis, a study (Johnson and Owen 1998) done for the
U.S. Department of Education statistically linked state results from the 1996
NAEP with country results from the 1995 Third International Mathematics
and Science Study (TIMSS). The linking study investigated how each state
would have performed on TIMSS, relative to the 41 countries that actually
participated in the international assessment. Wisconsin achievedhighest-
performing" status, along with Iowa, Maine, Minnesota (based on actual
scores, not estimated scores), Montana, Nebraska, and North Dakota. Only
Belgium (Flemish educational system), the Czech Republic, Hong Kong,
Japan, Korea, and Singapore would be expected to outperform these seven
states in eighth grade mathematics.

The University of Wisconsin (UW) System and Wisconsin Technical College
System (WTCS) seek, as part of their admission requirements, results from ACT
testing. (If WTCS applicants do not have ACT or SAT scores, they are asked to
perform on alternative measures such as ASSET, TABE, and COMPASS.) Be-
cause the ACT Assessment (http://www.act.org/news/data/00/00states.html) is
designed for students who plan to attend college, its focus is on students who
have completed the recommended college preparatory courses as defined by
ACT. This includes three years or more of mathematics, including one year's
credit each for algebra I, algebra II, and geometry and one half-year's credit for
trigonometry, calculus (not pre-calculus), other math courses beyond algebra II,
and computer math or computer science.

In 2000, 69 percent of Wisconsin high school students took the ACT test.
The average composite state score was 22.2. On a national level, 38 percent of
graduates were tested and the average composite score was 21.0. Although
the assessment companies strongly discourage comparison of state-by-state
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scores, Wisconsin has consistently placed among the top states in the United
States in average composite scores.

Some students intending to attend out-of-state schools take the SAT
(http://www.sat.org/press/senior00/htm1/table4.html). Seven percent of Wis-
consin students took the SAT in 2000. They received an average verbal score
of 584 and an average mathematics score of 597, in comparison with a na-
tional verbal score of 505 and mathematics score of 514. In the last 10 years,
both the verbal and mathematics scores have seen small but steady increases.

Additionally, Wisconsin students' participation in Advanced Placement
(AP) programs has expanded 73 percent over the past five years (Wisconsin
Department of Public Instruction 2000a). Sixty-five percent of high schools in
Wisconsin participated in the AP program in the 1999-2000 school year, as
compared to a national rate of 57 percent. Nationally, the passing rate on the
AP exams that year was 63.7 percent; Wisconsin had a passing rate of 68.8
percent.

Where Does Wisconsin Need to Focus Ots Efforts
in Mathematics?
Further analysis of the NAEP results shows that, while 3 percent of Wiscon-
sin's fourth graders are advanced and 24 percent are at or above proficient, 47
percent are at or above basic and 26 percent are below basic. At the eighth
grade level, while 5 percent are advanced and 27 percent are at or above pro-
ficient, 43 percent are at or above basic and 25 percent are below basic. When
the data are disaggregated, other findings surface. Although statistically male
and female performances do not differ significantly in Wisconsin, perfor-
mances of white students differ from those of Black and Hispanic students;
improvements that were noted from 1992 to 1996 for white students in Wis-
corisin were not noted for Black or Hispanic students in Wisconsin. Other
factors in these results besides ethnicity were the educational level of one or
both parents, Title I participation, free/reduced-price lunch program eligibil-
ity, and the type of location of the school district.

Analysis of the Wisconsin Knowledge and Concepts Examination (WKCE)
(www.dpi.state.wi.us) results show small but steady growth from 1997-1998
to 1998-1999 to 1999-2000. Yet, consideration needs to be given to the fact
that a 75 percent proficiency rate for fourth grade means that 25 percent of
fourth graders are at basic or minimal; a 42 percent proficiency rate for eighth
grade means that 58 percent of eighth graders are at basic or minimal; and a
39 percent proficiency rate for tenth grade means that 61 percent of tenth
graders are at basic or minimal. There is a decline in performance from
fourth to eighth to tenth grades. Disaggregated data show little difference in
male and female performances, but percentage performances of nonwhite,
limited English-proficient, disabled, and economically disadvantaged popula-
tions are below the average state performance. In all instances there is a
decline in performance from fourth to eighth to tenth grade. Although this
phenomenon mirrors findings on the NAEP, it is not an international finding.
TIMSS results for other countries show much more consistency in perfor-
mance across the school years.

Wisconsin's students
participation in
Advanced Placement
programs has
expanded 73 percent
over the past five years.

Consistency in
performance across
grade levels is a
Wisconsin goal.
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What Are the limpOicaVons of the Standards
and AssessmeM Movement for Wisconsko?
Mathematics is changing. As technology mushrooms, new mathematics is de-
veloped. Increasingly sophisticated mathematics is demanded of each person
for mere economic survival. Consequently, we cannot have some of our stu-
dents at basic or minimal. We need to make sure that each student is
equipped to handle the mathematical thinking that will be necessary to suc-
ceed in the twenty-first century. With a huge growth in knowledge, the mere
grasping of skills and procedures is inadequate. Students need to learn how to
learn mathematics, to know how to use mathematics to solve problems, and to
have enough confidence in themselves to tackle complex mathematical tasks.
They need to be able to break a complex problem into "do-able" pieces so
they can analyze the situation bit by bit. Then, they need to be able to synthe-
size their several solutions into a cohesive, whole solution. Students need to
become mathematical thinkers and builders of knowledge.

As mathematical endeavors are contemplated for today's students, educa-
tors need to recognize that most have life experiences quite different from
those of educators themselves. Many of today's students have spent countless
hours having their world defined for them on television screens, computer
displays, and video games. Their three-dimensional world has often been ex-
perienced through two-climensional displays. Although children in the past
spent much time in their developmental years engaging in hands-on activi-
tiessuch as playing with tinker toys, erector sets, dollhouses, toy trucks and
cars, sandboxes, and toy hammers and nails and interacting with their world
by touching, smelling, and tastingmany of today's students have had their
individual activities carefully staged and orchestrated and their interactive ac-
tivities formalized and organized by adults, in stark contrast to the "pick-up"
games of the past. Clearly, students are arriving at the steps of the school-
houses with much different experiences and expectations than students of the
past. Educators are finding that they need to reevaluate and readjust their in-
structional practices and expectations as well as their curricula in order to en-
gage today's students in meaningful and relevant learning experiences.

EducaVon and EmpDoyabElity
Educational attainment affects employability. A recent report from the Na-
tional Center for Education Statistics (Ibach 2000) noted:

The employment rate of male and female 25- to 34-year-olds was generally
higher among those individuals with a higher level of education; in 1998,
males and females ages 25-34 with a bachelor's degree or higher were more
likely to be employed than their peers who had lower levels of educational
attainment.

Between 1971 and 1998, the employment rate of males ages 25-34 de-
creased for those who had not finished high school and those with a high
school diploma or GED, and remained relatively constant for those with
some college and those with a bachelor's degree or higher.
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Between 1971 and 1998, the employment rate of females ages 25-34 in-
creased across all education levels. The rate of increase for females who did
not complete high school was lower than the rate of increase for females
who attained higher levels of education.

Mathematics Education and Post-High SchooR
Educational Experiences
Demographics are showing us that growing numbers of students will be seek-
ing post-high school educational experiences. State requirements (PI 18.03
High school graduation standards) that have called for two credits of high
school mathematics including (3.) "instruction in the properties, processes,
and symbols of arithmetic and elements of algebra, geometry, and statistics"
are undergoing scrutiny. There are many calls for additional credit require-
ments and for a change to "coursework, instruction, and assessment that re-
flects the Wisconsin Model Academic Standards and Wisconsin state assess-
ments" (Proposed PI 18.03 Changes for High School Graduation in
Mathematics Discussion Issues). The University of WisconsinMadison re-
quires three years of high school mathematics and notes that most students
seeking admission have an average of four years of high school mathematics
(http://www.uwsa.edu/opar/oparpub.htm). Indeed, a call for four years of
challenging mathematics for all high school students was issued at the press
conference held during the April 2000 National Council of Teachers of Math-
ematics Annual Meeting in Chicago, when the Principles and Standards for
School Mathematics were released.

Mathematics and Economic VI-AR:Drafty
Mathematical ability is increasingly key in maintaining economic viability in
the changing world of work. Employers in the state of Wisconsin and across
the nation contend that creative thinking and problem solving are key skills
for their employees. The SCANS (Secretary's Commission on Achieving Nec-
essary Skills) 2000 report defined Workplace Know-How as a three-part
foundation of skills and personal qualities that are needed for solid job per-
formance (http://www.scans.jhu.edu/workreq.html). Competent workers in
the high performance workplace need:

Basic skillsreading, writing, arithmetic and mathematics, speaking, and
listening

Thinking skillsthe ability to learn, to reason, to think creatively, to make de-
cisions, and to solve problems

Personal qualitiesindividual responsibility, self-esteem and self-management,
sociability, and integrity

In Wisconsin, the technical colleges have defined these foundational
skills as core abilities. Business and industry representatives from across the
state have validated these core abilities, transferable skills, and attitudes as
essential to an individual's success regardless of occupation or community

Growing numbers of
students will be seeking
post-high school
educational experiences.

Creative thinking and
problem solving are key
skills for employees.
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setting. Though these core abilities are loosely based on the SCANS report,
each technical college in the state has developed its own set of core abilities.
The core abilities for each of the 16 technical colleges in Wisconsin are avail-
able through the Wisconsin Instructional Design System (WIDS) and the
Wisconsin Technical System Foundation. The general themes represented by
these core abilities are:

Communicate clearly
Work effectively in teams
Use appropriate technology
Solve problems and demonstrate critical thinking
Apply basic skills effectively
Demonstrate appropriate work behavior
Show respect for diversity
Value self positively

Consequently, Wisconsin graduates must possess these foundational skills
in order to be attractive to employers.

In addition, the SIAM (Society for Industrial and Applied Mathematics
2000) Report on Mathematics in Industry (http://www.siam.org/mii/nodel.html)
confirms the remarkable range and variety of the applications of mathematics
in industry and government. Many different success stories testify to the cru-
cial value of mathematics in important real-world problems, including mate-
rials processing, automobile design, medical diagnosis, development of finan-
cial products, network management, and weather prediction. Some of the
most important traits identified include: skill in formulating, modeling,
and solving problems from diverse and changing areas; interest in,
knowledge of, and flexibility across disciplines; knowledge of and experience
with computation; communication skills, spoken and written; and adeptness
at working with colleagues.

Mathematics Education and Higher-Education
Admission Requirements
Academic requirements for entrance to the UW System and the WTCS are be-
coming more aligned. The Wisconsin Alignment Project was undertaken in Oc-
tober 1999 to address issues of continuity between what students are expected to
learn in high school and what they must know to be prepared to succeed in col-
lege, and to strengthen the articulation between K-12 and higher education
(http://www.uwsa.edu/acadeaff/align/). In math and science, a curriculum based
on WMAS would prepare a student to enter the WTCS without remediation.
However, additional preparation would be required beyond that described by
WMAS for students applying to the UW System. Due to a recent landmark
agreement between the UW System and the WTCS regarding transfer of credit
(Wisconsin Technical College System Board and Board of Regents of the Uni-
versity of Wisconsin System 2000), the mathematical choices students make are
even more important. Higher education, business, and industry are demanding
that mathematics education be encouraged for all, not only a select few.
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The U.S. Department of Labor's Bureau of Labor Statistics focuses on
the high-tech era into which students will be entering. Citing the 30 occupa-
tions having the largest projected growth in the period from 1996 to 2006,
they note that collectively, the 30 occupations will account for more than 8.6
million new jobs (Linn 1999). Three involve large amounts of computer
knowledge and will account for one million new jobs, 12 percent of the new
jobs projects. Eight occupations involve considerable understanding of com-
puter applications and account for 2.6 million new jobs, 30 percent of the jobs
projected. The 19 remaining occupations will involve minimal computer
skills, but of those 5 million jobs, 3 million will pay low wages. That leaves 20
percent of the new jobs not requiring much in the way of computer skills, but
paying better than low wages. Mathematics and computer technology are in-
extricably wed. These figures speak of the era in which our students will live
and function. We have to fit our students for the mathematical thinking that
such technological expertise will demand.

What, Then, Ps Wisconsin's Mathernaticai rfissi n?
With the mathematical vision that stands on the horizon of a new millennium,
with WMAS as a guideline, with examinations that reflect more and more the
intent of the standards in operation, and with curricular materials available
that have been developed to reflect knowledge of how children learn and the
intent of the standards, the focus must now shift to developing instructional
philosophies and methodologies that will help students build conceptual un-
derstanding, develop mathematical facility, and bolster confidence in their
abilities to "do math." This focus must be on helping all students build math-
ematical power and on working with all mathematics teachers to capitalize on
their considerable skills to facilitate the development of such knowledge.
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Mathematics
Spring (spring) n. 1. a source; origin; or beginning: a spring into action. 2. elasticity; resilience:
a spring forward with commitment. (Morris, W., ed., 1971. The American Heritage Dictionary
of the English Language. New York: American Heritage Publishing Company, Inc. and Houghton
Mifflin Company, 1250, 2nd definition.)
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cal Thinking and Learning Series (Man Schoenfeld, advisory editor), the en-
tire book addresses the building of understanding in classrooms and is
recommended reading.

To prepare mathematically literate citizens for the twenty-first century,
classrooms need to be restructured so that mathematics can be learned with
understanding. This is not a new goal of instruction: school reform efforts
since the turn of the twentieth century have focused on ways to create learn-
ing environments so that students learn with understanding. In earlier reform
movements, notions of understanding were often derived from ways that
mathematicians understood and taught mathematics. What is different now is
the availability of an emerging research base about teaching and learning that
can be used to decide what it means to learn with and to teach for under-
standing. This research base describes how students themselves construct
meaning for mathematical concepts and processes and how classrooms sup-
port that kind of learning.

Why Understanding?
Perhaps the most important feature of learning with understanding is that
such learning is generative. When students acquire knowledge with under-
standing, they can apply that knowledge to learn new topics and solve new and
unfamiliar problems. When students do not understand, they perceive each
topic as an isolated skill. They cannot apply their skills to solve problems not
explicitly covered by instruction, and neither can they extend their learning to

The availability of an
emerging research base
about teaching and
learning can be used to
decide what it means to
learn with and to teach
for understanding.
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new topics. In this day of rapidly changing technologies, we cannot anticipate
all the skills that students will need over their lifetimes or the problems they
will encounter. We need to prepare students to learn new skills and knowledge
and to adapt their knowledge to solve new problems. Unless students learn
with understanding, whatever knowledge they acquire is likely to be of little
use to them outside the school.

What Is Understanding?
Understanding is not an all-or-none phenomenon. Virtually all complex ideas
or processes can be understood at a number of levels and in quite different
ways. Therefore, it is more appropriate to think of understanding as emerging
or developing rather than presuming that someone either does or does not
understand a given topic, idea, or process. As a consequence, we characterize
understanding in terms of mental activity that contributes to the development
of understanding rather than as a static attribute of an individual's knowledge.

How Understanding Is Developed
We propose five forms of mental activity from which mathematical under-
standing emerges: (1) constructing relationships, (2) extending and applying
mathematical knowledge, (3) reflecting about experiences, (4) articulating
what one knows, and (5) making mathematical knowledge one's own. Al-
though these various forms of mental activity are highly interrelated, for the
sake of clarity we discuss each one separately.

Constructing Reistionships
Things take meaning from the ways in which they are related to other things.
People construct meaning for a new idea or process by relating it to ideas or
processes that they already understand. Children begin to construct mathe-
matical relations long before coming to school, and these early forms of
knowledge can be used as a base to further expand their understanding of
mathematics. Formal mathematical concepts, operations, and symbols, which
form the basis of the school mathematics curriculum, can be given meaning
by relating them to these earlier intuitions and ideas. For example, children
as early along in the educational process as kindergarten and first grade intu-
itively solve a variety, of problems involving joining, separating, or comparing
quantities by acting out the problems with collections of objects. Extensions
of these early forms of problem-solving strategies can be used as a basis to de-
velop the mathematical concepts of addition, subtraction, multiplication, and
division (see chapter 4, Carpenter et al., in Fennema and Romberg 1999).

Unless instruction helps children build on their informal knowledge and
relate the mathematics they learn in school to it, they are likely to develop two
separate systems of mathematical knowledge: one they use in school and one
they use outside of school. For example, children often are not bothered by
the fact that they get one answer when they calculate with paper and pencil
and another when they figure out the same problem using counters or some
other material. They do not see that the answers they get with procedures
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they learn in school should be the same as the answers they get when they
solve problems in ways that make sense to them.

Extending and Apphfing Mathematics° Knowledge
It is not sufficient, however, to think of the development of understanding sim-
ply as the appending of new concepts and processes to existing knowledge.
Over the long run, developing understanding involves more than simply con-
necting new knowledge to prior knowledge; it also involves the creation of rich,
integrated knowledge structures. This structuring of knowledge is one of the
features that makes learning with Understanding generative. When knowledge
is highly structured, new knowledge can be related to and incorporated into ex-
isting networks of knowledge rather than connected on an element-by-element
basis. When students see a number of critical relationships among concepts and
processes, they are more likely to recognize how their existing knowledge might
be related to new situations. Structured knowledge is less susceptible to forget-
ting. When knowledge is highly structured, there are multiple paths to retriev-
ing it, whereas isolated bits of information are more difficult to remember.

Although developing structure is a hallmark of learning with understand-
ing, the nature of that structure is critical because not all relationships are
mathematically fruitful. Learning with understanding involves developing re-
lationships that reflect important mathematical principles. The examples in
the chapters that follow (Fennema and Romberg 1999) illustrate how addi-
tion and subtraction of multidigit numbers is related to basic concepts of
place value, how fractions are related to the concept of division, how knowl-
edge of graphing is extended to more general forms of data representation
and interpretation, and how informal ideas about space can be developed into
the mathematical structures of geometry.

One of the defining characteristics of learning with understanding is that
knowledge is gained in ways that clarify how it can be used. It often has been
assumed, however, that basic concepts and skills need to be learned before
applications are introduced. This is a faulty assumption: Children use their in-
tuitively acquired knowledge to solve problems long before they have been
taught basic skills.

We have come to understand that applications provide a context for devel-
oping skills, so in teaching for understanding, skills are linked to their applica-
tion from the beginning. For example, in the projects described in Carpenter et
al. (chapter 4, Fennema and Romberg 1999), children start out solving prob-
lems involving joining, separating, and comparingbefore they have learned
about addition and subtraction. The operations of addition and subtraction are
presented as ways of representing these problem situations. In the classroom
episode described in Lehrer, Jacobson, Kemeny, and Strom (chapter 5, Fen-
nema and Romberg 1999), children's natural language about shape and form
eventually is transformed into mathematical propositions and definitions.

Reflecting About Experiences
Reflection involves the conscious examination of one's own actions and
thoughts. Routine application of skills requires little reflection: One just follows
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a set of familiar procedures. Reflection, however, plays an important role in
solving unfamiliar problems. Problem solving often involves consciously exam-
ining the relation between one's existing knowledge and the conditions of a
problem situation. Students stand a better chance of acquiring this ability if re-
flection is a part of the knowledge-acquisition process.

To be reflective in their learning means that students consciously examine
the knowledge they are acquiring and, in particular, the way it is related both
to what they already know and to whatever other knowledge they are acquir-
ing. But learning does not only occur with the addition of new concepts or
skills: It also comes about through the reorganization of what one already
knows. Reflecting about what one knows and how one knows can lead to this
sort of reorganization.

Our notion of the emerging nature of understanding is seen in students'
developing ability to reflect on their knowledge. Initially students have lim-
ited ability to reflect on their thinking. One characteristic of students' devel-
oping understanding is that they become increasingly able to do so.

Ardculating What One Knows
The ability to communicate or articulate one's ideas is an important goal of edu-
cation, and it also is a benchmark of understanding. Articulation involves the
communication of one's knowledge, either verbally, in writing, or through some
other means such as pictures, diagrams, or models. Articulation requires reflec-
tion in that it involves lifting out the critical ideas of an activity so that the essence
of the activity can be cornmunicated. In the process, the activity becomes an ob-
ject of thought. In other words, to articulate our ideas, we must reflect on them
to identify and describe critical elements. Articulation requires reflection, and,
in fact, articulation can be thought of as a public form of reflectiow.

As with reflection, students initially have difficulty articulating their ideas
about an unfamiliar topic or task, but by struggling to articulate their ideas,
especially with means such as mathematical symbols or models, students de-
velop the ability to reflect on and articulate their thinking.

Making Mathematical Knowledge One's Own
Understanding involves the construction of knowledge by individuals through
their own activities so that they develop a personal investment in building
knowledge. They cannot merely perceive their knowledge simply as some-
thing that someone else has told them or explained to them; they need to
adopt a stance that knowledge is evolving and provisional. They will not view
knowledge in this way, however, if they see it as someone else's knowledge,
which they simply assimilate through listening, watching, and practicing.

This does not mean that students cannot learn by listening to teachers or
other students, but they have to adopt what they hear to their own ends, not
simply accept the reasoning because it is clearly articulated by an authority
figure. Neither does this mean that understanding is entirely private. The de-
velopment of students' personal involvement in learning with understanding
is tied to classroom practices in which communication and negotiation of
meanings are important facets.
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In this more general sense, students author their own learning. They de-
velop their own stances about different forms and practices of mathematics. For
example, some students are fascinated by number; others by space; still others,
by questions of chance and uncertainty. Students who understand mathematics
often define interests that guide their activity. Ideally, learning is guided by per-
sonal histories of aptitude and interest, not simply by curricular sequences.

An overarchirig goal of instruction is that students develop a predisposi-
tion to understand and that they strive to understand because understanding
becomes important to them. This means that students themselves become re-
flective about the activities they engage in while learning or solving problems.
They develop relationships that may give meaning to a new idea, and they
critically examine their existing knowledge by looking for new and more pro-
ductive relationships. They come to view learning as problem solving in
which the goal is to extend their knowledge.

Is Understanding the Same for Everyone?
In proposing the five forms of mental activity from which mathematical un-
derstanding emerges, we are not suggesting that all students learn in exactly
the same way or that understanding always looks the same in all individuals.
What we are proposing is that the development of understanding involves
these forms of mental activity in some form. For an idea to be understood, it
must be related to other ideas, but there are many ways that ideas might be re-
lated. We are not suggesting that relations must be formed in the same way or
through the same activities, only that understanding depends on ideas being
organized in some productive way that makes them accessible for solving
problems. The ability to extend and apply knowledge is a hallmark of under-
standing, but this does not imply that all people extend and apply their knowl-
edge in the same way. By the same token, reflection and articulation can take
on a variety of forms, but we cannot conceive of understanding developing
without some sort of reflection and articulation. Personal histories of develop-
ing understanding will vary. Such variation is often an important catalyst for
conceptual change as students reconcile their own views with those of others.

Critical Dimensions of Classrooms
That Promote Understanding
What does all this mean for instruction? As previously discussed, for learning
with understanding to occur on a widespread basis, classrooms need to
provide students with opportunities to (I) develop appropriate relationships,
(2) extend and apply their mathematical knowledge, (3) reflect about their
own mathematical experiences, (4) articulate what they know, and (5) make
mathematical knowledge their own. To organize a classroom that enables stu-
dents to engage in these activities, there are at least three dimensions of in-
struction that need to be considered: (1) tasks or activities in which students
engage and the problems that they solve, (2) tools that represent mathematical
ideas and problem situations, and (3) normative practices, which are the stan-
dards regulating mathematical activity, agreed on by the students and teacher.

Understanding involves
the construction of
knowledge by
individuals through
their own activities so
that they develop a
personal investment in
building knowledge.
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Tasks
Mathematics lessons frequently are planned and described in terms of the
tasks in which students engage. Tasks can range from simple drill-and-practice
exercises to complex problem solving tasks set in rich contexts. Almost any
task can promote understanding. It is not the tasks themselves that determine
whether students learn with understanding: The most challenging tasks can
be taught so that students simply follow routines, and the most basic compu-
tational skills can be taught to foster understanding of fundamental mathe-
matical concepts. For understanding to develop on a widespread basis, tasks
must be engaged in for the purpose of fostering understanding, not simply for
the purpose of completing the task. (For an example of how learning to use
multidigit numbers within the context of computational activities becomes a
task in which students' understanding of place value grows, see Carpenter et
al., chapter 4, Fennema and Romberg 1999.)

booDs

Tools are used to represent mathematical ideas and problem situations. They
include such things as paper and pencil, manipulative materials, calculators
and computers, and symbols. Problems are solved by manipulating these
tools in ways that follow certain rules or principles (see Lajoie, chapter 7,
Fennema and Romberg 1999), on tools for data representation and visualiza-
tion). Computational algorithms, for example, involve the manipulation of
symbols to perform various arithmetic calculations. These same operations
can be performed by representing the numbers with counters or base-10
blocks and combining, grouping, or partitioning the counters or blocks in ap-
propriate ways. Connections with representational forms that have intuitive
meaning for students can greatly help students give meaning to symbolic pro-
cedures. In Carpenter et al. and Sowder and Philipp (chapters 4 and 6, Fen-
nema and Romberg 1999), examples involving adding and subtracting whole
numbers and dividing fractions illustrate how such connections can be devel-
oped.

Standard mathematical representations and procedures involve symbols
and operations on those symbols that have been adopted over centuries and
have been constructed for the purposes of efficiency and accuracy. The con-
nections between symbols and symbolic procedures and the underlying math-
ematical concepts that they represent are not always apparent. As a conse-
quence, practicing formal procedures involving abstract symbols does little to
help students connect the symbols or procedures to anything that would give
them meaning One of the ways to resolve this dilemma is for students to link
the critical steps in procedures with abstract symbols to representations that
give them meaning (see Kaput, chapter 8, Fennema and Romberg 1999).

Representations may be introduced by the teacher or constructed by
students. In Lehrer et al. (chapter 5, Fennema and Romberg 1999) classroom
episodes are described in which students invented representations for quanti-
ties, forms, measures, and large-scale space. Each form of representation pro-
vided opportunities for developing new mathematical knowledge. As noted in
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Romberg and Kaput (chapter 1, Fennema and Romberg 1999), the syntacti-
cally guided manipulation of formal representations is an important goal of
instruction and, if we want students to understand the representations they
use, we should encourage them to reflect explicitly on the characteristics of
those representations used for understanding and communicating about
mathematical ideas and for solving problems.

Normative !Practices (Norms)
The norms in a particular class determine how students and the teacher are
expected to act or respond to a particular situation. Normative practices form
the basis for the way tasks and tools are used for learning, and they govern the
nature of the arguments that students and teachers use to justify mathemati-
cal conjectures and conclusions. These norms can be manifest through overt
expectations or through more subtle messages that permeate the classroom
environments.

Although the selection of appropriate tasks and tools can facilitate the de-
velopment of understanding, the normative practices of a class determine
whether they will be used for that purpose. In classrooms that promote under-
standing, the norms indicate that tasks are viewed as problems to be solved,
not exercises to be completed using specific procedures. Learning is viewed as
problem solving rather than drill and practice. Students apply existing knowl-
edge to generate new knowledge rather than assimilate facts and procedures.
Tools are not used in a specific way to get answers: They are perceived as a
means to solve problems with understanding and as a way to communicate
problem-solving strategies. The classrooms are discourse communities in
which all students discuss alternative strategies or different ways of viewing
important mathematical ideas such as what is a triangle (see Lehrer et al. and
Sowder and Philipp, chapters 5 and 6, Fennema and Romberg 1999). Stu-
dents expect that the teacher and their peers will want explanations as to why
their conjectures and conclusions make sense and why a procedure they have
used is valid for the given problem. In this way, mathematics becomes a lan-
guage for thought rather than merely a collection of ways to get answers.

Structuring and Applying Knowledge
For students to learn with understanding, they must have opportunities to re-
late what they are learning to their existing knowledge in ways that support
the extension and application of that knowledge. In classrooms where stu-
dents learn with understanding, there are a number of ways that instruction
can provide them the opportunities to structure their knowledge. For exam-
ple, students may be asked specifically to identify relevant relationships. Stu-
dents may be expected to specify explicit links between symbolic procedures
and manipulations of physical materials, as in the Conceptually Based In-
struction classes described in Carpenter et al. (chapter 4, Fennema and
Romberg 1999). The relationships may also be drawn in less direct ways, as

Mathematical tools
include such things
as paper and pencil,
manipulative materials,
calculators and
computers, and
symbols.
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promote understanding,
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problems to be solved,
not exercises to be
completed using specific
procedures.
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when students compare and contrast alternative strategies that they have gen-
erated to solve a problem; as in the Cognitively Guided Instruction classes de-
scribed in the same chapter.

It is critical that providing opportunities for students to develop struc-
tured knowledge is a major and continuing focus of instruction. Students can-
not be expected to develop critical knowledge structures by practicing proce-
dures. Watching a demonstration, listening to an explanation of how things
are related, or even engaging in a few teacher-directed hands-on tasks is not
enough. Students need time to develop knowledge structures, and instruction
should offer students extended opportunities to develop relationships through
the tasks in which they engage.

The selection and sequencing of tasks and tools is critical. They should
not be selected exclusively on mathematical structure. We must take into ac-
count children's thinking, the knowledge they bring to a situation, and the
way their thinking typically develops. A tacit assumption underlying much of
the traditional mathematics curriculum has been that problem solving in-
volves the application of skills and, consequently, that skills must be learned
before students can profitably engage in problem solving. The examples in
the chapters that follow document that this is not the case. In these examples,
problem solving and the learning of basic concepts and skills are integrated;
in fact, problems and applications provide the context for learning fundamen-
tal mathematical concepts and skills.

As noted earlier, there is an extensive body of research documenting that
children acquire a great deal of intuitive or informal knowledge of mathemat-
ics and begin developing problem-solving abilities outside of school. The for-
mal concepts and skills of the mathematics curriculum need to be related to
these informal concepts and problem-solving skills, or students will not see
how the mathematics they learn in school applies to solving problems in the
world. Furthermore, this informal knowledge can provide a solid foundation
for giving meaning to the abstract mathematical symbols, concepts, and skills
that students learn in school.

Tasks and tools need to be selected such that mathematics instruction
builds on children's informal mathematical knowledge and that problems and
applications, and the related mathematical concepts and skills, are connected
from the beginning.

Reflection and Articulation
One of the primary ways that learning with understanding occurs is through
reflection. Initially, students generally use concrete tools as implements to
solve a given task. As students reflect on the use of the tools, the manipula-
tions of the physical materials become abstracted. Eventually students no
longer have to actually manipulate the physical tools themselves; they can
think directly about more-abstract symbolic representations of the tools (see
Carpenter et al. and Lehrer et al., chapters 4 and 5, Fennema and Romberg
1999). The process is recursive. The more abstract representations become
themselves objects of reflection, leading to an awareness of the underlying
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mathematical concepts that the tools,_ and their symbolic abstractions, em-
body. As the concepts and principles embodied in a given tool become objects
of reflection, higher-level mathematical principles emerge and so on. For ex-
ample, students start out solving addition and subtraction problems by mod-
eling the joining and separating action using counters. By reflecting on their
procedures and their emerging knowledge of groupings of 10, they come to
use more efficient procedures that involve the use of some sort of 10-structured
material, such as base-10 blocks. As students describe and reflect about the
solutions using materials grouped by 10, they become increasingly less de-
pendent on the base-10 materials themselves; they start to use abstract repre-
sentations of the base-10 materials (see Carpenter et al., chapter 4, Fennema
and Romberg 1999). As students compare different abstract strategies and
reflect on these differences, they begin to see that certain procedures have
advantages over others, and they begin to see explicitly how properties like
commutativity and associativity are involved in their procedures.

EncourragArog Refiecdon
The question is: How do we encourage this type of reflection? Providing ex-
plicit guidelines for encouraging reflection is difficult, but a critical factor is that
teachers recognize and value reflection. When that is the case, teachers estab-
lish classroom norms that support reflection. A specific norm that plays a criti-
cal role in supporting reflection in the descriptions of classrooms that follow is
the expectation that students articulate their thinking. Asking students why
their solutions work, why a given solution is like another solution, how they de-
cided to solve the problem as they did, and the like not only helps to develop
students' ability to articulate their thinking, it encourages them to reflect.

At this point, we should distinguish between two types of reflection, both
of which are important: reflection by students about what they are doing and
why, as tasks are being carried out, and reflection about tasks and their solu-
tions after the tasks have been completed. Discussion of alternative strategies
that students have used to solve a given problem involves reflection about a
task after it has been completed. The probing questions that a teacher might
ask at this point address this type of reflection.

Discussing alternative strategies, however, addresses more than the issue
of reflection on completed tasks. When students know that they are expected
to explain their responses, they are more likely to reflect on a task as they are
carrying it out. Reflection on the task while carrying it out can also be en-
couraged directly by asking students to articulate what they are doing during
the process of solving a problem. One possibility is for teachers to talk to stu-
dents as they are solving a problem, asking the students to explain assump-
tions and why they are pursuing the strategy that they have chosen. Questions
like "What are you doing?" "Why are you doing that?" and "How will that
help you to solve the problem?" encourage reflection. Being asked such ques-
tions on a regular basis helps students internalize them so that they will ask
themselves the same questions as they think about a given task.

Another way to encourage reflection on tasks in progress is to have stu-
dents work in small cooperative groups. When students are actually solving a
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problem together, they must articulate their assumptions, conjectures, and
plans to one another. For this kind of reflection and articulation to occur,
however, classroom norms must establish that threse kinds of interactions are
what cooperative group work is all about.

A asis for Articullation
For articulation to be meaningful to all the participants in a class, there must
be a common basis for communication. The selection of appropriate tools can
fill this role, but teachers must ensure that everyone has a consistent inter-
pretation of the tools and their use. Manipulative materials can provide com-
mon referents for discussion, but students do not always impart the same
meanings to manipulations of physical materials that knowledgeable adults
do. It is important that discussions include opportunities for students to artic-
ulate how they are thinking about and using tools.

Notations (e.g., those developed for representing quality, two-dimensional
graphs, etc.) can provide a common basis for discussion, and they can help
students to clarify their thinking. Notations thus play a dual role: first, as a
window (for teachers and others) into the evolution of student thinking and,
second, as a tool for thought. Notations are records that communicate about
thinking. Appropriate notational systems allow students to articulate their
thinking in very precise ways, and the precision demanded by the notational
system can make students sharpen their thinking so that it can be articulated.

Classroom Norms
One norm that underlies teaching for understanding is that students apply ex-
isting knowledge in the generation of new knowledge. Learning is not per-
ceived by either the teacher or students as assimilation and practice. Learning
is viewed as problem solving, and students are expected to actively work to re-
late new concepts and procedures to their existing knowledge.

A specific class norm that supports this conception of learning is that stu-
dents regularly discuss alternative strategies (which they have generated to
solve a given problem) with the teacher, with other students, and within the
context of whole-class discussion. It is not enough to have an answer to a
problem; students are expected to be able to articulate the strategy they used
to solve the problem and explain why it works. This means discussing how the
solution is related to the parameters of the problem and how the procedures
used in the solution are related to underlying mathematical concepts or some
external representation that has established meaning.

In discussing alternative strategies, students not only explain their own so-
lutions and their own thinking but also discuss how strategies used by different
students are alike and different. In other words, they consider the connections
between alternative solutions. This is one of the important ways in which rela-
tionships are made explicit. As students report and discuss solutions represent-
ing different levels of abstraction and understanding, they have the opportu-
nity to link more abstract strategies with more basic strategies. For example,
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when some students solve a problem using manipulative materials and other
students solve the problem with symbolic representations, the discussion of
the relationship between the two strategies draws attention to connections that
give the abstract symbolic procedures meaning (see the class interaction at the
beginning of Carpenter et al., chapter 4, Fennema and Romberg 1999).

Making Knowledge One's Own
As with reflection and articulation, classroom norms play a central role in
helping students develop a personal sense of ownership of their knowledge.
Again, specifying guidelines is difficult, but it is critical that teachers place a
high value on the individual student's involvement and autonomy. All students
should have opportunity to discuss their ideas, and each student's ideas
should be taken seriously by everyone else in the class. The overriding goal of
the classroom should be the development of understanding.

Reflection is inherently personal, and encouraging reflection is critical in
helping students develop a sense of ownership of their knowledge. Students
need to be given some control over the tasks in which they engage and the
tools they use to solve them so that they believe they have control over their
own learning.

Teachers and Understanding
Inherent in much of the previous discussion is the assumption that under-
standing is a goal not only for students but also for teacher's. Understanding
plays a critical role in the solution of any complex problem, and teaching cer-
tainly involves solving complex problems. Our conception of teacher under-
standing is based on the same principles as our conception of student under-
standing.

We focus on two components of teachers' understanding and the rela-
tions between them: understanding of mathematics and understanding stu-
dents' thinking. To provide instruction of the kind envisioned in this volume,
teachers need to understand the mathematics they are teaching, and they
need to understand their own students' thinking. The mathematics to be
taught and the tasks and tools to be used might be specified by an instruc-
tional program, but without requisite understanding of mathematics and stu-
dents, teachers will be relegated to the routine presentation of (someone
else's) ideas neither written nor adapted explicitly for their own students. In
short, their teaching will be dominated by curriculum scripts, and they will
not be able to establish the classroom norms necessary for learning with un-
derstanding to occur. They will not be able to engage students in productive
discussion of alternative strategies because they will not understand the stu-
dents' responses; neither will they be able readily to recognize student under-
standing when it occurs.

Understanding mathematics for instruction involves more than under-
standing mathematics taught in university mathematics content courses. It
entails understanding how mathematics is reflected in the goals of instruction
and in different instructional practices. Knowledge of mathematics must also

It is not enough to have
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be linked to knowledge of students' thinking so that teachers have concep-
lions of typical trajectories of student learning and can use this knowledge to
recognize landmarks of understanding in individuals.

Teachers need to reflect on their practices and on ways to structure their
classroom environment so that it supports students' learning with under-
standing. They need to recognize that their own knowledge of mathematics
and of students' thinking, as well as any student's understanding, is not static.

Teachers must also take responsibility for their own continuing learning
about mathematics and students. Class norms and instructional practices
should be designed to further not only students' learning with understanding
but also teachers' knowledge of mathematics and of students' thinking. Tasks
and tools should be selected to provide a window on students' thinking, not
just so that the teacher can provide more appropriate instruction for specific
students but also so the teacher can construct better models for understand-
ing students' thinking in general.

Conclusion
For students and teachers, the development of understanding is an ongoing
and continuous process and one that should pervade everything that happens
in mathematics classrooms. For many years there has been a debate on
whether individuals should learn skills with understanding from the outset or
whether they should acquire a certain level of skill mastery first and then de-
velop an understanding of why skills work the way they do. A mounting body
of evidence supports the importance of learning with understanding from the
beginning. When students learn skills without understanding, the rote appli-
cation of the skills often interferes with students' subsequent attempts to de-
velop understanding. When students learn skills in relation to developing an
understanding, however, not only does understanding develop, but mastery of
skills is also facilitated.

If we have learned one thing through our studies, it is that the develop-
ment of understanding takes time and requires effort by both teachers and
students. Learning with understanding will occur on a widespread basis only
when it becomes the ongoing focus of instruction, when students are given
time to develop relationships and learn to use their knowledge, when stu-
dents reflect about their own thinking and articulate their own ideas, and
when students make mathematical knowledge their own.

We do not have precise prescriptions for how classrooms should be orga-
nized to accomplish these goals. In this chapter we have provided some issues
and components to consider when thinking about instruction, but ultimately
responsibility for learning with understanding rests with the teachers and stu-
dents themselves. Teachers must come to understand what it means for their
students to learn with understanding and must appreciate and value learning
with understanding. Like their teachers, students must come to value under-
standing and make understanding the goal of their learning. That is the ulti-
mate goal of instruction.
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In the chapters that follow (Fennema and Romberg 1999), we provide ex-
amples of instruction that offer opportunity for the development of under-
standing as we have characterized it. There are a number of similarities
among the examples, but we are not suggesting that understanding will occur
only in classes similar to the ones described. We do, however, argue that for
learning with understanding to occur, instruction needs to provide students
the opportunity to develop productive relationships, extend and apply their
knowledge, reflect about their experiences, articulate what they know, and
make knowledge their own.

Note
Authors contributed equally to the writing of this chapter.
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Curriculum
nterestingly characterizing reform efforts prompted by the Curriculum
and Evaluation Standards (Commission on Standards for School Mathe-

... matics 1989) as CIA, Fortier and Moser (1992) pointed out that curricu-
lum, instruction, and assessment are a package; one component cannot func-
tion adequately without attention to each of the others. An excellent
curriculum cannot achieve what is intended unless it is well taught and ap-
propriately assessed. Realizing that the enacted curriculum is jointly con-
structed by the teacher and students as they interact with instructional mate-
rials, the selection of materials that will best facilitate construction of student
knowledge is one of the teacher's most important tasks (Ball and Cohen 1996;
Council of Chief State School Officers, Wisconsin Center for Educational
Research, and Eleven State Collaborative 2000). A curriculum is not a text-
book or a set of materials, but the selection of investigations, the sequencing
of them, the assessment of understandings gleaned from pursuit of the tasks
at hand, and the additional planning for capitalizing on the learning that takes
place as a result of the explorations. Teachers continually make decisions re-
garding pacing, augmenting, deleting, and delivery. Students indicate under-
standings gleaned and lack of understandings. Continual assessment by the
teacher and the students of knowledge gained is necessary to the construction
of an ever-evolving curriculum.

What Is a Curriculum?
The curriculum principle from the National Council of Teachers of Mathe-
matics (NCTM) Principles and Standards for School Mathematics (Standards
2000 Project 2000, 14-16) states, "A curriculum is more than a collection of
activities; it must be coherent, focused on important mathematics, and
well articulated across the grades." A school mathematics curriculum is a
strong determinant of what students have an opportunity to learn and what
they do learn. In a coherent curriculum, mathematical ideas are linked to
and build on one another so that students' understanding and knowledge

A curriculum is more
than a collection of
activities.
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deepens and their ability to apply mathematics expands. An effective mathe-
matics curriculum focuses on important mathematicsmathematics that
will prepare students for continued study and for solving problems in a vari-
ety of school, home, and work settings. A well-articulated curriculum chal-
lenges students to learn increasingly more sophisticated mathematical ideas
as they continue their studies and gives guidance about when closure is ex-
pected for particular skills or concepts.

The driving forces of curricula are sequencing, connectedness within a
strand, interconnectedness among strands, development of thinking processes,
and the relationship between procedural and conceptual knowledge. Curricula
need to capitalize on the knowledge that we have about how understanding is
built. Kieren's Model of Mathematical Knowledge Building and his Model of
Recursive Understanding are instructive when considering these relationships.

How Is Mathematical Knowledge Built?
Mathematical knowledge building becomes increasingly complex. It moves
from knowledge shared by people living in a particular society (ethnomathe-
matical knowledge) to knowledge based on the use of thinking tools, imagery,
and the informal use of mathematical language (intuitive knowledge) to
knowledge acquired as a result of working with symbolic expressions (technical-
symbolic knowledge) to knowledge which is derived through logically situat-
ing a statement in an axiomatic structure (axiomatic deductive knowledge)
(Kieren 1993, 66-71). (See Figure 3.1.)

Each kind of knowing successively embeds the previous kind of knowing.
The more complex outer layers, while dependent on inner ways, do not se-
quentially result from the inner, more intuitive ways of knowing. Actually, the
outer ways "involve or organize the inner ways of knowing" (Kieren 1993, 69).
Knowledge is recursive, the inner ways of knowing contributing to the large
outer ways of knowing, and the outer ways of knowing checking the under-
standings gleaned from the inner ways of knowing.

In the inner less complex stages of knowing, validation is based on "real
mathematics, the applicational mathematics of the 'real world. At the outer
stages, validation is based strictly on structural, logical, or philosophical argu-
ments. The line across the model, "the Hilbert Line," delineates the point at
which validation moves from the "real" to the "philosophical." This model
contributes much to the applications versus structure debate. It clearly points
out that both are essential in the building of mathematical knowledge, that
each makes a contribution to knowledge building, and that the two need to
work together in a symbiotic relationship.

The model for the recursive theory of mathematical understanding (see
Figure 3.2.) builds on the idea of mathematical knowledge building and sees
mathematical understanding as "dynamic, nonlinear, and transcendently re-.
cursive" (Kieren 1993, 72). Understanding is a "whole dynamic process"
(Pirie 1988) and "a human activity" (Romberg and Kaput 1999). As people
develop understanding, they are capable, through language, of self-referencing,
of making distinctions in their own behavior based on taking effective action,
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FIGURE 3.1 A Model of Mathematical Knowledge Building
From "Rational and Fractional Numbers: From Quotient Fields to Recursive Understanding," by
T. E. Kieren, 1993, in T. P. Carpenter, E. Fennema, and T. A. Romberg, eds., Rational Numbers: An
Integration of Research, pp. 197-218. Copyright © 1993 by Lawrence Erlbaum Associates, Publish-
ers. Reprinted with permission of the author.

and on making distinctions on previous knowing. People are also able to grow
and gain in understanding as a result of interactions with others. A gain in un-
derstanding is thus dynamic and nonlinear.

Knowing, then, grows recursively, making distinctions on previous know-
ing. Mathematical understanding is a dynamic process that folds back on
itself for "growth, extension, and re-creation" (Kieren 1993, 73).

The model for the recursive theory of mathematical understanding rec-
ognizes the importance at rudimentary stages of "doing" so that an image of
what happens is gainedimage making. After several experiences with doing
and image making, the knowledge gleaned becomes mental objectsimage
having. Property noticing calls into action recursion on the three previous
stages so that activities undertaken, images languaged, and mental images in-
teract to identify patterns. All of these stages are related to actions or images.
When the thinking moves to generalizations and self-conscious thinking, for-
malization occurs. With these mental structures in place, observation can take

A gain in understanding
is dynamic and
nonlinear.
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FIGURE 3.2 A Model for the Recursive Theory of Mathematical
Understanding

From "Rational and Fractional Numbers: From Quotient Fields to Recursive Understanding," by
T. E. Kieren, 1993, in T P. Carpenter, E. Fennema, and T A. Romberg, Eds., Rational Numbers: An
Integration of Research, pp. 197-218. Copyright 1993 by Lawrence Erlbaum Associates, Publish-
ers. Reprinted with permission of the author.

place regarding previous ideas. Finally, structuring of observations is done in
terms of a systematic set of assumptions. The outer, creative level of under-
standinginventingoccurs when one can alter thinking about a topic with-
out destroying the structure and understanding already built.

What Are the Implications for Curricula?
This model of recursive understanding (Kieren 1993, 72) has great pertinence
for curriculum construction. Students need to move from informal to formal
reasoning as a result of working with problems created to facilitate the process
(Romberg 1998). Curricular investigations need to be rich in connections be-
tween and among the strands and must foster reasoning and communication
through vocabulaiy forms of representation, choice of materials, tools, tech-
niques, and intellectual methods so problems are defined and solved with rea-
son, insight, inventiveness, and technical proficiency (Lappan and Phillips
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1998, 83). Problems initially addressed must be based in realism (Streefland
1993), reflecting the society from which students emanate (Kleiman, Tobin,
and Isaacson 1998) and capitalizing on informal knowledge (Mack 1993). Ap-
propriate manipulatives need to be used to develop transferable images (Mer-
cer and Henningsen 1998). Since students are at different levels of understand-
ing with different strands, multiple representations (Ball 1993), congruent
contexts (Lampert 1991), and multiple approaches (Murphy 1998) are impor-
tant. For self-referencing purposes, students need opportunities for metacogni-
tion (Lamon 1993) and reflection (Phillips and Lappan 1998). They also need
opportunities for discourse (Laughlin and Moyer 1998), for sharing of solu-
tions, and for opportunities to reference their knowledge against that of their
peers. Pacing is important, with continual opportunity for growth (Billstein
1998), but with latitude to check understanding and to make connections.

"To sequence instruction based on the tenets of mathematics as a human
activity implies that tasks cannot be organized in a particular sequence to
cover each detail; instead, instructional units or tasks that focus on investiga-
tion of problem situations need to be created. From such situations, the key
ideas in each strand can be acquired or constructed and related to other ideas
in other strands or sub§trands, and the uses of these ideas in other disciplines
identified" (Romberg and Kaput 1999, 9). Continuing, the authors argue that
investigations that promote mathematics worth teaching and worth under-
standing should consider the following questions:

Do the tasks lead anyWhere? (Do they begin with prior knowledge and
extend the map of the domain . . . [realizing that] there is no one correct se-
quence of concepts and activities in any domain?)

Do the tasks lead to model building? (Essential to professional practice
in mathematics, model construction, model evaluatiOn, and model revision,
allow for further exploration and identification of important big ideas in a
domain.)

Do the tasks lead to inquiry and justification? (Students should learn to
conjecture, investigate, conclude, and evaluate, as well as explain and defend
findings. They need to learn to invent strategies and to discuss why such
strategies are viable. "Genuine inquiry . . . provides them with practice in
and eventual understanding of the criteria for evidence and explanation pat-
terns characteristic of mathematics" (12).)

Are the tasks relevant to students? (Are the tasks "intrinsically motivat-
ing?" Do they rest on what students know, "produce cognitive incongruity,"

and create solution curiosity, with appropriate challenge (neither too easy
nor too hard)?) (Romberg and Kaput 1999, 9-12)

What Are Conceptual
and Procedural Knowledge?

A major component of the curriculum question in the United States is the
conceptual/procedural knowledge question. Conceptual knowledge is "rich in
relationships" (Hiebert and Lefevre 1986, 3), a connected web of knowledge,
a network in which both the links and clusters of knowledge are important. "A
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unit of conceptual knowledge cannot be an isolated piece of information" (4).
Conceptual knowledge is developed by the construction of relationships be-
tween pieces of information. The pieces of information can be stored in
memory, or one can be stored and one can be newly learned. There are levels
of relationships. The primary level simply connects the two pieces. The
higher level, the reflective level (5), ties together more abstract components,
less tied to specific contexts, by recognizing similar core features in the pieces
of information. Conceptual knowledge must be learned meaningfully and
cannot be generated directly by rote learning.

Procedural knowledge has two parts as described by Hiebert and Lefevre
(1986, 6)formal language, the symbol representation system, and algo-
rithms, rules for completing mathematical tasks. The procedural system is
"structured" (7), procedures are hierarchically arranged, and subprocedures
contribute to superprocedures. Procedural knowledge may or may not be
learned with meaning. Rote learning produces knowledge that is "notably ab-
sent in relationships" and is "closely tied to the context in which it is learned"
(8); it does not generalize to other situations. Facts, propositions, and proce-
dures can be learned by rote, but are stored as isolated pieces of information
until the learner later recognizes or constructs relationships among the pieces
and then creates conceptual knowledge. There are benefits derived from pro-
cedural knowledge for procedural knowledge: developing meaning for sym-
bols (connecting symbols with referents, (Schoenfeld 1986)), recalling proce-
dures, and using procedures. There are benefits of procedural knowledge for
conceptual knowledge: symbols enhance concepts, procedures apply con-
cepts to solve problems, and procedures promote concepts.

There are reasons for algorithms (Usiskin 1998): they are powerful, they
are reliable, they are accurate, they are fast, they furnish a written record, they
establish a mental image, they are instructive, they can be used in other algo-
rithms, and they can be objects of study. There are dangers inherent in all
algorithms: blind acceptance of results, overzealous application, a belief that
algorithms train the mind, and helplessness if the technology (including paper
and pencil) is not available. In a recent work, The Advent of the Algorithm: The
Idea that Rules the World, Berlinski (2000), heralds the power of the algo-
rithm, the set of instructions that drives computers, and enthuses that it is the
algorithm "that has made possible the modern world" (xv). He also speculates
on where use of the algorithm might lead us.

The NCTM devoted an entire yearbook to algorithms: The Teaching and
Learning of Algorithms in School Mathematics: 1998 Yearbook. In an analysis of
algorithmic thinking and recursive thinking, Mingus and Grassl (1998, 34 36)
compare and contrast the two. They characterize algorithmic thinking as "a
method of thinking and guiding thought processes that uses step-by-step pro-
cedures, requires inputs and produces outputs, requires decisions about the
quality and appropriateness of information coming in and going out, and moni-
tors the thought processes as a means of controlling and directing the thinking
process." Recursive thinking is algorithmic in the sense that it proceeds in a
step-by-step manner. However, it is iterative and self-referential. It builds on it-
self "Algorithmic thinking has an end, a stopping point, while recursive theory
never ends" (35). The process relies on both inputs and outputs while the algo-
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rithm relies only on the initial input value. Kieren and Pirie (1991) used recur-
sion as a metaphor in describing how children understand, (35).

What Is the Relationship Between
Conceptual and Procedural Knowledge?
Hieber and Lefeure (1986, 9) explain, "Mathematical knowledge, in its fullest
sense, includes significant, fundamental relationships between conceptual
and procedural knowledge. Students are not fully competent in mathematics
if either kind of knowledge is deficient or if they both have been acquired but
remain separate entities." Both contribute to and acquire meaning in the pro-
cess of doing mathematics and reflecting on the gains. Realizing the impor-
tance of this question of conceptual and/or procedural knowledge, the NCTM
Curriculum and Evaluation Standards for School Mathematics (Commission
on Standards for School Mathematics 1989) clearly states (contrary to popu-
lar interpretation) the relationship between conceptual and procedural
knowledge production. "Knowing mathematics is doing mathematics" (7). In-
formational knowledge is valuable "in the extent to which it is useful in the
course of some purposeful activity. . . . It is clear that the fundamental con-
cepts and procedures from some branches of mathematics should be known
by all students" (7). "The curriculum for all students must provide opportuni-
ties to develop an understanding of mathematical models, structures, and
simulations applicable to many disciplines" (7). "The availability of calculators
does not eliminate the need for students to learn algorithms" (8).

Erickson (1998), called conceptual knowledge the "missing link in
performance-based theory." "The idea that teachers can develop perform-
ances that demonstrate deep understanding assumes that they have con-
sciously identified the kinds of deep understandings that the performance
should demonstrate" (4). Asking for "thinking beyond the facts," a classroom-
based structure of knowledge model is offered (See Figure 3.3).

Noting that the traditional curriculum design "emphasizes the lower cog-
nitive levels, centering around topics and related facts" and only addresses
the key concepts of the disciplines "offhandedly within topics of study," Er-
ickson cites the Third International Mathematics and Science Study (TIMSS)
findings regarding these issues.

What Has the TIMSS Study Found
in Curricular Comparisons?
The TIMSS, one of the most encompassing and thorough international,stud-
ies of curricula ever done, found some major flaws in the way the United
States has traditionally addressed curriculum development (McNeely 1997).
Curricula in both mathematics and science in U.S. schools are unfocused, but
the lack of curricular focus is more true in mathematics than in science.
Mathematics curricula in the United States consistently cover far more topics
than is typical in other countries.

Knowing mathematics is
doing mathematics.
Commission on Standards for School
Mathematics 1989, 7

Mathematics curricula
in the United States
consistently cover far
more topics than is
typical in other
countries.
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FIGURE 3.3 Structure of Knowledge
From H. L. Erickson, 1998, Concept-Based Curriculum and Instruction: Teaching Beyond the Facts.
Copyright © 1998 by Corwin Press, Inc. Reprinted with permission of the author.

In both mathematics and science, topics remained in composite U.S. cur-
ricula for more grades than all but a few other TIM SS countries. The practice
is to add far more topics earlier than other countries do and repeat them.
Mathematics topics remain in the U.S. composite curriculum for two years
longer than the international median. Mastering pieces is emphasized to the
exclusion of focusing on a few key goals, linking content together, and setting
higher demands on students. U.S. curricula seek to cover something of every-
thing. Composite textbooks are unfocused, include far more topics, and look
quite different from other nations' texts.

United States texts emphasize using routine procedures and the less com-
plex, more easily taught expectations for student performance. Most U.S.
schools and teachers make selective use of textbook contents and rarely cover
all of a textbook's content. Teachers spend little time on concepts, trying to
cover as many of the topics as possible. U.S. teachers engage in more teaching
activities per lesson than their counterparts in other countries.

The pervasive influence of industrial and assembly-line production, in-
cremental assembly, behavioral psychology, behavioral objects, and pro-
grammed instruction have evidenced themselves in a "curricula of many
small topics, frequent low demands, and interchangeable pieces of learning to
be assembled later" (McNeely 1997, 171).

What Efforts Have Been Made to Address
the Curriculum Question?
The Principles and Standards for School Mathematics (Standards 2000 Proj-
ect 2000) focus squarely on the development of curricula that reflect the five
content strands; that address the processes of problem solving, reasoning and
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proof, connections, communication, and representation; that highlight the
"increasing sophistication of ideas across the grades" (7); that link the content
and process standards; and that urge a focused curriculum that "moves on."
Curricula that have been developed to reflect the intent of the standards
movement have attempted to embody the vision of the standards philosophy.

Wisconsin's Model Academic Standards for Mathematics (WMAS) (Wis-
consin Department of Public Instruction 1998), taking thrust from the na-
tional standards, other state standards, international standards, and input from
the people of Wisconsin regarding their expectations for mathematics in Wis-
consin schools, were established for grades 4, 8, and 12. This was a conscious
decision of the authors so that individual school districts could exercise auton-
omy in their establishment of curriculum choices within each of these grade
level bands. Many districts found, after contemplation of the grade band ex-
pectations, that specific grade-level expectations would be helpful. Those dis-
tricts have since written benchmarks for each grade level. An example of how
a district might assign benchmarks based on WMAS for each grade level is of-
fered in Appendix C. It was prepared by James M. Moser, Wisconsin Mathe-
matics Consultant, Retired, as a guide for helping districts facilitate the pro-
cess. It is not offered as a recipe because each district needs to contemplate its
needs and design its own plan to fit district goals. It also needs to remain cog-
nizant of the "big picture" so that overall goals are not lost in minutiae.

In all discussions of curriculum, it must be remembered that the actual
curriculum of the classroom is "an enacted curriculum [that is] jointly con-
structed by teachers, students, and materials in particular contexts" (Ball and
Cohen 1996, 7). Excellent curriculagood mathematicsstill have to be
"well taught" (Even and Lappan 1994) and appropriately assessed (Grunow
1999).

Instruction
The heart of the CIA (curriculum, instruction, and assessment) trilogy is, of
course, teaching. A district can adopt the finest curriculum available, but, if
those materials are not well taught, it will not reap the desired results. Ex-
cellent assessment procedures and instruments can be available, but, if stu-
dent understanding is not facilitated by knowledgeable and astute teachers,
the results will be dismal. Darling-Hammond, Wise, and Klein (1999), sug-
gested, "Efforts to restructure America's schools to meet the demands of a
knowledge-based economy are redefining the mission of schooling and the
job of teaching . . . This new mission for education requires substantially
more knowledge and radically different skills for teachers" (2).

What Is Good Mathematics Teaching?
The -NCTM Principles and Standards for School Mathematics, Teaching
Principle (Standards 2000 Project 2000, 16-18), states, "Effective mathemat-
ics teaching requires understanding what students know and need to learn
and then challenging and supporting them to learn it well." It continues, "Stu-
dents learn mathematics through the experiences that teachers provide.

The actual curriculum
of the classroom is "an
enacted curriculum
[that is] jointly
constructed by
teachers, students, and
materials in particular
contexts."
Ball and Cohen 1996, 7
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Standards 2000 Project 2000, 16-18
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Newmann, Secada, Wehlage 1995,29

Thus, students' understanding of mathematics, their ability to use it to solve
problems, and their confidence in and disposition toward mathematics are all
shaped by the teaching they encounter in school. The improvement of math-
ematics education for all students requires effective teaching in all class-
rooms."

Recognizing the expanding role of teachers and the importance of the
creation of a challenging curriculum and a stimulating environment in which
student learning can thrive, the Professional Standards for Teaching Mathe-
matics (Commission on Teaching Standards for School Mathematics 1991)
called for teachers who are proficient in:

selecting engaging mathematical tasks;
providing opportunities for students to deepen their understanding of the

mathematics being studied;
stimulating investigation and growth of mathematical ideas through the or-

chestration of classroom discourse;
using, and helping students use, technology in mathematical investigations;
helping students connect their learning to previous and developing knowl-

edge;
and guiding individual, small-group, and whole-class work.

In essence, these standards emphasized the importance of teacher deci-
sion making, made teachers curriculum writers, and recognized the context of
teaching and learning as paramount to accomplishment. With increased au-
tonomy, of course, also came an implied increase in responsibility.

Characterizing the kind of teaching needed to help students succeed in
building understanding, in pursuing disciplined inquiry, and in solving prob-
lems connected to the world with an audience beyond school, as "authentic
instruction," Newrnann, Secada, and Wehlage (1995) offer criteria of intellec-
tual quality consistent with "authentic tasks." Support for all students to mas-
ter challenging work calls for an "instructional climate [that] communicates
high expectations for all and cultivates enough trust and respect to reward se-
rious effort" (29). The standards of authentic instruction are listed as:

Standard 1. Higher order thinking: Instruction involves students in manipu-
lating information and ideas by synthesizing, generalizing, explaining, hy-
pothesizing, or arriving at conclusions that produce new meaning and un-
derstandings for them.

Standard 2. Deep knowledge: Instruction addresses central ideas of a topic or
discipline with enough thoroughness to explore connections and relation-
ships and to produce relatively complex understandings.

Standard 3. Substantive conversations: Students engage in extended conver-
sational exchanges with the teacher and/or their peers about subject mat-
ter in a way that builds an improved and shared understanding of ideas or
topics.

Standard 4. Connections to the world beyond the classroom: Students make
connections between substantive knowledge and either public problems
or personal experiences. (See Service Learning in this document.)

46 Curriculum, Instruction, and Assessment

7 1



What Kind Ex ertise Is Required?
The improvement of education has long been viewed as a policy question or as
a function of educational spending, but current studies (Darling-Hammond
and Ball 1998; Cohen and Hill 1998) are bringing the influence of teacher ex-
pertise back squarely to the forefront. Accounting for variance of as much as
43 percent in mathematics test score gains and an effect five limes as great as
investments in lowering pupilteacher ratios, teacher influence on learning
reigns supreme.

Contemplation of what teacher expertise encompasses leads to a realiza-
tion of the complexity of teacher knowledge. Fennema and Franke (1992) of-
fered a learned analysis of that knowledge and a model of teacher knowledge
situated in the context of the classroom. (See model in the professional devel-
opment chapter in this document.) "Examination of teachers is beginning to
indicate that knowledge can be and is transformed through classroom inter-
action" (p. 162). Teacher expertise includes knowledge of mathematics (con-
tent knowledge), knowing how to teach (pedagogical knowledge), knowing
how to teach mathematics (pedagogical content knowledge), and knowing
how students think and learnand, in particular, how this occurs within spe-
cific mathematics content.

How Is Teacher Expertise Achieved?
While political forces attempt to "standardize" teaching, "teachers continue
to talk about their work as demanding and unpredictable rather than straight-
forward and routine" (Darling-Hammond 1997). Additionally, teachers view
teaching as an art"creativity and judgment are always needed" (71). In-
deed, flexibility, adaptability, and creativity have been identified as some of
the most important determinants of teachers' effectiveness (Schalock 1979;
Darling-Hammond, Wise, and Pease 1983). Teachers who "connect" with
students, who plan with regard to students' abilities and needs, and who cap-
italize on students' prior experiences, motivations, and interests "are more ef-
fective at stimulating higher-order thinking" (72).

But, contends Hargreaves (1994), teaching has changed. Citing inclusion,
curricular change, diverse assessment strategies, a different kind of parent in-
volvement, and increasing responsibilities, he presents the interesting con-
trast between the positive effects of professionalization and the negative ef-
fects of intensification. Professionalization implies an increase in the teacher's
role. Intensification, on the other hand, asks teachers to respond to greater
pressures, to comply with prescribed programs, mandated curricula, and
step-by-step methods of instruction, and "to collaborate willingly in their own
exploitation as more and more is extracted from them" (118). Recognizing
this as an era of educational reform influenced heavily by intensification,
Hargreaves notes that we can't make progress with our present educational
bureaucracy, nor can we return to the past. "It is time fora change in the rules
of teaching and teachers' work" (262). We need to increase professionaliza-
tion and avoid intensification.

Teacher expertise
includes content
knowledge, knowledge
of pedagogy, and
pedagogical content
knowledge.

Examination of teachers
is beginning to indicate
that knowledge can be
and is transformed
through classroom
interaction.
Fenneina and Franke 1992, 162

Flexibility, adaptability,
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been identified as some
of the most important
determinants of
teachers' effectiveness.
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In The Teaching Gap, Stigler and Hiebert (1999) state, "Our goal . . . is to

convince our readers that improving the quality of teaching must be front and
center in efforts to improve students' learning. Teaching is the one process in
the educational system that is designed specifically to facilitate students'
learning" (3). Stigler and Hiebert note the high quality of teaching that al-
ready exists, but recognize the inadequacies in student achievement that have
been identified nationally through the National Assessment of Educational
Progress (NEAP) and internationally through the TIMSS. Stigler, who co-
authored The Learning Gap: Why Our Schools Are Failing and What We
Can Learn from Japanese and Chinese Education (1992), and Hiebert iden-
tify three things that were learned from TIMSS: (1) teaching, not teachers, is
the critical factor, (2) teaching is a cultural activity, and (3) there is a gap in
methods for improving teaching.

Suggesting that "designing and building a research-and-development sys-
tem that explicitly targets steady, gradual improvement of teaching and learn-
ing" (131) is needed, the authors identify six principles for gradual, measur-
able improvement:

Principle #1: Expect improvement to be continual, gradual, and incremental.
Principle #2: Maintain a constant focus on student learning goals.
Principle #3: Focus on teaching, not teachers.
Principle #4: Make improvements in context.
Principle #5: Make improvement the work of teachers.
Principle #6: Build a system that can learn from its own experience.

Concluding, the authors suggest that the popular solution of professional-
izing teachers needs redefinition. "Blaming teachers for not improving teach-
ing is unfair" (174). Instead, they offer, we can find a "lasting solution in pro-
fessionalizing teaching" (175).

Professionalization or Professionalism?
In these discussions, it is essential to distinguish between professionalization
and professionalism. According to Noddings (1992), professionalism is "ad-
herence to a set of high standards internal to the practice under considera-
tion," while professionalization is "changes in occupations that will make
them more like established professions" (197). Noting the lack of professional
status for teachers, Noddings suggests changes. She proposes cooperation
among mathematicians, mathematics users, and educators in the design of
courses "especially for teachers." She encourages a press for professional
working conditions and an emphasis on "teacherstudent relationships as
central to the very concept of professionalism." Encouraging teachers and ad-
ministrators to work together, she notes that "professionals depend on the
trust of their clients . . . teachers need opportunities to earn that trust, and
such opportunities can only arise as teachers are entrusted by those now con-
trolling their work" (206).

Echoing the call for professionalization, the National Commission on Teach-
ing and America's Future (1996; 1997) offer five major recommendations:
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Get serious about standards for both students and teachers.
Reinvent teacher preparation and professional development.
Fix teacher recruitment, and put qualified teachers in every classroom.
Encourage and reward teacher knowledge and skill.
Create schools that are organized for student and teacher success. (Darling-

Hammond and Ball 1998, 2)

What Steps Have Been Taken
to Professionalize Teaching?

In Teaching As the Learning Profession, a compendium of suggestions for
policy and practice, Darling-Hammond and Sykes (1999) explore the whole
of teacher education: teaching as the learning profession, rethinking teacher
education, rethinking professional development for teachers, rethinking orga-
nizations for teacher learning, and rethinking policy for teacher learning. An
excellent resource, this book should be in every school's professional library.

In response to the increased call for professionalization and "the growing
realization that the intense national quest to improve education for students
requires attention to the knowledge and skills of teachers" (Darling-
Hammond, Wise, and Klein 1999, 1), there are national and state efforts to
improve certification and licensing. In 1986, the Carnegie Forum on Educa-
tion and the Economy's Task Force on Teaching as a Profession, in A Nation
Prepared: Teachers for the Twenty-First Century, called for the formation of
a national board to improve student performance by strengthening teaching.

In 1987, the National Board for Professional Teaching Standards was es-
tablished with the mission of establishing high and vigorous standards for what
teachers should know and be able to do, developing and operating a national
voluntary system to assess and certify teachers who meet those standards, and
advancing related education reforms for the purpose of improving student
learning in America's schools. Thus, the National Board Certification process
is a collaborative, standards-based, ongoing professional development oppor-
tunity. Aimed at keeping fine teachers in classrooms, the National Board be-
lieves that excellent teachers "should have incentives, rewards, and career
paths" as they progress. With national criteria, the certification process is re-
moved from local constraints and is not limited by numbers. The National
Board Standards describe what teachers should know and be able to do:

1. Teachers are committed to students and their learning.
2. Teachers know the subjects they teach and how to teach those subjects to

students.
3. Teachers are responsible for managing and monitoring student learning.
4. Teachers think systematically about their practice and learn from experi-

ence.
5. Teachers are members of learning communities. (National Board for Pro-

fessional Teaching Standards, 1993)

Certification is available in several fields (e.g., mathematics) and is
granted in accordance with populations taught: early childhood (ages 3-8);

There are national and
state efforts to improve
certification and
licensing.

National Board
Standards describe
what teachers
should know and
be able to do.
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middle childhood (ages 7-12); early adolescence (ages 11-15); and adoles-
cent young adulthood (ages 14-18+ ). Candidates for certification create a
portfolio that includes samples of their students' work, videotapes of selected
lessons with analytical commentary on those pieces of evidence, and docu-
mentation of work as a professional, in the community, and with families.
They are tested on subject-matter knowledge, as well as their understanding
of how to teach those subjects to their students. The portfolio and assess-
ments are scored by trained assessors, weighted, and combined in an overall
score. "This proCess is a demanding one for the educator, but it is worthwhile"
(Kickbusch 1999, 3). Presently (1999-2001), financial incentives from the
state (1997 Wisconsin Act 237, s. 115.42, Stats.) are given to teachers who be-
come board certified and are certified and teaching in Wisconsin. It is hoped
that school districts with certified teachers will recognize the professionalism
of the certification and reward those teachers with pay incentives, increased
responsibilities, and so forth.

In line with National Board Certification and in an effort to reflect the
standards effort and a move toward performance-based or competency-based
teacher preparation, the State of Wisconsin (Chapter PI 34, Approved by the
legislature 2/17/00 and Taking effect 7/1/00) has changed its teacher licensing
and certification requirements. (See the DPI Web site: www.dpi.state.wi.us,
Divisions and Teams, Teacher Certification and Licensing and/or Appendix B
in this document.) After August 31, 2004, teachers graduating from education
programs will receive an initial five-year, nonrenewable licensebased on
standards, including assessments of content knowledge and teaching skills, and
requiring institutional endorsement, mentoring during the initial teaching pe-
riod, orientation, and seminars based on teacher standards.

The 10 Wisconsin Standards for Teacher Development and Licensure are:

o Teachers know the subjects they are teaching. (In accordance with this
standard, the content for each subject area has been explicated in PI34
Content Guidelines. See Appendix B.)

o Teachers know how children grow.
o Teachers understand that children learn differently.
o Teachers know how to teach.
o Teachers know how to manage a classroom.
o Teachers communicate well.
o Teachers are able to plan different kinds of lessons.
o Teachers know how to test for student progress.
o Teachers are able to evaluate themselves.
o Teachers are connected with other teachers and the community.

The licenses will be granted based on developmental levelsearly child-
hood, middle childhood, early adolescence, and adolescenceand in disci-
pline fields. A five-year professional license may be applied for after at least
three years of teaching experience. The professional licensure calls for devel-
opment of a professional improvement plan based on one or more of the na-
tional teaching standards. The plan must be approved by a panel of three, a
peer, an administrator, and a teacher educator. Teachers then gather evidence
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of having met the plan requirements and the panel certifies successful com-
pletion of the plan.

This license may be renewed by completing and implementing a profes-
sional development plan and having the plan and successful implementation
approved by a professional development team of three teachers. After five
years of experience and successful completion of the professional plan, a
teacher may apply for the 10-year master educator license. This requires a re-
lated master's degree, evidence of contributions to the profession, demonstra-
tion of exemplaiy classroom performance on video or on-site, and formal as-
sessment by a professional development team. National Board Certification
can serve in lieu of these requirements.

This new plan moves certification from a course and credit orientation to
a performance and competency orientation. The three stages of licensing pro-
vide for self-directed, planned professional development guided by the 10
Wisconsin teacher standards. The mentoring component will allow excellent
seasoned teachers an opportunity to work with incoming teachers to assist in
their growth and to augment their own through the experience. Current
teachers who hold renewable licenses have the option of taking university
credits or of creating a professional development plan. Lifetime license hold-
ers will have no additional requirements, but will have the opportunity for
professional growth in keeping with the new plan. It is hoped that the plan
will move the profession toward increasing professionalization and, at the
same time, address certification issues that arise because of increased de-
mand for teachers, especially in certain disciplines.

Citing the demands of today's classroomsstudent bodies that are more
diverse and have greater needs, parents and community groups that are ask-
ing for more influence in the school, the social, economic, and technological
needs of the workplace that are placing greater demands on workers, the in-
creasing federal and state mandates and the increase of special programs,
and, yet, the love of the status quoRallis, Rossman, Phlegar, and Abeille
(1995) discuss "dynamic teachers." Characterizing those teachers as moral
stewards, constructors, philosophers, facilitators, inquirers, bridgers, and
changemakers, the authors present the cases of dynamic teachers in innova-
tive schools, all of whom succeeded in helping children think and learn and
prepare for the unknown challenges of their futures.

In all instances, those teachers focused on continued learning for them-
selves and continued professional improvement. Teachers teach because they
care about their students and their futures. They also teach because they love to
learn. It is this spark of learning that must be kept alive and burning if we are to
retain excellent teachers in classrooms. In his timeless manner, Confucius of-
fered, "Never tire of learning; Never tire of teaching" (Levine 1999, 115).

Assessment
Curriculum, instruction, and assessment have been included in this docu-
ment as an integrated whole because one component cannot function ade-
quately withont attention to each of the others. An excellent curriculum can

The three stages of
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self-directed, planned
professional
development guided
by the 10 Wisconsin
teacher standards.

Teachers teach because
they care about their
students and their

futures. They also
teach because they
love to learn.
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be in place. Wise and wonderful teaching can be taking place. But it is assess-
ment, both formal and informal, that will convince us that teaching and learn-
ing mathematics with understanding is occurring. Indeed, "it is assessment
that enables us to distinguish between teaching and learning. Many times be-
cause a topic has been taught, it is assumed it is learned. Only until it is ap-
propriately assessed do we know" (Clarke, Clarke, and Lovitt 1990, 128-29).
Romberg (see the preface in this document) contends that assessment consis-
tent with the standards-based visionassessment of "mathematical liter-
acy"needs to be developed to adequately measure attainment of under-
standing.

What Os Assessment?
A number of terms are used to refer to the collection of data and information
for the purposes of describing an individual's or group's level of knowledge,
performance, or achievementfor example, measurement, test, assessment,
and evaluation. Mathematical assessment, according to Webb (1992, 662-63)
is the "comprehensive accounting of an individual's or group's functioning
with mathematics or in the application of mathematics." Wood (1987) in-
cluded in that comprehensive accounting "a variety of evidence, qualitative as
well as quantitative reflected in "a variety of contexts," and "including knowl-
edge of mathematics and disposition toward mathematics" (2). The Joint
Committee on Standards for Educational Evaluation (1981) defines evalua-
tion as "the systematic collection of evidence to help make decisions regard-
ing (1) students' learning, (2) materials development, and (3) programs to sys-
tematically investigate the worth or merit of some objective" (Webb, 663).
Thus, assessment can be used to provide evidence of what students know and
are able to do; to express what is valued regarding what students are to know,

do, or believe; to provide information to decision makers; and to provide in-
formation on the effectiveness of the educational system as a whole.

Cognizant of the many purposes of assessment, the Assessment Standards
for School Mathematics (Assessment Standards Working Group 1995) offers
an excellent listing of ideas to consider in planning assessments that help to
clarify the principal points at which critical decisions need to be made, along
with the decisions and actions that occur within each phase (4 5). The listing
is given in its entirety because of its usefulness for assessment planners:

Planning the assessment
What purpose does the assessment serve?
What framework is used to give focus and balance to the activities?
What methods are used for gathering and interpreting evidence?
What criteria are used for judging performances on activities?
What formats are used for summarizing judgments and reporting results?

Gathering evidence
How are activities and tasks created or selected?
How are procedures selected for engaging students in the activities?
How are methods for creating and preserving evidence of the perfor-

mances to be judged?
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Interpreting the evidence
How is the quality of the evidence determined?
How is an understanding of the performances to be inferred from the

evidence?
What specific criteria are applied to judge the performances?
Have the criteria been applied appropriately?
How will the judgments be summarized as results?

Using the results
How will the results be repoged?
How should inferences from the results be made?
What action will be taken based on the inferences?
How can it be ensured that these results will be incorporated in subse-

quent instruction and assessment?

What Are the lElements of a Good Assessment?
"Fundamental to mathematical assessment is an explicit definition of the
content to be assessed" (Webb 1992, 664). If knowledge of mathematics is
integrated and determination of students' mathematical power requires as-
sessment of all aspects of their mathematical knowledge, as well as the extent
to which they have integrated this knowledge, then the approach will require
that students "apply a variety of mathematical concepts and procedures and
that they engage in reasoning and problem-solving" (667). Such an approach
requires "ample time to define appropriate assessment situations and to
allow students to work through them effectively." There is also an expecta-
tion that a variety of assessment tools will be used to create a complete pic-
ture of what the student knows. If disposition is important, then assessment
of attitude, motivation, and individual connate characteristics also needs to
be included.

In "Assessment in Classrooms That Promote Understanding," Shafer and
Romberg (1999, 160) identify assumptions underlying the design of those as-
sessments: (1) assessment should be viewed as an ongoing process that is in-
tegrated with instruction, (2) multiple sources of evidence are needed to as-
sess students' developing knowledge in a domain, and (3) assessment should
involve the deliberate documentation of information derived from classroom
interaction as well as from written work. Giving attention to the mental activ-
ities described in Carpenter and Lehrer's "Teaching and Learning Mathemat-
ics with Understanding" (chapter 2 of this document), a domain-based assess-
ment program was described that included informal assessment, formal
assessment, and reflections of growth over time. Attention to increasingly
complex levels of reasoning was also considered.

Assessments, then, need to check understanding of significant and cor-
rect mathematics, mathematical reasoning, connections among mathematical
ideas, and communication about mathematics. Romberg, Zarinnia, and Collis
(1990) suggest that two types of assessment items facilitate measuring these
understandings: (1) an open response format where student work is evaluated
on the basis of the selection and use of data given and the processes and con-
cepts used and (2) the "superitem" (30), where the student responds to a

A variety of assessment
tools will be used to
create a complete
picture of what the
student knows.

A domain-based
assessment program
includes informal
assessment, formal
assessment, and
reflections of growth
over time.
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series of questions and the response is taken to indicate methods of using the
data and the employment of certain concepts and techniques.

Blow Shoudd Assessments EV,e EvaDuated?
Generally speaking, assessments that ask for conceptual understanding need to
be scored on a different basis, such as rubrics. Rubrics describe the performance
levels that might be expected in response to open-ended questions, perfor-
mance items, and so forth. The Wisconsin Student Assessment System (WSAS),
in moving to performance criteria, implemented rubric scoring. (See WSAS
General Proficiency Categories and Mathematics Proficiency Descriptors
mbrics in Appendix D.) Several school districts have designed benchmark as-
sessments to accompany their grade-specific goals and are using rubric scoring
to evaluate them. (See Sun Prairie's Sample Scaring Process, General Rubric,
and Student Rubric and Milwaukee's Rubric for Scoring Mathematics Peifor-
mance Assessment in Appendix D.) Many districts are finding the use of rubrics
to be beneficial in the classroom as well as for assessment. Every student is given
credit for attempting to solve the problem, which, of course, encourages stu-
dents to ty each problem. At the other end of the performance scale, there is no
ceiling. Students are given the opportunity to construct an advanced response
that can include explanatory charts, graphs, extension questions, and so forth.
Outstanding students no longer need to settle only for a "right answer."

Taking scoring for developing mathematical reasoning a step farther, Per-
essini and Webb (1999) suggest that assessment needs to look at foundational
knowledge, solution process, and communication. Students need to learn how
to communicate their mathematical reasoning and leave "clear trails of their
mathematical work" for assessors to get "more robust and complete under-
standings of students' mathematical power" (Peressini and Webb 1999, 173).
Citing Moss's hermeneutic approach that called for "holistic, integrative inter-
pretations of collected performances that seek to understand the whole in light
of its parts," the authors suggest that such analyses "approach the interpreta-
tion of students' mathematical work from a different perspective" (173).

Wisconskt State Assessments
Two statutes have impacted assessment in Wisconsin. The .first statuteWis-
consin School Law 118.30(1)(a)called for examinations to measure pupil
attainment of knowledge and concepts in the fourth, eighth, and .tenth
grades. Additionally, the statute [118.30(1)(b)] called for a high school gradu-
ation examination that is designed to measure whether pupils meet the pupil
academic standards issued by the governor as executive order no. 326, dated
January 13, 1998. Another component of the law [118.30(1rn)(a) and
118.30(1m)(am)] stated that the school board shall provide a fourth or
eighth grade pupil with at least two opportunities to take the test, and
[118.30( 1m)(d)] for high school students, must administer the examination at
least twice each school year and shall administer the examination only to
pupils enrolled in the eleventh and twelfth grades.
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After much discussion regarding the validity of resting promotion and
graduation on a single score, the law was modified to state that each school
board shall adopt a written policy specifying the criteria for promoting a pupil
from the fourth grade to the fifth grade and from the eighth grade to the
ninth grade [118.33(6)(a)]; and requiring that by September 1, 2002, each
school board operating high school grades shall develop a written policy spec-
ifying criteria for granting a high school diploma [118.33(1)(f)]. Effective
September 1, 2002, the criteria for fourth and eighth grade promotion shall
include the pupil's score on the knowledge and concepts examination, the
pupil's academic performance, recommendations of teachers based on aca-
demic performance, and any other academic criteria specified by the school
board [118.39(6)(a)]. Also effective September 1, 2002, the school board
must adopt a written policy specifying the criteria it will use for granting a
high school diploma. The criteria must include the number of credits re-
quired and other elements as identified in paragraph (a) of ss.118.33, the
other elements being the pupil score on the high school graduation test, pupil
academic performance, and recommendations of teachers. Guidelines for de-
veloping advancement policies in keeping with 1999 Wisconsin Act 9 have
been developed by the Department of Public Instruction for this purpose
(March 18, 2000).

Designed to meaure proficiency achievement of Wisconsin's Model Aca-
demic Standards, both the Wisconsin Knowledge and Concepts Exam
(WKCE) and the forthcoming High School Graduation Test (HSGT) have
been carefully developed to yield information about mathematical disposi-
tion; knowledge and understanding of the nature of mathematics including
concepts, procedures, and skills; mathematical reasoning; the ability to use
mathematical language in communication of mathematical ideas; and the
ability to apply mathematical knowledge to solve problems in a variety of con-
texts and disciplines. Different types of items are usedmultiple choice, con-
structed response, and extended constructed response. Using a cross-hatching
of content strands based on the standards and process strands, items are often
developed to measure multiple facets of knowledge in a single item (CTB
McGraw-Hill 1997a).

The assessments are rubric scored (see Appendix D). Proficiency Score
Standards have been set (Wisconsin Department of Public Instruction 1997).
The Knowledge and Concepts examinations have been carefully aligned with
Wisconsin's Model Academic Standards for Mathematics (Wisconsin Depart-
ment of Public Instruction 1998). Assessment information is available on the
Office of Educational Accountability Web site: http://www.dpi.state.wi.us/oea
/assessmt.html. In-depth information about individual school districts and
their performances is now available through the Wisconsin Information Net-
work for Successful Schools (WINS S) project (www.dpi.state.wi.us/sig
/index.html) to facilitate data-driven decision-making.

The High School Graduation Test (HSGT) is being subjected to scrutiny
in its development. Wisconsin's Model Academic Standards (WMAS) have
been examined to determine the content that could be assessed appropriately
on a large-scale standardized test. For instance, there is domain knowledge at
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a reproduction level that can be tested very adequately with a good multiple-
choice item. There is knowledge at a connections or analysis level that re-
quires explanation and a constructed response item format. Knowledge at an
analysis level often lends itself well to an extended constructed response item.
Finally, there are standards such as "E.12.1 Work with data in the context of
real world situations" that cannot be assessed other than with performance in
the classroom. The Wisconsin High School Graduation Test Educator's Guide
(Department of Public Instruction 2000) is a valuable tool for developing an
understanding of how the assessment is being developed to measure speci-
fied components.

In the preface to this document, T. A. Romberg suggested that if there is
improvement to be made in education, a major change needs to be made in
assessment. The State of Wisconsin and its teachers are becoming more and

more aware of this need and are taking positive actions to gain the knowledge

necessary for construction of the opportunities and assessments that will help

move mathematics endeavors forward.
There are many assessment tools and techniques that can be used in

classrooms to facilitate the development and assessment of student learning.
A detailed set of those aids is found in Appendix D.
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Isegreing P7offse&ons_
IlewMopmerarft .fto FTonncAs
UndeTzU.nolng
Jodean E. Grunow
Mathematics Consultant, Wisconsin Department of Public Instruction

Professional Development? The traditional placement of a professional de-
velopment chapter is at the end . . . and now we "do" professional develop-
ment . . . if there are funds, if there is time, if there is interest. Professional
development in this document is placed "up front." We have worthy stan-
dards that have been developed nationally and on a state level through orga-
nizational and community consensus. Assessments, though there continues
to be work to be done, are moving toward reflecting those standards and to-

ward judging mathematical literacy (Romberg 2001, Preface of this docu-
ment). Curricula have been developed and are being conceived to reflect
the intent of the standards. The component that will pull all of these ele-
ments together is, of course, instruction. Instruction for the building of un-
derstanding is the vision of the standards. Teachers, both pre-service and in-
service, will need to experience the excitement of learning for understanding

themselves, will need to hone their content skills since the content knowl-
edge ante has been "upped" with this vision, will need to learn how to read
and how to build on learner cognitions, and will need to learn how to assess
in a manner congruent with curriculum and instruction. There has never
been a greater need for professional development in the field of mathemat-
ics. It is an insistent need because of the demands of an information and
technological society.

Why Is There a Need
for Professional Development?
Student Performance Os COossOy LOnked
to Teacher ExpertOse

the goal of all of the standards, curriculum, instruction, and assessment
movements is, of course, increase in student performance: what stu-
dents know and are able to do. just as there has been intensive re-

search on teaching and learning to increase effectiveness, there has been in-
depth research on professional development. Some of the findings from this
research are eye opening.

There has never been
a greater need for
professional
development in the
field of mathematies.

There has been in-depth
research on professiona/
development.
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Every dollar spent on
more highly qualified

teachers produced
greater increases in

student achievement
than a dollar spent on

any other single
program."

Sparks and I lirsh 2000, 2

The most direct route to
improving mathematics

and science
achievement for all

students is better
mathematics and
science teaching.
National Commission on

Mathematics and Science' Teaching
for the Twenty-First Century 2000, 7

Student learning, teacher learning, and professional development are in-
extricably interrelated (Cohen and Hill 1998). The National Commission on
Teaching and America's Future (NCTAF), in its report What Matters Most:
Teaching for America's Future (1996), as described by Sparks (1998), re-
counts a Texas study (Ferguson 1991) that found that teachers' expertise ac-
counts for about 40 percent of the variance in students' reading and mathe-
matics achievement at grades 1 through 11, "more than any other single
factor" (2). Additionally, it was found that "every dollar spent on more highly
qualified teachers produced greater increases in student achievement than a
dollar spent on any other single program" (Sparks and Hirsh 2000, 2).

Darling-Hammond and Ball (1998) have summarized the research about
the relationships between teacher knowledge and student performance, re-
porting a 43 percent variance in the mathematics test score gains of students in
grades 3 through 6 as a result of teacher expertise. They cite a 1983 review of
65 studies that concluded that teacher effectiveness depends on the amount
and kind of teacher education and training, including not only content knowl-
edge but also preparation in teaching methods specific to mathematics itself
Another analysis of 60 studies was cited. These studies found that investments
in increasing teacher education had five times the effect on student achieve-
rnent gains as did investments in lowering pupilteacher ratios.

Teacher Expert Ise Os an Outgrowth
of Professionall Devegownerra
Professional development was one of the goals identified by the National Ed-
ucation Goals Panel in 1995. Governors and business leaders called for world-
class standards in critical content areas in March 1996, and President Clin-
ton's January 1997 State of the Union address focused attention on upgrading
teacher expertise for the twenty-first century. Most recently, the report to the
nation from the National Commission on Mathematics and Science Teaching
for the Twenty-First Century (2000, 7), stated:

The primary message of this report holds that America's students must im-
prove their performance in mathematics and science if they are to succeed
in today's world and if the United States is to stay competitive in an inte-
grated global economy. The Report's second message points in the direction

of a solution: the most direct route to improving mathematics and science
achievement for all students is better mathematics and science teaching.

Several challenges require more extensive and more effective approaches
to professional developmentdiversity, enhanced goals, and new organiza-
tions (Hixson and Tinzmann 1990). Citing current inadequacies"significant
number of teachers who have few or no professional development opportuni-
ties"; workshops, courses, and institutes not congruent with learning goals
and lacking in support mechanisms; a focus on individual development with-
out attention to organization development; and "pockets of innovation" with
little potential for wide impactLoucks-Horsley, Hewson, Love, and Stiles
(1998, xi) lament the gap between knowledge and practice. Recognizing the
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large knowledge base that does exist about professional development and the
extensive research findings that are available regarding mathematics learning,
they continue:

There is a large body of literature on adult learning and staff development; it
is not, however, connected to the discipline of mathematics . . . and many of
the mathematics educators who design and conduct professional develop-
ment programs for teachers do not know this literature. Second, although
there is consensus about the general characteristics of effective professional
development, there is much less known about how to put those principles
into practice. (xii)

NCTAF (1996) makes five sets of policy recommendations:

o Link standards for teachers to standards for students.
o "Reinvent" teacher preparation and professional development.
o Overhaul teacher recruitment with the goal of putting a qualified

teacher in every classroom.
o Encourage and reward teacher competence.
o Reorganize schools to ensure teacher and student success.

What Should This Professional Development
Look Like?

Professlonal Development Needs
to Undergo a Paradlgm Shrift
If there is indeed a greater need for effective professional development and
past efforts have not always been productive, much less judged successful by
teachers themselves, then it would appear that a change in approach and
thought is necessary. Sparks and Hirsh (1997) have called for a paradigm shift
in staff development. Reflecting on "the days when educators sat passively
while an 'expert' exposed them to new ideas or 'trained' them in new prac-
tices," they recalled that "the success of the effort was judged by a 'happiness
quotient' that measured participants' satisfaction with the experience and
their recounted off-the-cuff assessment regarding its usefulness" (1). They
also call for a move to staff development that "affects the knowledge, atti-
tudes, and practices of individual teachers, administrators, and other school
employees [and] alters the cultures and structures of the organizations in
which those individuals work" (2). Major components of the paradigm shift
were identified (12-16):

o From individual development to individual development AND organi-
zation development

o From fragmented, piecemeal improvement efforts to staff develop-
ment driven by a clear, coherent strategic plan for the school district,
each school, and the departments that serve schools

Mathematics educators
who design and
conduct professional
development do not
always know the
literature on adult
learning and staff
development.

Past professional
development efforts
have not always been
productive, much less
judged successful by
teachers themselves.
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Staff development will
be judged by whether it

alters instructional
behavior in a ,way that

benefits students.

The goal is improved
pmformanceby

students, staff, and the
organization.

Sparks and HIrsh 1997, 5

o From district-focused to school-focused approaches to staff develop-
ment

o From a focus on adult needs and satisfaction to a focus on student
needs and learning outcomes and changes in on-the-job behaviors

o From training conducted away from the job as the primary delivery
system for staff development to multiple forms of job-embedded
learning

o From an orientation toward the transmission of knowledge and skills to
teachers by (so-called) experts to the study by teachers of the teaching
and learning processes

o From a focus on generic instructional skills to a combination of generic
and content-specific skills

o From staff developers who function primarily as trainers to those who
provide consultation, planning, and facilitation services as well as
training

o From staff development provided by one or two departments to staff
development as a critical function and major responsibility performed
by all administrators and teacher leaders

o From staff development directed toward teachers as the primary re-
cipients to continuous improvement in performance for everyone who
affects student learning

o From staff development as a frill that can be cut during difficult finan-
cial times to staff development as an indispensable process without
which schools cannot hope to prepare young people for citizenship and
productive employment

Noting three "powerful ideas" (Sparks and Hirsh 1997, 4-16) that have
fueled the paradigm shiftresults-driven education, systems thinking, and
constructivismSparks and Hirsh suggest that "results-driven education for
students requires results-driven staff development for educators" and note
that "staff development's success will be judged not by how many teachers
and administrators participate in staff development programs or how they
perceive its value, but by whether it alters instructional behavior in a way that
benefits students. The goal is improved performanceby students, staff, and
the organization."

Professonall Deve0opment lExpegiences
Need to Conskleo. Systems Thinlldng
and Learnring Envkonments
Professional development then needs to look at a broader picture and a wider
range of considerations. Systems thinking has been described by Senge (1990,
69) as "a discipline for seeing wholes, for seeing inter-relationships rather than
things, for seeing patterns of change rather that static 'snapshots.' He sug-
gests that systems thinking can help lessen complexity. Applying "leverage,"
change can be introduced into certain areasassessment strategies, for exam-
plethat can have a positive effect throughout the organization. Unfortu-
nately, selection of those areas in which to leverage is not always abundantly
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clear and is hampered by damaging "nonsystemic ways of thinking." Profes-
sional development then needs to help build sufficient awareness of the or-
ganization so that teachers can appreciate the whole and be cognizant of the
components to leverage to prompt organizational movement.

"Just as young people create their cognitive structures based on their in-
teractions with the world, so, too, do adults construct reality based on
`schemes'categories, theories, ways of knowing" (Clinchy 1995, 383). Learn-
ing occurs when events require adaptive changes in these schemes, when
there is a discrepant event (Romberg 1991). Thus, it is important that teachers
provide a learning environment where students search for meaning, appreci-
ate uncertainty, and inquire responsibly (Jackson 1993). The implication for
professional development is that transmittal forms of staff development are in-
effectual, that staff development must model teaching for understanding for
teachers "if those teachers are expected to be convinced on the validity of
those practices and to understand them sufficiently well to make them an inte-
grated part of their classroom repertoires" (Sparks and Hirsh 1997, 11).

The Focus of ProfessionaD Illeve0opment
Needs to Fe "Understanding"
How Is Understanding Built?
Hiebert and Carpenter (1992, 66) have suggested that "to think about and
communicate mathematical ideas, we need to represent them in some way."
Communication is external and takes the form of written symbols, pictures,
spoken symbols, real-world situations, and manipulative aids (Post et al. 1993,
352) (See Figure 4.1). All are dynamic processes and translation between and
among them facilitates communication and knowledge construction.

Spoken)
Symbols

FIGURE 4.1 Lesh Translation Model (1979)
From T. R. Post, K. A. Cramer, M. Behr, R. Lesh, and G. Harel, "Curriculum Implications of Re-
search on the Learning, Teaching, and Assessing of Rational Number Concepts," in Rational Num-
bers: An Integration of Research, T P. Carpenter, E. Fennema, and T. A. Romberg (Eds.), pp.
327-62. Copyright © 1993 by Lawrence Erlbaum Associates, Publishers. Used with permission of
the publisher.
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It is in the connections
of the components

[external and internal]
that understanding

occurs.

Thinking is internal. Internal representations are visualized as compo-
nents of networks. These networks are believed to be either hierarchically
structured or weblike in nature; that is, they are semantic nets (Geeslin and
Shavelson 1975; Greeno 1978; Leinhardt and Smith 1985). It is conceived
that both types of nets can coexist and interconnect. The idea of internal rep-
resentations remained a topic of debate for years because- mental ideas can-
not be seen. Cognitive science has, however, accepted mental representations
as legitimate. The connection between external and internal representations
also remains a topic of debate, but assumptions that external representations do
contribute to internal representational schemes have been made, and "evi-
dence from task situations suggests that this is a reasonable assumption"
(Hiebert and Carpenter 1992, 66).

It is in the connections of the components that understanding occurs.
The more connections that are made, the richer the understanding. The
richer the network, the greater the learning. Complicated networks that de-
velop at fairly high levels of abstraction and that are quite stable are called
schemata. These networks seem to serve as references against which specific
events can be interpreted; they are situational. It is theorized that connec-
tions are built when similarities and differences are considered. It would ap-
pear that similarities and differences between and arnong representational
forms would be the basis for the development of connections, but similarities
and differences can also occur within a representation. Connections can be
built on inclusion. The consideration of knowledge building moving from
hands-on to formal mathematical manipulation speaks to the connectedness
of external and internal representations.

Growth in networks can occur through the addition of a new fact or pro-
cedure to already existing networks or the reorganization of networks with
new connections being established or old connections being changed or
deleted. Reorganization can be slight or massive. Some additions may require
restructuring of old networks. Exhibited results can be revelations or confu-
sions. In the last analysis, reorganization should result in more connections
and strengthened networks.

What IMplications Does the Building of Understanding Have
for Classrooms and Professional Development Experiences?
If external representations do influence the development of internal networks,
then choice of appropriate representations becomes even more important.
(The importance of representation is reflected in the National Council of
Teachers of Mathematics Principles and Standards for School Mathematics
[2000]; representation has been included as a fifth process standard [67-71].)
If explorations with concrete materials build to mental explorations and if
knowledge is recursive, it would seem especially important to build "from the
ground up" so that learners could rebuild if necessary. This is the powerful
message conveyed by Kieren's model for the recursive theory of mathematical
understanding (1993) (See chapter 3: Curriculum, Instruction, and Assess-
ment in this document.). It would'also indicate the importance of building un-
derstanding of situations before attaching symbols to them. It would call for at-
tention to patterning, seeing similarities and differences in relationships, and
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for extending patterning from observed situations to mental manipulations
through a series of building activities (Osborn 2001).

Because knowledge is built both externally and internally, it would seem
that rich tasks, appropriate representations, and discourse are necessary on an
external level and that metacognition and reflection are necessary in the
move from the external to the internal. Realistic, situated contexts should
move to challenging, thought-provoking stimuli. There should always be an
extension question. Learners should be led to develop their own "what ifs?"
(Grunow 1999).

Hiebert and Carpenter (1992) offer compelling reasons for developing
understanding: (1) understanding is generative; (2) understanding promotes
remembering; (3) understanding reduces the amount that must be remem-
bered; (4) understanding enhances transfer; and (5) understanding influences
beliefs (74-77).

Professional Development Needs to e Continuous
and Ongoing
"What everyone appears to want for studentsa wide array of learning op-
portunities that engage studentsis for some reason denied to teachers when
they are learners," Lieberman (1995, 591) contends. She suggests that teach-
ers need to "involve themselves as learnersin much the same way as they
wish their students would" (592). Staff development needs to move from "di-
rect teaching" to opportunities to conduct research on practice (Richardson
1994) to a culture of inquiry "where professional learning becomes part of the
expectations for teachers' roles and is an integral part of the culture of a
school" (59). Darling-Hammond and McLaughlin (1995) have sought profes-
sional development that "prepares teachers to see complex subject matter
from the perspectives of diverse students" and provides occasions for "teach-
ers to reflect critically on their practice and to fashion new knowledge and be-
liefs about content, pedagogy, and learners" (597).

Fr,

Knowledge Gain Needs to hte the Primary Focus
of Professional Development Experiences
Characterizing "content" as "the missing paradigm" in research on teaching
and educational policy decision, Shulman (1986, 7) has called for increased
emphasis on subject-matter content knowledge, pedagogical content knowl-
edge, and curricular knowledge. Content knowledge, he contends, needs to
include not only knowledge of the concepts of a domain but also an under-
standing of the structures of the subject matter (Shulman 1987). Pedagogical
content knowledge includes "ways of representing and formulating the subject
[to] make it comprehensible to others" (9) as well as understanding what
makes the learning of specific topics easy or difficult. Comparing the curricu-
lum and its associated materials to a physician's full range of treatments, Shul-
man maintains that "we are delinquent in building awareness of the variety of
materials available" and in knowledge of the characteristics that serve as "both
the indications and contraindications for the use of particular curriculum or

Understanding is
generative.

Undektanding
promotes remembering.

Understanding reduces
the amount that must
be remembered.

Understanding
enhances transfer.

Understanding
influences beliefs.

Teachers need to
involve themselves as
learnersin much the
same way as they wish
their students would.
Lleberman 1995, 591

Content is the missing
paradigm in research
on teaching and
educational policy
decision.
Shulman 1986, 7
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Teachers have to "take
their complex knowledge
and somehow change it

so that their students
are able to interact with
the materials and learn.

Fennema and Franke 1992, 162

The most powerfUl form
of staff development

occurs at the
intersection of content

and pedagogy.
Shulman, in Sparks 1992, 74

program materials in particular instances" (10). Ball (1991) adds that "teach-
ers' subject-matter knowledge interacts with their assumptions and explicit be-
liefs about teaching and learning, about students, and about context to shape
the ways in which they teach mathematics" (1-2).

Exploring the many facets of teachers' knowledge, Fennema and Franke
(1992) have identified several components of knowledge (see Figure 4.2.):
knowledge of mathematics, pedagogical knowledge, knowledge of learners'
cognitions in mathematics, and context-specific knowledge, all of which are im-
pacted by beliefs (Peterson et al. 1989). They then situated those components
in "in context." "Some components of teacher knowledge evolve through teach-
ing." Teachers have to "take their complex knowledge and somehow change it
so that their students are able to interact with the materials and learn" (162)

Proffessionall Deve0opment Approached
through Content Ils Powerfu0
"Human learning and teaching is highly specific and situated," and although
generic staff development has some value, staff development approached
through the content is "richer and more textured" (Shulman, in Sparks 1992,
14). Continuing, he notes that "the most powerful form of staff development
occurs at the intersection of content and pedagogy" (15).

Loucks-Horsley, Hewson, Love, and Stiles (1998) have stated that "tradi-
tional ways in which professional development has occurred are inadequate"
(xi) and offer some professional development values:

Beliefs

Knowledge of
mathematics Context-

specific
knowledge

Knowledge of
learners'

cognitions in
mathematics

Pedagogical
knowledge

FIGURE 4.2 Teachers' Knowledge: Developing in Context
From E. Fennema and M. L. Franke, "Teachers' Knowledge and Its Impact," in D. A. Grouws (Ed.),
Handbook of Research on Mathematics Teaching and Learning, pp. 147-64. Copyright 0 1992 by
National Council of Teachers of Mathematics. Used with permission of the author.
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1. Professional development experiences must have all learners and their
learning at their core. This implies a new perspective on content and on
teaching and learning strategies.

2. Pedagogical content knowledge (knowing how to teach specific mathe-
matical concepts and principles at different developmental levels) must
be the focus of professional development.

3. Principles that guide the reform of student learning should also guide
professional learning for educators.

4. The content of professional learning must come from both research and
practice, from external research and consultants and from internal wis-
dom gained by the teacher over time.

5. Professional development must be aware of context. It must align with
and bolster system-based changes that support learning such as stan-
dards, assessment, curriculum, culture, and capacity for continuous im-
provement xviiixix).

Grunow (1999) has designed a professional development experience to
enhance knowledge growth, specifically middle school teachers' understand-
ing of rational number. (See Figure 4.3.) Basing the explorations on existing

Assessment

Teachers Beliefs
about

Mathematics
Instruction
Assessment

Previous <
Mathematical
Experiences

Knowledge of
Content

Curriculum

Curricula Designed to
Build Understanding

Pedagogical Content
Knowledge

Gain

Evaluation

Assessment

I. Understanding
Mathematical

Concepts
A

Previous < Gain in r. Understanding
Assessment Authentic TeachinW Authentic
Experiences Learning/ Assessment

Assessment Strategies

Assessment

Knowledge of
Facilitative Pedagogy
Listening to Learner

Cognitions

Analysis
Reflection

Networking
G Action
Research
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FIGURE 4.3 Model of Professional Development Designed to Enhance Development of Teacher Knowl-
edge of Mathematics
From Grunow, J. E., Using Concept Maps in a Professional Development Program to Assess and Enhance Teachers' Understanding of Ra-
tional Number, p. 141. Copyright 0 1999 by UMI Dissertation Information Service. Used with permission of author.

Designing Professional Development to Promote Understanding 73
9 6I 1



Teachers need to learn
to model mathematical

inquiry so that students
can observe and

participate in
formulating questions,

pursuing solutions,
analyzing conclusions,
and evaluating results.

Alternative forms of
assessment of

professional
development are

needed.

beliefs and moving teachers through experiences that addressed curricula,
pedagogical content knowledge gain, facilitative pedagogy attuned to learner
cognitions, and authentic teaching/learning/assessment strategies, she hoped
for a result of reflective practitioners who would engage in action research,
networking, analysis, and reflection. Finding positive results from the experi-
ence, she believes the model of development of teacher knowledge to be
replicable and has effectively used it since in situations focused specifically on
building teacher knowledge.

Mathematics is changing. This places everyone in a learner's position
students, teachers, administrators, and parents. Teachers need to construct
their own realizations of the newly available mathematics and technology so
that they can be instrumental in helping their students acquire the similar new
understandings. By the same token, teachers need to learn to model mathe-
matical inquiry so that students can observe and participate in formulating
questions, pursuing solutions, analyzing conclusions, and evaluating results.

Addressing knowledge acquisition with these parameters, teachers can
become aware of the methodologies necessary to facilitate the development
of understanding in their students. They can focus on offering environments
that stimulate knowledge development, and they can give attention to be-
coming aware of how to facilitate discourse. To be able to listen to students to
identify the understandings that exist and to make appropriate decisions for
additional instruction based on those identified ideas can become a goal.
Teachers need to work with representing problems and selecting contexts to
help students experience meaningful associations to facilitate knowledge re-
call. They need to be able to select rich mathematical tasks that will help
build conceptual understanding. They can give attention to modeling and to
stimulating mathematical reasoning processes. Professional development ex-
periences, to be instrumental in effective, real change, should address each of
these components. (See Figure 4.4.)

What Assessment Techniques
Can Be Used to Measure the Effects
of Professional Development Experiences?
Assessment off 1ProfessoneD DeveDopment
Expegiences Has E:leen anadequate
One of the greatest deterrents to recognition of the importance of profes-
sional development and to subsequent funding is the lack of appropriate
methods of determining the success of such efforts and the worth of invest-
ment in those efforts. It is clear that alternative forms of assessment of pro-
fessional development are needed. Branham (1992) has noted that evaluation
of staff development programs is often inadequatethere has been little
evaluation, evaluation has not measured long-term changes, or evaluation oc-
curs immediately following the program when "enthusiasm for use of the
ideas is high" (24). Yet there is an increasingly growing interest in evaluation
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If the goal of
professional

development is domain
understanding as
situated in a rich

developmental context
for building knowledge

of teaching for
understanding, then the

assessment needs to be
congruent with the

instruction.
Gnmow 1999, 98

Branham (1992)
suggests assessment

methods that measure
the wider domain of

systemic change.

of professional development. Guskey (2000, 8) has found those reasons to be
calls for a better understanding of the "dynamic nature" of professional de-
velopment, recognition of professional development as "an intentional pro-
cess," the need for better information to guide reform efforts, and increased
pressure for "accountability."

There Are Assessment Measures Congruent
With Teaching for Understanding
The Assessment Standards for School Mathematics (Assessment Standards
Working Groups 1995) has called for the measurement of significant and correct
mathematics, mathematical reasoning, connections among mathematical ideas,
and communication about mathematics. To fully assess creativity and deep con-
ceptual understanding, the process should allow for demonstration of under-
standing in new situations, situations that do more than call for recall. Grunow
(1999) contends that "mathematics professional development should be as-
sessed in the manner in which it is delivered." If the goal of professional devel-
opment is "domain understanding as situated in a rich developmental context for
building knowledge of teaching for understanding" (98), then the assessment
needs to be congruent with the instruction. She suggests using concept mapping
to achieve this end because the maps reflect participant understanding of the
central concepts of the topic at hand, the relationships between and among
those topics, and as well, the inconsistencies in understandings.

Branham (1992) suggests assessment methods that measure the wider
domain of systemic change. Alternative assessment methods suggested were
(1) the case study model (Shulman 1992), an approach characterized by a
thick description of ways the program is implemented and received (see One
District's Ongoing Story, Appendix E, in this document); (2) the systems
model (Marshall 1988), a method designed to determine if the manner in
which staff development is structured and implemented brings about the
greatest results; and (3) the goal-based model (Marshall 1988), a narrowly fo-
cused evaluation that aims to determine if the stated objectives for a specific
staff development program were met, the criteria for evaluation having been
built into the program objectives (25).

Focusing on evaluating professional development programs and activi-
ties, Guskey (2000, 272) offers several steps:

1. Clarify the intended goals.
2. Assess the value of the goals.
3. Analyze the context.
4. Estimate the program's potential to meet the goals.
5. Determine how the goals can be assessed.
6. Outline strategies for gathering evidence.
7. Gather and analyze evidence on participants' reactions.
8. Gather and analyze evidence on participants' learning.
9. Gather and analyze evidence on organization support and change.

10. Gather and analyze evidence on participants' use of new knowledge and
skills.
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11. Gather and analyze evidence on student learning outcomes.
12. Prepare and present evaluation reports.

as Student Learning a Good Measure of the
Effectiveness of !Professional Development?
There is often an attempt to immediately correlate teacher learning and stu-
dent learning. From a practical standpoint, there are far too many interceding
variables for such conclusions to be valid. It is, therefore, important to measure
results of the professional development on an individual basis and then to pos-
sibly draw connections, as self-described by the involved teachers, to classroom
changes that occur. The results of those efforts can then be evaluated indepen-
dently. Assessment efforts and reward systems that tie student results to teacher
expertise must then take into account school support provided to the teacher,
time allocations, teacher and student performances over extended periods of
time, community/school/classroom environments, and so on. Such measures, to
be reliable and valid, need to be carefully devised and all inclusive.

What Is the Ultimate Goal
of Professional Development?
!Reflective Practhioners WilD Detign and Contribute
to Their Own Professional Development
A relatively consistent view of adult learning has emerged. Dewey (1938) has
characterized it as "experiential learning." As dilemmas, problems, or difficul-
ties arise, the individual locates and defines the dilemma and analyzes alter-
native solutions, choosing to act or not to act, as the case may be. Likewise,
Argyris and Schon (1974, 1978) contend that learning in organizations takes
place as nonroutine circumstances require heightened attention, experimen-
tation, and problem analysis and solution formulation. Adults learn through-
out their lives (Moll 1990). Adult learning occurs across settings and cir-
cumstances (Marsick and Watkins 1990), from formal, collective learning
activities planned by others to informal, self-initiated, and self-directed activ-
ities. They learn from incidental and unintentional everyday experiences and
from planned, well-devised activities.

Adults enter learning situations with accumulated knowledge, skills, and
beliefs from past experiences (Knowles 1984). Prior knowledge and beliefs
often affect current learning by serving as cognitive and normative schemata
through which individuals perceive and interpret their situations, new infor-
mation, and themselves as learners. These schemata may enhance or hinder
learning (Moll 1990). Adult learning is problem oriented and occurs when
problems relate in meaningful ways to adults' life situations. The problems
may emanate from individuals' experiences, the social or organizational envi-
ronments in which they work, or personal curiosity and self-initiated inquiry
(Guskey and Huberman 1995). Adults can play an active role in their own
learning and can be proactive and self-directed in searching for new learning
opportunities and resources to apply to those opportunities (Knowles 1984).

From a practical
standpoint, there are far
too many interceding
variables for [immediate
correlation of teacher
learning and student
learning] to be valid.
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Action research as a
major form of

professional
development is

now seen as central to
the restructuring of

schools.
Holly 1991, 133

Professional development
experiences that allow
teachers opportunities

to continue to
interact have yielded

significant, positive
results.

Effective professional development capitalizes on facilitating active, self-
directed learning and on helping adults realize their own orientations and be-
liefs and how they affect instructional approaches. Noting that research on
the practice of teaching has shifted to understanding how teachers make
sense of teaching and learning, Richardson (1994) has campaigned for
teacher research that "gives voice to practitioners" (5). Teachers need to be
aware of the formal research on teaching and learning so they can be aware of
the big picture. Then they need opportunities to apply that research in their
own classrooms. Teachers need to broaden their horizons by becoming famil-
iar with what research is indicating, by trying out those ideas, by contemplat-
ing the effects of such trials, by adjusting and readjusting in accordance with
results, and then by discussing results with colleagues as they, too, work
through the same processes.

Holly (1991) characterizes such an approach as "action research" (95) and
notes that "action research as a major form of professional development is
now seen as central to the restructuring of schools" (133). The strength of the
approach is that teachers either define the research questions or contribute to
their definition in a meaningful way; "they have ownership over the process
and are committed to promoting changes in practice that are indicated by
their findings" (95). The research takes various forms: Teachers work to-
gether in collaborative teams of inquily or with other researchers, often from
universities or research centers; individual teachers pursue their own re-
search studies and then discuss their findings with fellow teachers or re-
searchers; or teachers examine relevant research and use it as a basis for col-
lecting arid analyzing data from their own classrooms.

Key elements of action research are use of an action research cycle of
planning, acting, observing, and reflecting; teachers linked with sources of
knowledge and stimulation from outside their schools (Holly 1991); teachers
working collaboratively (Oja and Smulyan 1989, 1-25); and documenting and
sharing the learning gleaned from the action research (Loucks-Horsley,
Harding, Arbuckle, Murray, Dubea, and Williams 1987). The value of colle-
giality is undisputed; teachers can learn together and from one another. Pro-
fessional development experiences that allow teachers opportunities to con-
tinue to interact have yielded significant, positive results. (See exemplary
professional development experiences in Appendix F in this document.)

Is There Anything Regarding Professional
Development That Can Be Learned
from the Experiences of Other Countries?
Teachers Are a Eledcaqed Lc4 the Workg Over
Care needs to observed when looking at mathematics experiences in other
countries and then comparing them with those of teachers and students in
the United States, but the global nature of our economy and the increasing
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interconnectedness facilitated by instantaneous communication make us
aware of similarities and differences in cultures. Carefully constructed re-
search efforts such as the Third International Mathematics and Science Study
(TIMSS) (U .S. Department of Education National Center for Education Sta-
tistics 1996) can provide valuable information for comparison purposes. Some
of the findings from the study that may have implications for professional de-
velopment are:

1. Teachers in all countries routinely spend time outside the formal school
day preparing and grading tests, reading and grading student work, plan-
ning lessons, meeting with students and parents, engaging in professional
development or reading, keeping records, and completing administrative
tasks.

2. The organization of the school day differs. Japanese teachers have the
longest official workday (eight to nine hours; in the United States, seven to
eight hours, and in Germany, five to five and a half hours) and the longest
work year (240 days; in the United States and Germany, 180 to 184 days).
Japanese teachers tend to have a broader range of responsibilities includ-
ing supervising the playground and the lunch room and cleaning of a por-
tion of the school each day (Stevenson and Nerison-Low 1997, 127-33).

3. U.S. teachers spend more time in direct instruction and less in settings
that allow for professional development, planning, and collaboration
(Continuing to Learn from TIM SS Committee, National Research Coun-
cil 1999). Japanese teachers have more time to collaborate in the school
day, more opportunity to observe each other's classes throughout the day
(Kinney 1998, 223-27), and they have desks in a shared teachers' room
with others who have common teaching assignments. Japanese teachers
are involved in informal study groups and networks to strengthen profes-
sional ties. Teaching, study, research, travel, and hobbies are blended to
augment professional growth for Japanese teachers. Germany requires
teachers to spend only the morning at school; all additional activities are
done at home.

4. Teacher preparation in the United States is relatively extended compared
with international teacher education, though Germany puts teachers
through an even longer period of formal preparation. Japan requires
highly competitive examinations to qualify for a teaching position.

5. "The U.S. appears to offer a less formal or coherent system of profes-
sional development than do Germany and Japan" (Continuing to Learn
from TIMSS Committee, National Research Council, 1999, 72). Ger-
many and Japan have more formal systems of induction to teaching, in-
cluding field-based student teaching experience and mentoring.

6. Japan has a formal, systematic professional development system over the
career of a teacher, including rotation among schools eveiy six years as
well as changes in grade assignments. Mandatory professional develop-
ment away from their schools is required in some areas in the sixth, tenth,
and twentieth years (Kinney 1998, 207). Japan offers formal training at

Carefully constructed
research efforts such as
TIMSS can provide
valuable information
for comparison
purposes.

Teaching, study,
research, travel, and
hobbies are blended to
augment professional
growth.

Designing Professional Development to Promote Understanding 79nv



There are striking
international
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in how teachers
view their work.

Education reform that
makes a difference for

students requires
teachers and principals
to respond in new ways

to the need for change
and to rebuild the very

foundation of their
thinking about teaching

and learning.
Hawley and Valli 1999, 127-50

local resource centers, voluntary mentoring and peer observation,
teacher-organized informal study and action-research groups"a mode
of professional development that teachers value highly" (73). National,
regional, and local study grants send teachers traveling domestically and
abroad. German teachers indicated that "an openness and willingness
to learn" (Milotich 1996, 310) was important. They cited reading and
journals as important professional development tools. There are state-
sponsored institutions and academies offering continuing education
courses for experienced teachers, and schools bring in experts to address
issues identified as problems in schools.

7. Japanese teachers, compensated favorably compared with other profes-
sionals of the same educational level, worry about the erosion of respect
for the profession. German teachers complained of being recognized as
part-time workers, though their salaries were commensurate with profes-
sionals of the same educational level. Job security is a benefit; German
teachers cannot be laid off U.S. teachers earn less, on average, than pro-
fessionals in other fields with comparable years of university and graduate
education. Many teachers viewed the timeframe that coincided with that
of their children to be a real benefit.

8. In European and Asian countries, teachers are the central investment;
classroom teachers comprise 60 to 80 percent of education employees. In
the United States, teachers comprise 43 percent of education employees.

There are also striking international similarities in how teachers view
their work. Teachers are a dedicated lot. They are generally interested in im-
proving their own personal knowledge and their collective knowledge of
teaching. The uncertainties of an information society and the increased
moves toward accountability tend to be "among the most troublesome de-
mands currently made of teachers in all three countries" (Stevenson and
Nerison-Low 1997, 140).

What Does the Research Show
about Professional Development?
In April 1999, the National Partnership for Excellence and Accountability in
Teaching and the Learning First Alliance brought together representatives of
schools and school districts where outstanding professional development was
underway. The thrust was analysis of the programs to determine how to best
facilitate teacher learning that results in students learning and how to imple-
ment the necessary policies and practices. "Education reform that makes a
difference for students requires teachers and principals to respond in new
ways to the need for change and to rebuild the very foundation of their think-
ing about teaching and learning" (Hawley and Valli, 1999, 127-50). Expert
teachers continually evaluate student learning and in so doing become aware
of what they themselves need to learn. The new view of professional develop-
ment, then, has teachers engaged in professional learning everyday, all day
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long. Additionally, teachers learn together and solve problems as teams; every
teacher feels responsible for the success of every student. Professional devel-
opment is learner centered.

There is impetus for change in professional development. The confer-
ence recognized professional development programs that are using learner-
centered professional development. Professional and policy organizations are
increasingly acknowledging the importance of professional development to
school improvement. Research identifying the characteristics of effective pro-
fessional development is growing. The National Partnership for Excellence
and Accountability in Teaching has offered research-based principles for im-
proving professional development. In-depth discussion of each principle can
be found on the National Partnership for Excellence and Accountability in
Teaching Web site: http://www.npeat.orWpublic-html/prefdev/pdprin.htm.

The content of professional development focuses on what students are to
learn and how to address the different problems students may have in
learning the material.

Professional development should be based on analyses of the differences be-
tween (1) actual student performance and (2) goals and standards for stu-
dent learning.

Professional development should involve teachers in identifying what they
need to learn and in developing the learning experiences in which they
will be involved.

Professional development should be primarily school based and built into the
day-to-day work of teaching.

Most professional development should be organized around collaborative
problem solving.

Professional development should be continuous and ongoing, involving
follow-up and support for further learningincluding support from
sources external to the school that can provide necessary resources and
new perspectives.

Professional development should incorporate evaluation of multiple sources
of information on (1) outcomes for students and (2) the instruction and
other processes involved in implementing lessons learned through pro-
fessional development.

Professional development should provide opportunities to understand the
theory underlying the knowledge and skills being learned.

Professional development should be connected to a comprehensive change
process focused on improving student learning.

We are all learners of mathematics. There is nothing as exciting as learn-
ing. Teachers chose their profession not only because they wanted to help stu-
dents but also because they loved to learn and wished to continue learning for
the rest of their lives. That love of learning is conveyed to their students. We
owe teachers professional development experiences that will enhance under-
standing and that allow them to continue to learn.

Every teacher feels
responsible for the
success of every
student.

There is nothing as
exciting as learning.

We owe teachers
professional development
experiences that will
enhance understanding
and that allow them to
continue to learn.
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TO YOU

To sit and dream, to sit and read,

To sit and learn about the world
Outside our world of here and now
Our problem world
To dream of vast horizons of the soul

Through dreams made whole,
Unfettered freehelp me!
All you who are dreamers, too,
Help me make our world anew.
I reach out my hands to you.

Langston Hughes (in Darling-Hammond 1997, 337)
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Mathematics
Spring (spring) n. 1. a source; origin; or beginning: a spring into action. 2. elasticity; resilience:
a spring forward with commitment. (Morris, W., ed., 1971. The American Heritage Dictionary
of the English Language. New York: American Heritage Publishing Company, Inc. and Houghton
Mifflin Company, 1250, 2nd definition.)

108



Puffing Standards
© AgNorn

Putting the standards into action is the heart and soul of this document. In
discussing district requests for help in implementing standards-led educa-
tion, the task force felt that several components were essential: rationale for

process and procedures, discussion of sequencing and timing of mathemat-
ics concepts reflective of Wisconsin's Model Academic Standards for Slathe-
matics (WMAS) (Wisconsin Department of Public Instruction 1998) and
Principles and Standards for School Mathematics (PSSM) (Standards 2000
Project 2000), and presentation of challenging mathematics investigations
complete with hoped-for understandings, appropriate assessment sugges-
tions, and extension questions. The introduction to the section gives an um-
brella view of essentials of rich school mathematics programs as explicated
through each of the WMAS strands. Grade-level sections follow and give
overviews of ideas important to the levels; illustrative tasks for each strand;
discussions of the tasks, student work, and standards addressed; connections
to other standards and disciplines; extension questions; and other sample
tasks. Believing this approach to be replicable in classrooms, it is carefully
played out in each of the content strands at the various grade levels.

Mathematics Content PK-12
Whe Is Mathemeks?
The NCTM Curriculum and Evaluation Standards for School Mathematics
(Commission on Standards for School Mathematics 1989) asked the profes-
sion to look long and hard at two fundamental questions: "What is mathemat-
ics?" and "What does it mean to' know mathematics?" The continual reassess-
ment of the answers to these questions drives the changes in curriculum,
instruction, and assessment that are represented in WMAS (Wisconsin De-
partment of Public Instruction 1998) and PSSM (National Council of Teach-
ers of Mathematics 2000). Mathematics today is seen as far more than a col-
lection of skills and concepts; it is seen as a tool to solve problems, a science of
pattern, an art, and a language. With changes in perceptions and conceptions
of mathematics, definition of mathematical concepts must be more clearly
delineated. This document attempts to help in this effort by discussing each

Mathematics today is
seen as far more than a
collection of skills and
concepts; it is seen as a
tool to solve problems, a
science of pattern, an
art, and a language.
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A poweiful way to
build mathematics

understanding is
through connection

of topics.

How mathematics is
learned is inherently

intertwined with what
mathematics is learned.

of the strands represented in WMAS (mathematical processes, number oper-
ations and relationships, geometry, measurement, statistics and probability,
and algebraic relationships), by giving examples of those strands as exempli-
fied in mathematical investigations, by considering strand distribution, and by
suggesting possible grade-level benchmarks. As each of these pieces is dis-

cussed, it should be remembered that these subdivisions are done for clarifi-
cation. They do not exist in isolation. The whole is greater than the sum of its
parts. The strands are interconnected within mathematics and with other dis-
ciplines. A powerful way to build mathematics understanding is through con-
nection of topics. Integration frequently creates new mathematical thrusts.

ow fis Mathematics Lammed?
As the various content and process standards of mathematics are delineated in
the following sections, it is important to realize that how mathematics is learned
is inherently intertwined with what mathematics is learned. Each of the pro-
gram objectives should be pursued in view of the following assumptions:

1. Expectations often dictate results. The curricula envisioned in the various
standards offer rigorous goals for all students.

2. Instructional activities grow out of worthy problem situations. The con-
texts in which mathematical pursuits are situated often aid in the con-
struction of knowledge and facilitate recall and transfer.

3. Technologies such as concrete materials, calculators, and computers help
students build understanding and should be used as tools in appropriate
situations, as means to an end and not ends in themselves. Students need
to learn when and where to use which technological device.

4. Mathematics is a language; students need to speak the language to build
understanding. Students need to communicate their understandings of
mathematics in many formsverbally, in written form, through pictures,
charts, graphs, and so on.

5. Classroom tasks need to include open-ended investigations that allow stu-
dents to build individual understandings, without intellectual constraints.
Students need to be encouraged to use multiple strategies to solve the
problems and need to be led to find multiple solutions.

6. Learning occurs in an integrated fashion. Connections among the strands
of mathematics and applications of mathematics to other fields of study
and real-world settings need to be emphasized to facilitate knowledge
growth.

7. Mathematical tasks need to move the learner from the concrete to the ab-
stract. Multiple representations facilitate visualization of mathematical
ideas.

8. Instructional activities need to emphasize the development of both skills
and understanding. Focus on isolated skills and procedures leads to frag-
mentation of knowledge and impedes transfer. Conceptual learning
builds understanding and facilitates making ideas memorable.
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What Ds the Process Strand?
WMAS (Wisconsin Department of Public Instruction 1998) places "Standard
A: Mathematical Processes" at the beginning of the document. Believing
skills such as "reasoning, oral and written communication, and the use of ap-
propriate technology when solving mathematical, real-world, and nonroutine
problems" (4) to be integral parts of every mathematical endeavor, these
processes were grouped and placed as the first strand in WMAS.

PSSM (Standards 2000 Project 2000, 402) separates the process standards
and lists them as follows:

PROBLEM SOLVING

o Build new mathematical knowledge through problem solving.
o Solve problems that arise in mathematics and other contexts.
o Apply and adapt a variety of appropriate strategies to solve problems.
o Monitor and reflect on the process of mathematical problem solving.

REASONING AND PROOF

o Recognize reasoning and proof as fundamental aspects of mathe-
matics.

o Make and investigate mathematical conjectures.
o Develop and evaluate mathematical arguments and proofs.
o Select and use various types of reasoning and methods of proof

COMMUNICATION

o Organize and consolidate their mathematical thinking through com-
munication.

o Communicate their mathematical thinking coherently and clearly to
peers, teachers, and others.

o Analyze and evaluate the mathematical thinking and strategies of
others.

o Use the language of mathematics to express mathematical ideas pre-
cisely.

CONNECTIONS

o Recognize and use connections among mathematical ideas.
o Understand how mathematical ideas interconnect and build on one

another to produce a coherent whole.
o Recognize and apply mathematics in contexts outside of mathematics.

REPRESENTATION

o Create and use representations to organize, record, and communicate
mathematical ideas.

o Select, apply, and translate among mathematical representations to
solve problems.

o Use representations to model and interpret physical, social, and math-
ematical phenomena.

The mathematical
processes of reasoning,
communication, and the
use of appropriate
technology need to be
integral to the solving
of every mathematical,
real-world, or non-
routine problem.
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The content strands of
number operation's and
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measurement, statistics

and probability, and
algebraic relationships

are presented in
petformance standards

at the fourth, eighth,
and twelfth grade in
Wisconsin's Model

Academic Standards
for Mathematics.

What Are the Content Strands?
The content strands of number operations and relationships, geometry, mea-
surement, statistics and probability, and algebraic relationships.are presented
in performance standards at the fourth, eighth and twelfth grade in WMAS.
Each of the content strands includes emphasis at each level, and such listing
implies that each strand needs to be taught at each grade, though with varying
emphasis. State, national, and international assessments often identify weak-
nesses in students from the United States in measurement, geometry, statis-
tics and probability, and number sense. Much of this lack is due to the heavy
emphasis on the number and algebra strands and to mastery of sldlls and pro-
cedures, often to the exclusion of other areas. So that students can build the
necessary understandings, both the national and state standards call for all
five content strands at every grade level.

PS SM (Standards 2000 Project 2000,392-401) identifies and explains the
content strands as follows:

NUMBER AND OPERATIONS

Instructional programs from prekindergarten through grade 12 should enable
all students to

o Understand numbers, ways of representing numbers, relationships
among numbers, and number systems.

o Understand meanings of operations and how they relate to one an-
other.

o Compute fluently and make reasonable estimates.

ALGEBRA

o Understand patterns, relations, and functions.
o Represent and analyze mathematical situations and structures using al-

gebraic symbols.
o Use mathematical models to represent and understand quantitative re-

lationships.

GEOMETRY

o Analyze characteristics and properties of two- and three-dimensional
geometric shapes and develop mathematical arguments about geomet-
ric relationships.

o Specify locations and describe spatial relationships using coordinate
geometry and other representational systems.

o Apply transformations and use symmetry to analyze mathematical situ-
ations.

o Use visualization, spatial reasoning, and geometric modeling to solve
problems .

MEASUREMENT

o Understand measurable attributes of objects and the units, systems,
and processes of measurement.
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o Apply appropriate techniques, tools, and formulas to determine mea-
surements.

DATA ANALYSIS AND PROBABILITY

o Formulate questions that can be addressed with data and collect, orga-
nize, and display relevant data to answer them.

o Select and use appropriate statistical methods to analyze data.
o Develop and evaluate inferences and predictions that are based on

data.
o Understand and apply basic concepts of probability.

PSSM offers a graph that shows suggested content strand distribution
across grade levels and the relative emphasis that each strand might receive at
the various levels (see Figure 5.00).

Number

Algebra

Geometry

Measurement

Data Analysis
and Probability

Pre-K--2 3-5 6-8 9-12

FIGURE 5.00 The Content Standards Should Receive Different Emphases
across the Grade Bands
From Standards 2000 Project 2000, Principles and Standards for School Mathematics (Reston, VA:
National Council of Teachers of Mathematics), 30. Copyright 2000 by National Council of Teach-
ers of Mathematics. Used with permission of author.

The section immediately following introduces each of the content stan-
dards as it edsts across grade levels. The examples of classroom tasks given
here offer "existence proof" that rich mathematical tasks can be addressed at
various grade levels and that understanding is built from PK-12.

Principles and
Standards for School
Mathematics
(Standards 2000
Project 2000) offers
a graph that shows
suggested content
strand distribution
across grade levels
and the relative
emphasis that each
strand might receive
at the various levels.
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It is through the
processes standard

that we come to
truly understand

and to value
mathematics

learning.

Problems in the real
world are frequently ill

formed and missing
information.

Problem solving is what
we do when we don't

know tvhat to do.

Standard A: Mathematical Processes
Students in Wisconsin will draw on a broad body of mathematical
knowledge and apply a variety of mathematical skills and strategies,
including reasoning, oral and written communication, and the use of
appropriate technology, when solving mathematical, real-world, and
nonroutine problems.

WMAS, Standard A, encompasses the process standards of problem solv-
ing, reasoning, communication, connections, and representations. Although
these standards are addressed throughout the other strands, it is important to
also pull them aside and look at them for the value they bring to a solid math-
ematics education. It is through the processes standard that we come to truly
understand and to value mathematics learning. It is also through this standard
that teachers can assess the value that students place on their learning and the
depth of their knowledge.

Problem solving is the primary reason to study mathematics. Problems
should precede instruction to motivate the study of a topic, be an inherent
component of instruction because students learn best within a context, and be
the logical follow-up to instruction as students apply their knowledge.
Through the selection of good problems and tasks for student work, the
teacher sequences learning. Open-endedness in problems is important; prob-
lems should be selected that have many solutions and many ways to arrive at
each one. Definitions, rules, formulas, and procedures should be results of
activities, not starting points. Problems in the real world are frequently ill
formed and missing information; work with problems similar to those that
exist in the real world should be a part of the mathematics education of every
student. Motivating problems are those that are relevant to students' lives.

The mathematics student needs to learn how to tackle a problem, how to
employ multiple strategies, how to use algorithms that will make problem
solving easier, and about how useful problem solving can be. The mathemati-
cal problem solver gains understanding and confidence in approaching prob-
lems and acquires skill in selection of approaches. Though the mathematics
student should build a wide repertoire of experienced problems, the mathe-
matics education program should be designed to prepare students to solve
problems that have not been written yet, not just those that have been solved
many times and have a "best" solution technique determined. Problem solv-
ing is what we do when we don't know what to do. Problem solving is a means
and an end. It should be present in all strands of the curriculum.

Strategies for problem solving may be seen as worthy goals in their own
right. Students need to see multiple strategies in action. Although different
people may use other strategies to solve the same problem, the bigger the
toolbox of strategies for each individual, the better problem solver he or she
is. Strategies such as "draw a picture," "make a model," or "make a simpler
problem," and so on are viable for the solution of problems posed at several
grade levels, and are useful in problems of ever-increasing complexity. Flexi-
bility comes with the availability of many strategies. Tasks need to be struc-
tured to help students acquire those strategies. When strategies are selected
from a full repertoire, applied to an array of similar and different problems,
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and the solutions are evaluated for correctness and efficiency, students move
from being answer finders to becoming problem solvers.

By the same token, students need to realize that realistic problems may
not fit any particular situation and that new strategies may need to be devel-
oped to address those problems. One of the fallacies that students develop
when strategies are too heavily emphasized is that all problems can be solved
with a set group of approaches. Rather, it is important for students to realize
that problem solving is just thatthe application of creative and unique
methods to address the situation. Problem solving is not a spectator sport but
is an active and interactive human endeavor.

Problem: As five friends arrive at school each day, they like to greet one an-
other with a handshake. Making sure that each friend shakes hands with each
of the other friends in the group, how many handshakes will the group ex-
change as they begin their day?

The ever popular handshake problem can be handled at virtually all grade
levels with increasing layers of sophistication. Primary grade school children
might solve it by acting it out or by using modeling techniques. When asked to
write a similar problem (see "Handshakes Revisited"), they might compare and
contrast it to a problem such as "Five children want to exchange Valentines.
How many Valentines will be exchanged?" Upper elementary and middle

1 1

_Ft

Handshakes Revisited

ere are some problems that are similar to the Handshake Problem.

Find a rule to predict the total number of rectangles made by placing n squares in
a row.

How many diagonals are there in a polygon with n sides?

If there are n points in a plane and three points lie on the same -line, what is the
maximum number of different lines that can be drawn between any two
points?

In a large office, an intercom system is going to be installed so that each room can
be reached by every other room. How many lines are needed?

What is the sum of the first 100 integers? n integers?

In a round robin tournament, every team plays every other team once. If ten soc-
cer teams compete in such a tournament, how many games are played?

In an art class there are 10 different colors of paint. Additional colors can be made
by mixing any two of the original colors together. How many new paints can
be made?

If you have one of each of the following coins (penny, nickel, dime, quarter, and
half dollar) what is the total of the different amounts of money you can obtain
by forming all possible two-coin combinations?

How many segments are formed by n distinct points on a line?

Used with permission of E. Phillips, Mathematics Education Department, Michigan State Uni-
versity.

Problem solving is not a
spectator sport but is an
active and interactive
human endeavor.
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Reasoning needs to
be a focus of the

mathematics program
at all levels.

Justification of thinking
should be present in all
instructional situations.

school students can move the problem to larger numbers, such as 100 hand-
shakes, and then generalize to a study of triangular numbers or to a considera-
tion of the multiplication principles present in the Valentine problem. Middle
school and high school students can use the handshake and similar problems to
move into the study of sequences, series, difference equations, and permuta-
tions. Teachers need to develop repertoires of universal problems such as the
handshake problem that can used to develop specific concepts.

Reasoning needs to be a focus of the mathematics program at all levels.
Students' senses of logic, their abilities to make and defend valid conclusions,
and their abilities to justify their answers need to be continually developed.
Mathematics does deal with regularities and patterns. Showing that there is
good reason for these regularities gives confidence that claims are true and
that mathematics does not occur according to whim. From the earliest pri-
maiy grades students should be asked, 'Why do you think so?" and be told to
convince the class. This process, over the course of time, should become
gradually more sophisticated. Proofs may involve a demonstration, presenta-
tion of reasoning through a written paragraph, presentation of a counterex-
ample, and so on. Early proof should be "that which convinces," but logical
tools should be developed to facilitate progression to formalization of proofs.
The repertoire of reasoning and proof strategies will become increasingly so-
phisticated as the student progresses in grade level.

Justification of thinking should not simply be a unit within certain courses
but should be present in all instructional situations. When there is an element
of doubt, there is room for justification. But even when there is little or no
doubt, the obvious may be used as an example of what justification or proof
entails. For example, no one doubts that when looking at an isosceles triangle,
the base angles are congruent. A valid argument could be made here on the
basis of inspection. Surprising results, on the other hand, show need for justi-
fication. For example:

Problem: Using the following array of odd numbers, present a convincing ar-
gument that the middle number in a row is the square of the number of num-
bers in the row.

1

3 5

7

13 15

9 11

17 19

27 2921 23 25

FIGURE 5.1

Many other similar questions can be asked about this array, such as: Find
the sum of the numbers in the 50th row and explain how you reached that
conclusion.
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To increase the element of doubt, pattern problems that break down after
a few steps should also be used.

Problem: Look at the following pictures. Note that each.successive picture is
generated by identifying one more point on the circle and drawing all possi-
ble chords between pairs of points and then counting the regions into which
the circle is divided. Into how many regions would you expect the last figure
to be divided when all the chords are drawn?

2 points, 1 line AB, 2 regions

4 points, 6 lines AB AC All BC BD
CD, 8 regions

Afit
tritz,

6_Eoints, 15 lines AB AC AD AE AF
BC BD BE BF CD CE CF DE DF

EE 31 regions

FIGURE 5.2

3 points, 3 lines AB AZ BC,

4 regions

5 points, 10 lines AB AC All AE BC
BD BE CD CE DE, 16 regions

To increase the element
of doubt, pattern
problems that break
down after a few steps
should be used.
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emphasized.
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(Experimentation with various arrangements of the points around the circle will
show that the maximum regions ever found will be 31, not the expected 32.)

Problems such as these help students see the need for justification be-
yond appearances.

The communication standard is intertwined with the reasoning standard.
As students are having mathematical dialogues, the subject matter will fre-
quently center on convincing a second student of the correctness of the work.
The teacher's role is usually to facilitate the dialogue without ending it. Steve
Reinhart (2000), a Presidential Awardwinning middle school mathematics
teacher from Chippewa Falls, Wisconsin, says, "Never say anything a kid can
say!" (See the article in full in Appendix E: Readings.)

Communication of mathematical understandings is seen in many of the
examples given here and in the grade-level sections. Written work, verbal ex-
planations and answers, model creations, and development of visuals are all
ways in which students can demonstrate understanding through communica-
tion. It is often through a natural course of events that teachers can use stu-
dent communication, both verbal and written, to assess understandings as an
integral part of the learning experience.

Communication provides linkage to the world of work. As students work
in cooperative groups, divide up tasks, put together the results garnered by
each team member, arrive at and agree upon a solution or solutions, and pre-
pare a report stating and defending an answer and supporting the reasoning
that led to it, they are modeling a workplace process model. In industry, prob-
lem solving is usually done in groups. Communication often helps in clarifica-
tion of thinking. In explaining what has been done in solving a problem, the
user gains insight him- or herself. Indeed, most_teachers have probably said at

some point in their lives, "I really learned that concept when I tried to teach
it." In constructing an explanation for those who do not understand, a teacher
or a student can create images and connections that allow for deeper under-

standings.
The connections standard must be pervasive through the grade levels and

topics. Although this document does address number, geometry, measure-
ment, probability, statistics, and algebra in different sections, it should always

be obvious to the student that the real subject of study is mathematics and
that the strands are interwoven. Connections within the field, connections
with other disciplines, connections with the world of work, and connections
with the important components of the world should also be consistently pres-
ent and continually emphasized. When students can identify connectedness,
transfer of knowledge is facilitated. Recent learning theory that conjectures
about the connections between external and internal representations in the
building of understanding is exciting for both students and teachers. The ti-
tles of many recent mathematics materials that incorporate the word connec-
tions give credence to the importance of its consideration. This guide is also

predicated on the importance of connections.
A final process standard, representation, has been added to problem solv-

ing, reasoning, communication, and connections in the NCTM Principles and
Standards for School Mathematics (Standards 2000 Project 2000): "Repre-
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sentation refers to both process and to productthe act of capturing a math-
ematical concept or relationship in some form and the form itself" (67). Rep-
resentation encompasses processes and products both external (observable)
and internal (in the mind). Electronic technology has created an even greater
need for attention to representation. PSSM suggests that instructional pro-
grams should enable all students to:

o Create and use representations to organize, record, and communicate
mathematical ideas.

o Select, apply, and translate among mathematical representations to
solve problems.

o Use representations to model and interpret physical, social, and math-
emalical phenomena (67-71).

Hence, representation assists in problem solving, facilitates reasoning, pro-
vides means of communication, inherently connects mathematical compo-
nents, and can provide excellent insights into internal composition of knowl-
edge when translated into an external form. (See Cuoco and Curico, 2001.)

Standard B: Number Operations
and Relationships
Students in Wisconsin will use numbers effectively for various pur-
poses, such as counting, measuring, estimating, and problem solving.

The true pedagogical order is to begin with numbers applied to tangible and
present things; to proceed to numbers applied to familiar but absent things,
and lastly to abstract numbers (Harris and Waldo 1911, 9).

Number work is the foundation for the mathematics curriculum PK-12.
As a basis for patterns in algebra, for quantification in geometry and mea-
surement, and for manipulations in data analysis, the essential nature of num-
ber skill and concept development in mathematics learning is pervasive. This
does not imply, however, that number skill development is prerequisite to all
other mathematical understanding. In fact, success in mathematics through
visualization or problem solving can sometimes bring belief in self-worth that
will initiate more success with number work. Numbers and the rest of math-
ematics are inherently intertwined, but the direction of entry for all students
is not necessarily through number.

As Harris and Waldo so aptly put it in 1911, number work should begin
with hands-on exercises, move to representations such as pictures and graphs,
and finally come to algorithms and equations. This developmental sequence
should be present in each investigation. As new number systems or opera-
tions are introduced, the learning sequence should be followed, whether we
are working with four-year-olds on initial counting ideas or working with high
school students on exponential growth. This sequential growth, in essence,
flies in the face of the dichotomous argument regarding skills and procedures

Electronic technology
has created an even
greater need for
attention to
representation.

Numbers and the rest
of mathematics are
inherently intertwined,
but the direction of
entry for all students is
not necessarily through
number.
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and be fluent with
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versus problem solving and conceptual development. Both need to be pres-
ent in all instances of mathematics learning.

Making sense of number and operations includes flexible and fluent use
of number meanings and relationships, recognition of the size of numbers,
understanding of the effects of operations on numbers (including estimation),
and acquisition of referents for common units and measures. This sense mak-
ing should be a central issue throughout the study of number. Regardless of
the numbers being used, the commonalties of the definitions of the opera-
tions need emphasis. For example, many view the operations of addition and
multiplication as very different when they are applied to the different number
sets. For instance, when the addition operation takes place, the quantities are
added and the "name" remains the same.

2 cows plus 3 cows equals 2 plus 3 (5) cows,
25 eggs plus 36 eggs equals (61) eggs

2/5 plus 1/5 equals (3) fifths;
3/5 plus 4/5 equals (7) fifths (or 1 whole plus 2/5)

0.6 plus 0.3 equals (9) tenths;
0.36 plus 0.95 equals (131) hundredths (or 1 whole plus 0.31)

4x + 8x equals (12) x.

On the other hand, when multiplication takes place, the quantities are
multiplied, but the names are changed to reflect the resulting entities:

3 cm times 4 cm equals (12) cm2

2/5 times 1/5 equals (2) twenty-fifths;
3/5 times 415 equals (12) twenty-fifths

0.9 times 0.5 equals (45) hundredths;
0.36 times 0.95 equals (3420) ten-thousandths

4x times 8x equals (32) x2

Emphasis on these commonalties across grade levels and topics eases the
learning of each topic.

PSSM (Standards 2000 Project 2000) emphasizes that all students
should know their basic number combinations and be fluent with computa-
tion. WMAS (Wisconsin Department of Public Instruction 1998) calls for
students "in problem solving situations" to be able to "select and efficiently
use appropriate computational proceduresaddition, subtraction, multipli-
cation, and divisionusing mental math, estimation, and selecting and ap-
plying algorithms" (6-7) with each of the number setswhole numbers, in-
tegers, rational numbers, real numbers, and complex numbers. Students
should be able to state basic (zero through nine added to zero through nine

98 Putting the Standards into Action

1 0



and the inverse facts) addition and subtraction facts with minimal hesitation
and should understand the operations of addition and subtraction and the
results of the operations by the end of second grade. Likewise, students
should be able to state basic multiplication and division combinations and
should understand the operations of multiplication and division by the end
of fourth grade, certainly by the beginning of fifth grade. The middle school
curriculum then consists of rational number, proportional reasoning, and al-
gebraic and geometric concepts. Individual schools may wish to set interme-
diate subgoals such as addition by the end of first grade or multiplication
by the end of third grade, but the overall goal should be considered the
benchmark.

What it means to "know" number combinations and to state them with
"minimal hesitation" needs clarification. Knowing a fact implies a thorough
understanding of the definition(s) of the operation, recognition of the several
embodiments of the fact, and grasp of the relationships that exist among facts.
Minimal hesitation does not imply writing answers to 100 fact questions in
two minutes but does imply that a student, when presented with a stimulus
such as 8 + 7, can respond readily with 15 (and would perhaps have time to
mentally calculate something such as 10 + 5 or 8 + 2 + 5). A consistent mes-
sage of understanding should be built with students through the elementary
years. Reading students are consistently told to take time to understand what
they read. The mathematical goal should be similar. Unfortunately, often the
minimal hesitation goal is interpreted as meaning "Go faster. Get the answer
first," a learning approach that is short sighted and fear inducing and that ill
serves populations that value "think time."

As numbers become larger and problems become more complex, the re-
sponse time implied by minimal hesitation should be proportionately longer.
The mathematics program should be designed so that students can learn skills
for generating facts they don't recall. If a student does not recall 7 X 8, he or
she should not have to look at the back of the flash card to find the answer but
should see the relationship to a known fact such as 7 X 7, should be able to vi-
sualize an array, or should know how to employ other useful strategies. Power
and understanding, not speed, should be the mathematical goals. It is recog-
nized that students will internalize their number combinations at different
rates and that many diverse activities that capitalize on different approaches
to learning combinations need to be experienced.

Fluency with computational procedures beyond facts also implies a close
relationship to understanding the operation. The PSSM has stated: "Develop-
ing fluency requires a balance and connection between conceptual understand-
ing and computational proficiency" (Standards 2000 Project 2000, 35). The
PK-5 program should allow students to develop computational proficiency
using a variety of tools, including mental, paper and pencil, and technology-re-
lated procedures. It is also important to recognize when, in a computational sit-
uation, an exact answer is needed and when an estimate is satisfactory. The in-
structional program should be designed with flexibility and choice of
computational procedures in mind. The student cannot "select and efficiently
use appropriate computational procedures" (Wisconsin Department of Public
Instruction 1998, Standard R.4.5, 6) unless he or she has each of the tools read-
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designed so that
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for generating facts
they don't recall.
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a close relationship to
understanding the
operation.
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ily available. Hence, instruction should center on the development of skills with
mental, written, and calculator algorithms and estimation strategies. It is im-
portant to note the s on algorithms. Instruction that indicates to students that
one single algorithm is always preferred limits creativity, may inhibit under-
standing, and makes mathematics a game in which symbols are moved around
on a piece of paper. Flexibility and choice should rule.

The -goal of producing computational answers efficiently is major. It is
also important that the student be able to explain the procedure used and to
couch this explanation in knowledge of the structure of the base 10 number
system, definitions and properties of the operations, and other number rela-
tionships. By the end of fifth grade, students should compute fluently and
make reasonable estimates in situations involving whole numbers.

Computational fluency with integers and rational numbers should be ac-
quired by the end of Grade 8. Development of rational number understand-
ings should center on conceptual understanding as prerequisite to computa-
tional fluency. Foci at the middle school level should be the relationships
among the four operations, making sense of answers acquired, judging the
reasonableness of results, and explaining methods of solutions. For example,
if a student is asked to find the answer to 7/8-1/4, he or she should also be
able to respond to a statement such as "Show, using materials or pictures, why
the answer to 7/8-1/4 will undoubtedly be in eighths."

Standard C: Geometry
Students in Wisconsin will be able to use geometric concepts, rela-
tionships, and procedures to interpret, represent, and solve prob-
lems.

Emphasis on the deep, conceptual understanding of the properties of a
wide variety of geometric figures and on the relationships between parts of
figures and between various figures are the thrusts of the geometry strand.
Students need cohesive school experiences with geometry, especially in the
elementary and middle grades, that explore in depth the properties and rela-
tionships of the various components. Each investigation needs to explore ex-
tensively the addressed concept. Each subsequent activity needs to build on
the understandings developed in the previous activities so that there is con-
tinual progress of knowledge. There needs to be conscious effort to make
sure that geometry is included in each year's curriculum. Geometry is one of
the areas that shows up as a weakness in many mathematics assessments.
Often the topic appears at the end of the book and is not reached. Over-
reliance on broad but general ideas is typical of many texts.

"I do and I understand" should characterize an ideal school program in
geometry. Students need to explore two- and three-dimensional figures and
their properties and relationships by handling, drawing, constructing, mea-
suring, folding, cutting, sliding, flipping, turning, and superimposing them. In
addition, students need to talk about what they have discovered and should
make conjectures about possible relationships and speculate on generaliza-
tions regarding relationships.
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To achieve the desired depth of geometric understanding, geometry in mid-
dle school and high school should revisit many of the topics and figures studied
at the more intuitive level in the earlier grades, this second time at a more ana-
lytic level. Another avenue of investigation that needs to be pursued is intensive
use of geometric software to repeat earlier experiments, this time gathering
more data, making additional conjectures, and investigating more broadly.

In the examples that follow, the big ideas are continuously revisited in
slightly different contexts and at different suggested grade levels.

Primary
o Work with a partner to see how many different figures you can make

by putting the two triangle shapes together. Use the dot paper to make
a record of what you did.

A/

Given:

FIGURE 5.3A

Possible Solutions:

o Try it again, this time using four triangle shapes.

NNNNHH

Given:

FIGURE 5.3B

Possible Solutions:

Geometry in middle
school and high school
should revisit many of
the topics and figures
studied at the more
intuitive level in the
earlier grades, this
second time at a more
analytic level.
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Lower DiMermediete
This is a project for small groups:

o Use cardboard or stiff paper to make two copies of a triangle. Put those
two triangles together in as many different ways as possible to make a
new figure. Use tracing paper to make a record of what you did.

Given:

Possible Solution

Possible Solution

FIGURE 5.4A

Possible Solution

Possible Solution

102
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o Repeat these directions with a new pair of triangles. In your group, do
this at least 20 times. Be sure to begin with different types of trian-
glesacute, right, obtuse, scalene, isosceles, and equilateral.

Acute Right

Obtuse Scalene

Isosceles

FIGURE 5.4B

Equilateral

o Repeat the above two steps, this time with four copies of your original
triangle.

FIGURE 5.4c
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intermediate
o With the help of a ruler and protractor, draw a pair of intersecting seg-

ments that meet at right angles. Then connect the endpoints of those
segments in order to form a four-sided figure (quadrilateral).

FIGURE 5.5A

o Repeat this at least 10 more times, varying the lengths of the intersect-
ing segments.

o Look for something special about the resulting quadrilaterals.
o Describe what you have found.
o Repeat the above four steps, but this time have the segments intersect

at their midpoints.

FIGURE 5.5B

Eerily Middie
This is a kite-flying project for small groups.

o Use a traditional kite as a model. Use suitable lightweight materials to
construct a kite. Test your construction by attempting to fly it out-of-
doors.
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1%1 iiddile

o Use a compass and straightedge to construct the perpendicular bisec-
tor of a given line segment.

FIGURE 5.6

This is a tessellating project to try
o Prepare some sort of demonstration to convince a classmate that any

triangle-shaped tile can be used to cover the entire plane.
o Prepare some sort of demonstration to convince a classmate that any

quadrilateral-shaped tile can be used to cover the entire plane.

Late Middle ©B Ear Dy Secondary
Using technology to gather data:

o Use the Geometer's Sketchpad (Key Curriculum Press 2001,
www.kcpress.com) to investigate if any three line segments can be used
to make a triangle. Make a conjecture regarding what you think will be
your conclusion. Test your hypotheses. Then explain what happened
and why.

Secondary
o Prove: All points on the perpendicular-bisector of a segment are equi-

distant from the endpoints of that segment.
o Present a convincing argument to prove the following: If the diagonals

of a quadrilateral bisect each other and are perpendicular to each
other, that quadrilateral is a square.

o The family of four-sided figures has many membersquadrilateral,
square, rectangle, rhombus, trapezoid, and parallelogram. Prepare
some sort of diagram or family tree to show how they are related to
each other.
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measurement requires
attention throughout

the entire school
mathematics program.

One of the key
ideas that should

permeate the entire
measurement strand is

the development of
measurement sense.

Standard D: Measurement
Students in Wisconsin will select and use appropriate tools (including
technology) and techniques to measure things to a specified degree of
accuracy. They will use measurements in problem-solving situations.

The importance of measurement skills and understanding cannot be
overemphasized. When one intends to use mathematics to solve a real-world
problem, it is often prudent to begin by creating a quantitative mathematical
model. Two things are required to do this. The first is to represent the entities
of the problem in the question numerically; the essence of that representa-
tional process is measurement. The second aspect of the model is to repre-
sent the relevant properties and relationships inherent in the problem; the
essence of that is the use of appropriate mathematical symbols, essentially al-
gebra.

The breadth of potential real-world problems is vastscientific, eco-
nomic, social, artistic, civic, athletic, and medical, to name just some of the
possible categories. Learning about measurement appropriate to these fields
requires attention throughout the entire school mathematics program. Unfor-
tunately, many school programs equate the study of measurement with the
study of geometry. Doing so does a grave injustice to both! There must be
more than measurement of length, perimeter, area, and volume of simple
geometric figures in much the same way that careful study of geometric prop-
erties and relationships must involve much more than just the easily identi-
fied measurable properties of those figures.

One of the key ideas that should permeate the entire measurement
strand is the development of measurement sense. As an illustration, consider
this question:

How far is it from here to X ?

o "1,238,416 inches" is not a sensible response. Inches are not used as
units to measure large distances.

o "37.41286 miles" is not a very sensible response either. This pseudo-
precision of using five decimal places implies that one hundred thou-
sandths of a mile was used as the unit of measure. Hardly likely!

o "About 48 miles" or "between 45 and 50 miles" are both sensible re-
sponses. Almost all measurements are approximations, and because X
may be the name of the city and not an exact location within that city,
these responses are entirely sensible.

o "Three hours" can be a very sensible response even though an hour is
technically a unit used to measure the attribute of duration of an event,
not of length (distance). This reply might be more sensible than say
"14.5 miles" if the distance to be covered by the questioner is in an
urban area at morning rush hour.

o The distance does not become greater if 81 kilometers is reported
rather than 50 miles. One needs to have a sense about the relative sizes
of units being used.

o "About 50 miles" is not sensible if the responder knows that location X
is closer than location Y and also knows that location Y is only about 35
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miles distant. Having a sense about known measurement benchmarks
is important when making estimates.

Throughout the school years, students must increase their skills in deter-
mining appropriate measurements. Work begins with crude instruments and
sometimes arbitrary units to get at easily identified, directly measurable at-
tributes and moves in later years to use of formulas, conversion techniques,
and algebraic methods to determine more complicated, indirect measures.

Problem: How much water is wasted in a home with a leaky faucet?

Solution: Define leaky.
Decide on what unit to use in reporting results. Quarts per hour? Gallons

per day (week, month)?
What data need to be gathered? How to gather this data? (Suggestion:

Simulate varying degrees of leakiness by pricking holes of varying sizes in dif-
ferent water-filled, half-pint milk containers.)

Students must learn measurement skills and measurement sense in natu-
ral ways by investigating things of interest to them, and to the extent possible,
by measuring actual objects within their classroom. As a final example, let's
consider the question of learning about metric units. Ask anyone who has
traveled or lived extensively in another country where the metric system (or a
foreign language) is used exclusively: "You learn quickly in order to survive."

Suggestions for "living" with metric units:

Temperature: Gather daily highs and lows in Celsius degrees for your city
over the period of several weeks or months. Compute daily differences.
Plot the data. (See how quickly and easily children learn about negative
numbers!)

Assign each student a city from around the world and do as just de-
scribed, gathering data via the Internet.

Length: Students periodically measure their own height using centimeters
as the unit of measure. Study small animal or small plant growth, gather-
ing and plotting periodic data using centimeters or millimeters.

Mass (weight): Duplicate or combine (for bivariate data) with the previous
length suggestions, using grams or kilograms as appropriate.

Standard E: Statistics and Probability
Students in Wisconsin will use data collection and analysis, statistics,
and probability in problem-solving situations, employing technology
where appropriate.

Curso of examination of daily newspapers and weekly magazines leaves lit-
tle doubt about the importance of data analysis and the study of chance. Con-
sider USA Today, in essence our only national newspaper. A graph is run daily
in the lower left-hand corner of the front page, and other graphs and tables are
seen in other locations throughout each issue with great regularity. The mis-

Students must
increase their skills
in determining
appropriate
measurements.

Cursory examination
of daily newspapers
and weekly magazines
leaves little doubt about
the importance of data
analysis and the study
of chance.
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can be a vehicle to

give meaning to
computational skills

that are too often
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contexts.

Through the study
of statistics and

probability, students
learn to ask and answer
questions, to make and
evaluate decisions, and

to make predictions.

sion of USA Today is to convey a lot of news in a little space, and the publica-
tion recognizes the power of using graphs in place of many words.

As the pace of our societal life increases, undoubtedly visual displays will
be used with increasing frequency to quickly convey large amounts of infor-
mation. It has become crucial for students to gather data in ways that make it
analyzable, to summarize data numerically and visually, to draw and support
conclusions from data, and to critically analyze statistical reports of others.
PK-12 instructional programs should strive for these goals with a constant eye
on sense making. The most elaborate of statistical techniques or the fanciest
graph cannot make poorly collected data meaningful. As students acquire in-
creasingly sophisticated computational techniques, they must continually ask if
the numbers they are addressing are worth crunching. The data units in the
curriculum can be some of the best places for students to use, practice, and re-
view computational procedures learned under the number strand. Letting stu-
dents collect data that is used for computational practice puts relevance and
personalization into what is frequently seen as tedious. Friel and Corwin
(1990, 73) state that "learning statistics can be a vehicle to give meaning to
computational skills that are too often isolated from relevant contexts."

Likewise, the study of chance and the judging of likelihood done in prob-
ability units leads students to interpret the many probabilistic statements they
hear daily. From "The chance of rain is 40 percent" to using cards or spinners
to determine groups in class to "The odds are 5 to 2 for in the Ken-
tucky Derby" to statements of how unlikely it is that one could win a huge lot-
tery prize, students regularly hear probabilities stated or implied. Conse-
quently, they must learn developmentally, over lime, to evaluate probability
claims and to accurately make such statements themselves. Misconceptions
about probability should be a part of the curriculum, and students should
confront and overcome such misconceptions as "Three hundred people died
in that plane crash last week. The chances of being killed in a plane are too
high. I'm going to drive to Orlando."

Through the study of statistics and probability, students learn to ask and
answer questions, to make and evaluate decisions, and to make predictions.
These skills are very important in the overall school goal of developing a liter-
ate, informed citizenry who can carry out our democratic ideals. Mathematics
is seen here as greatly impacting the future lives of our students. Although
calculators and computers may compute many answers, decision making
under uncertainty requires skills, concepts, practice, and the ability to evalu-
ate options and choose the best for the circumstances.

As with each of the strands, the probability and statistics strand should be
present throughout the PK-12 curriculum. It is important that attention be
given not only to incorporation of the strand in the K-5 and 6-8 sequence but
in the high school curriculum as well. Although statistics is one of the men-
tioned curricular inclusions under state law, along with algebra and geometry,
it is often not present in the traditional Algebra I, Geometry, Algebra II, and
Precalculus programs that prevail. New, integrated high school curricula do
ensure this offering, and many school districts do offer a statistics course.
Curriculum developers need to be aware of this and work toward an appro-
priate balance of strands in the curriculum. It should be noted at the high
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school level that Advanced Placement Statistics offers a very viable route of
pursuit for students to gain college credit for high school work, because it
seems that at least as many college-entering students are required to take a
statistics course as those who are asked to take a calculus cOurse.

Data-gathering activities should begin with the earliest activities that stu-
dents do in primary grades. The sorting and classification tasks that are regu-
larly done at these grades can fit in this domain very well as the students de-
scribe their sorts and draw conclusions about category placement. A daily or
bidaily activity many teachers are finding to be successful is known as "Kid-
Pins." A small headshot picture of each child in the class is attached to a
clothespin. Then a topic that the class will research that day is selected. For
example, an early task might simply be "boys and girls." A cardboard picture
of a boy and one of a girl is placed in front of the room. Each child clips his or
her pin to the appropriate picture. Then a whole-class discussion of what con-
clusions can be drawn from the results is held. Eventually, statements such as
"In Mrs. Olson's first-grade class at Evergreen Elementary School, there are
more girls than boys" are made, discussed, and defended. As the categories
increase with topics like "How did you get to school today? Walk? Ride the
bus? Ride in a car? Ride your bike?" several subconclusions are drawn, de-
bated, and analyzed. These kinds of activities lay the groundwork for increas-
ingly more sophisticated data gathering as students progress through the
school sequence. The basic ideas of identification of the population of inter-
est; of developing mutually exclusive but exhaustive categories; of drawing
clear, substantiated conclusions; and of defending statements continue to per-
sist in future investigations.

Construction of visual displays of data and interpretation of data displays
should also be done across the grade levels. An activity that can be done with
grade-level appropriate graphs follows. Students are paired up, and each child
in the pair is given a different graph. (These graphs can be cut from USA Today,
magazines, or other sources.) The graphs are not shown to the partners. Each
child writes a paragraph about his .or her graph, using as much information as
possible: What kind of graph is it? What information does it convey? How is it
arranged? Once these descriptions are completed, the children exchange the
paragraphs, but still do not show the graphs. The partner draws what he or she
believes the "mystery" graph looks like, based on the given paragraph. The part-
ners then display their graphs and discuss what clues gave them the most infor-
mation, what statements threw them off, what other information was needed,
and so on. This activity has students work with visual information, conversion of
that information to written descriptions, translation of written descriptions to
visual displays, and oral discussion of the entire process.

Standard F: Algebraic Relationships
Students in Wisconsin will discover, describe, and generalize simple
and complex patterns and relationships. In the context of real-world
problem situations, the student will use algebraic techniques to defme

At least as many
college-entering
students are required to
take a statistics course
as those who are asked
to take a calculus
course.

Construction of visual
displays of data and
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displays should also be
done across the grade
levels.
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Algebraic reasoning is a
skill that needs to be

carefully nurtured and
developed through well-

chosen, sequential
activities that carry

across grade levels and
progress from intuitive
to formal and abstract.

and describe the problem to determine and justify appropriate solu-
tions.

The emphasis of the algebra strand is on the thinking that is done as one
recognizes patterns, generalizes, deals with inverse relationships, works with
properties of mathematics, reasons proportionally, deals with notions of bal-
ance, reasons inductively or deductively, or uses function relationships. As
students at the prekindergarten and kindergarten level recognize and label
AB or ABB patterns, as a primary grade student recognizes that not only is 3
+ 5 = 5 + 3, but a+b =b +a for all a and b, as an early grades student rec-
ognizes that a missing addend problem may be solved by subtraction, the es-
sential character of algebraic thinking is developing.

The standards focus is on instructional tasks and assessments that are based
on deep conceptual understanding of mathematics. The use of and communi-
cation of algebraic reasoning gives evidence of this understanding and is a skill
that needs to be carefully nurtured and developed through well-chosen, se-
quential activities that early across grade levels and progress from intuitive to
formal and abstract. From the use of boxes and blanks to the use of letters, from
the recognition of patterns to the explanations of why the patterns exist, alge-
braic reasoning is developed over time and across strands of the curriculum.

Note in the following examples how the requirement for what constitutes
a convincing argument changes and is strengthened as the knowledge of
mathematics increases, the ability to abstract grows, and connections are
made.

Puimant
1. Find, color in, and extend patterns on 100's charts, addition tables, and

so on.
2. Describe orally and in writing why extension of the pattern is correct.
3. Present an argument using manipulatives for showing that the sum of

four numbers in a two-by-two square extracted from an addition table is
four times the number in the upper-right corner of the square.

7, 8
8, 9

4. Relate patterns on the addition table to the meaning of the addition oper-
ation.

!Intermediate
1. Color in and describe visually and numerically patterns that exist in the

body of the multiplication table for multiples of 2, 3, 4, 5, 6, 7, 8, and 9.
Relate these patterns to the multiplication operation.

2. By constructing and displaying rectangular arrays, describe the inverse
relationship of multiplication and division, justify the commutative prop-
erty of multiplication, and demonstrate other general properties of multi-
plication and division.
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3. Using rectangular arrays and organized lists, present a convincing argu-
ment orally or in writing on which counting numbers have an odd num-
ber of divisors, two divisors, four divisors, and so on.

Middle
1. Using pattern searches and organized listings, develop some problems

such as the following:
Find the sum of the first n counting numbers (1 + 2 + 3 + n).
(How does this relate to the handshake problem?)
Find the twentieth term of (use graph of stair steps.)

2. Use variables to model and justify patterns on the addition table.
3. Use symbolic notation to describe counting numbers that have any given

number of factors. For example: Numbers that have exactly four factors
are either of the form p X q where p and q are both primes or the form p3
where p is prime.

2 X 3 3 X 5 73 113

High School
1. Present a numerical and visual argument that 1/2 + 1/4 + 1/8 + 1/16

+... (continuing forever) must approach 1.
2. Identify and justify patterns on Pascal's triangle and use these generaliza-

tions in probability work and binomial expansions.
3. Iffn is the nth term of the Fibonacci sequence, find and justify a one-term

expression forf1 + f2 f3 +' f2n-1'

A problem such as the following shows the growth of algebra and alge-
braic thinking across the years:

Art: 8 x 8 grid

Problem: If we color just the border squares on this grid, how many squares
will be colored?

At the elementary level, the discussion would center around multiple
ways of counting this and why particular students counted it as they did. Pos-
sible solutions might include:

4 X 8 4

4 X 6 + 4
8 + 7 + 7 + 6
4 x 7
64 36
8 + 8 + 6 + 6

Students would then be asked to try a 10 X 10 grid using one of the vari-
ous six methods.
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During the middle school years, the problem would be generalized to an
n x n grid, and the conversation would center around the partsof the expres-
sions that do not change as the number of squares on the sides change.

High school students could be assigned the task of showing that n2 (n

2)2 is equivalent to 4n 4 or other expressions. Algebraic simplification
within the context of a meaningful problem is then practiced.

The approaches presented here of valuing thinking that may diverge, of
developing notation that models the thinking, and of justifying the statements
mathematically is an approach that should be followed to allow students to
see the need for algebraic manipulations that are designed to mirror their
own thinking.
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Early Beginnings in Mathematics
Young children are curious about their world. They are intrigued by quantita-
five events and spatial arrangements in their physical environment and social
interactions. This early mathematics learning grows naturally from children's
experiences as they develop a fairly complex set of intuitive and informal
mathematical ideas. Children's informal knowledge is relatively powerful and
serves as the foundation for further learning of mathematics (Baroody 2000;
Ginsburg and Baron 1993). Early childhood centers and preschool programs
need to provide all children with rich experiences and high-quality programs
that include significant mathematics presented in a manner that respects
both the mathematics and the nature of young learners (Standards 2000
Project 2000).

Young Children's Learning
The learning of children from birth to age four is a time of profound develop-
mental change. At no other time in a child's life is cognitive growth so re-
markable. The brain literally grows new connections with stimulation from
the child's environment as it attempts to make meaning of its world. The
greater the number of connections and associations that one's brain creates,
the more firmly the information is woven in neurologically (Jensen 1998).
Children contribute to their own learning and development as they struggle
to make sense of and give meaning to their daily experiences.

Enriched environments contribute to children's learning and develop-
ment. The National Association for the Education of Young Children (1990)
has identified seven basic assumptions about learning and teaching that in-
form their view of developmentally appropriate practice for young children.

o Children learn best when their physical needs are met and they feel
psychologically safe and secure.

o Children construct knowledge.
o Children learn through social interaction with adults and other chil-

dren.
o Children's learning reflects a recurring cycle that begins in awareness

and moves to exploration, to inquiry, and finally to utilization.
o Children learn through play.
o Children's interests and need to know motivate learning.
o Human development and learning are characterized by individual vari-

ation.

The cycle of learning begins with an awareness of events, objects, people,
or concepts that comes from children's experiences. Through play, children
explore, experiment, and manipulate their environment as they bring their
own personal meaning to their experiences. Opportunities for exploration
allow children to pursue their interests and motivate learning. Play also pro-
motes inquiry as children construct understanding of commonalties across

Early mathematics
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children's experiences
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events, objects, people, or concepts and develop generalizations. The social
interaction among young children allows them to test their developing ideas
and hypotheses against the thinking of other people. Finally, children apply or
make use of their understanding.

Mathematical Programs for Young Learners
Mathematical programs for young learners need to maximize children's learn-
ing with appropriate practices (Bredekamp and Copp le 1997; National Asso-
ciation for the Education of Young Children 1990; Richardson and Salkeld
1995). They need to build on and provoke children's natural curiosity, place
an emphasis on informal and conceptual understanding of mathematical
ideas, and nurture children's innate interest and ability in solving problems.
The goal of these programs for young learners should be to develop mathe-
matical power (Baroody 2000; Richardson and Salkeld 1995). Mathematical
power includes a positive disposition to learn and use mathematics, under-
standing of mathematics, and the ability to engage in the processes of mathe-
matical inquily.

Programs that promote the development of mathematical power are pur-
poseful, meaningful, and inquiry based. Purposeful instruction includes the
use of everyday activities to provide opportunities to learn mathematics, uses
children's questions as teachable moments, uses games as interesting and
structured ways to explore mathematics, and uses literature as a source of rich
problems. Meaningful instruction fosters and builds on children's informal
mathematical knowledge and focuses on helping children see patterns and re-
lationships. Inquiry-based instruction poses thought-provoking tasks for chil-
dren to examine and solve, prompts children to reflect on their processes and
solutions, and encourages peer-to-peer dialogue (Baroody 2000).

The teacher's role is to find ways to engage children in thinking about
mathematical ideas by purposefully selecting tasks and materials that prompt
and support children in the development of particular ideas. Thus, teachers
need to know what mathematical concepts children should become aware of,
interact with, and think about as they explore their environment. In these en-
vironments, children need to be actively engaged with mathematics, and
teachers must assess what they are really thinking and understanding rather
than simply making sure that the children complete assigned tasks (Richard-
son and Salkeld 1995).

Mathematics programs for young learners are often limited in their vi-
sions of what children can explore (Greenes 1999). Early childhood and pre-
school programs need to expand the mathematics content and more clearly
define a cohesive and comprehensive mathematics program for their young
learners. When WMAS was published in 1998, the Early Learning Center
(ELC) in Sheboygan, Wisconsin, reviewed its curriculum and instruction in
relationship to the standards. The ELC was one of the first districts in Wis-
consin to recognize the unique needs of early childhood and to subsequently
provide early childhood education to large numbers of children in a public
school setting. Using identified characteristics of early childhood program-
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ming (Perry and Duni 2000), the ELC revised its curriculum to provide its
students with a solid foundation of early mathematics skills.

Important Ideas in Early Mathematics
Young children are more complex mathematical thinkers than previously
thought (Greenes 1999; Ginsburg and Baron 1993), The WMAS, as well as na-
tional mathematics standards (Standards 2000 Project, 2000), broadens our
view of the important mathematical ideas that young children are capable of ex-
ploring and considering. Rather than comprising a collection of unrelated activ-
ities, early childhood and preschool mathematics programs need to plan for the
cohesive and coherent development of the important ideas of number, geome-
try, measurement, data, .and algebraic relationships (Greenes 1999; Standards
2000 Project 2000). The development of these ideas must be integrated with
the processes of learning mathematics. The following summarizes the impor-
tant ideas for mathematical processes and content that provide children with a
solid foundation of early mathematics. These ideas are adapted from Miller and
Weber (2000).

MathemeicaD Processes
To make connections between mathematics and the real world, young chil-
dren need experiences using the processes and language of mathematics in
real-life contexts. Explorations should grow from children's daily experiences
and current interests and stimulate them to make conjectures about observa-
tions, to make decisions about what to do and how to do it, to create ways to
represent their ideas and findings, and to reflect on and talk about their
methods and conclusions (Greenes 1999). These types of explorations engage
children in the processes of mathematicsproblem solving, reasoning, com-
munication, connections, and representations.

Classroom activities that provide inquiry-based experiences and real-life
problem solving are essential. Children's mathematical play with manipula-
tive materials such as blocks and the use of various measuring tools develop
an experience base necessary for mathematics learning. Children's play also
contributes to the development of representational thought (National Associ-
ation for the Education of Young Children 1990).

Providing opportunities to develop mathematical ideas and learn skills
such as counting in a wide variety of contexts helps children understand the
breadth and applicability of those ideas and skills. The information gathered
through direct experiences can then begin to be internalized and expanded
upon by having children talk about what they are doing and why. Discussing
numbers, shapes, location, size; symbols, charts, and graphs are ways children
begin to see how mathematics can give them a way to describe and ultimately
solve real-life problems. For example, children use the processes of mathe-
matics when they collect data and then discuss whether more children like
green apples or red apples and why they think these results occurred:

Young children are
more complex
mathematical thinkers
than previously
thought.

Explorations engage
children in the
processes of
mathematicsproblem
solving, reasoning,
communication,
connections, and
representations.
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INIumber OperaUons and ReDaVonsHps
Understanding number and operations requires much more than verbal
counting. It also includes the ability to determine the total number of objects
in a set and reason about that numerosity using number relationships (Payne
and Huinker 1993). Children's familiarity with quantifies and counting begins
as they start to use numbers to group, measure, and estimate.

Children at a very young age can learn to see groups of twos and threes
and begin reasoning with these quantities. This ability, called subitizing, is the
basis for enabling children to think in groups and is the foundation for learning
number relationships. Children need encouragement and numerous opportu-
nities, such as use of dot patterns, to subifize quantities (Clements 1999). This
leads to a part whole understanding of a number in which children can think of
a number as both a whole amount and as being comprised of smaller groups or
parts. The construction of a part whole concept, the understandirig of how a
whole is related to its parts, is an enormously important achievement (Baroody
2000). This allows children to understand that six can be comprised of five and
one more or be a coinbination of three and three, thus forming the foundation
for learning basic number combinations and for understanding the operations.

Other distinctions children at this young age are beginning to grasp in-
clude understanding that the number of objects is not related to the physical
characteristics of the objects or that the order in which the objects are counted
does not affect the quantity. Numerous opportunities in working with every-
day experiences and objects having varying characteristics such as shape, size,
and color characteristics are needed. For example, bags with the same number
of objects in each but with different mixes of objects can be provided for the
children to group and quantify. Children at a young age should also be encour-
aged to tell quantitative stories about their everyday experiences or about the
objects in the bags. These stories can be acted out with objects and discussed
allowing children to further develop understanding of operation relationships.

Geometry
Continual exploration of the objects in their environment is characteristic of
young children. The natural curiosity of three- and four-year-olds automatically
exposes them to a variety of two- and three-dimensional shapes as they look
more closely at the physical world in which they live. Exposure and direct expe-
rience in working with shapes and examining their properties can occur
through play and more structured activities. Puzzles, card games, block print-
ing, shape walks, matching games, and shape gardens are just a few of the many
activities that engage children in exploring shapes.

Children should be asked to compare, sort, and classify two- and three-
dimensional shapes and then discuss their observations. These types of expe-
riences prompt children to focus on the properties of shapes. Children should
also discuss uses of shapes in their lives. For example, why do they think cans
are in the shape of cylinders and not cubes? As young children talk about
their observations, they should be encouraged to use their own informal lan-
guage to describe the shapes and their properties. Teachers can help children
connect their informal language to more conventional terminology. However,
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terminology itself should not be the focus of the program. The goal for early
experiences with geometry is to begin developing spatial reasoning and un-
derstanding of the two- and three-dimensional world in which we live.

Measurement
Children are fascinated with filling various-sized cups with water or deter-
mining how many steps it takes to walk across the room. They are interested
in how big, how long, and how much. Measurement experiences arise
through children's spontaneous interaction with their environment, support
the development of other mathematical topics, and are easily connected to
other subject areas and real-life experiences.

Young children begin developing measurement ideas by comparing ob-
jects using various attributes such as length, volume, weight, and area. They
develop an understanding of attributes by looking at, touching, or comparing,
directly or indirectly, two or more objects. In these situations, children use
the language of comparative words such as longer, shorter, heavier, and
lighter as a basis for describing their measurements. For example, a child
might stand two teddy bears next to each other to see which is taller. Numer-
ous informal measurement activities ranging from using balance scales to
compare items in the classroom grocery store to comparing the length of
apple peels when preparing applesauce need to be provided for children.

Later children examine items to determine how long, how high, how heavy,
or how big. They should be given opportunities to figure out their own ways of
measuring using a variety of nonstandard units. This leads children to use the
process of measurement in which they choose attributes to measure, select ap-
propriate units of measure, cover or balance objects with the units, and finally
count the number of units. For example, a child might use paper clips or inter-
locking cubes to measure the height of the table or of their favorite stuffed ani-
mal, or they might use pieces of paper to measure the area of the meeting area.

Statistics and Probabiiity
Collecting, organizing, and interpreting data are ongoing activities in our
everyday lives. Children can collect data from a variety of sources in an early
childhood environment that involve them in answering real questions. They
may want to find out how many children like pepperoni and how many do not
like pepperoni on their pizza. They may vote to see whether the class will take
their bingo game home today or play it one more time tomorrow in school.

Organizing the data involves sorting and grouping it into similar categories.
Teachers can facilitate this process by providing the children with the opportu-
nity to represent data in different ways. Tally sheets using real-life objects such
as shoes or blocks may be one of the first experiences young children have in
learning to gain information from charts, graphs, or tables. Using tally marks
can come next. Eventually numbers can be used to record data the children
have collected. Once the data is organized, children can use it to make deci-
sions, examine it for trends, or predict other events. For example, after deter-
mining that more children in their class like red apples, they can predict
whether more children in another class will prefer red or green apples.

The goal for early
experiences with
geometry is to begin
developing spatial
reasoning and
understanding of the
two- and three-
dimensional world
in which we live.

Children are fascinated
with how big, how long,
and how much.

Organizing the data
involves sorting and
grouping it into
similar categories.
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The beginnings of
algebraic reasoning
emerge when young

children sort, classify,
and order objects.

Teachers need to draw
on their knowledge of
mathematics content
and processes and be

responsive to the
context of children's

experiences, interests,
and ideas.

Learning to use
mathematics to solve

problems should be a
lifelong process in

today's world.

Algelbraric ReDationsIMpos
In this area of mathematics, the early childhood teacher serves as a facilitator
in helping children explore their world and see it in the context of mathemat-
ics. The beginnings of algebraic reasoning emerge when young children sort,
classify, and order objects. The ordering of objects and the noticing of regu-
larity in their world lead to an understanding of patterns. The recognition,
comparison, and analysis of patterns requires children to reason inductively,
thus preparing them for later work with functions (Greenes 1999; Standards
2000 Project 2000).

Children's work with patterns should involve replication, completion,
prediction, extension, description, and generalization. Beyond the more com-
mon patterns involving color, shape, number, and texture, children's explo-
rations should also include movement, rhythm, song, literature, and pitch
patterns. Exploring patterns in different contexts with different stimuli helps
children build robust understanding of the concepts related to patterns.
Teachers should help children form generalizations about patterns by asking
them to describe and compare observed patterns.

Conclusions
As teachers plan and implement a coherent early childhood mathematics pro-
gram, they need to draw on their knowledge of mathematics content and
processes and be responsive to the context of children's experiences, inter-
ests, and ideas (Bredekamp and Copp le 1997). Nurturing a.young child's ap-
preciation and acquisition of *mathematics is not the exclusive job of the
school. Family support and encouragement are also critical in the process.
Having discussions among 'family members about ways mathematics is used
at home, helping children communicate mathematically, and most impor-
tantly, conveying a positive attitude toward mathematics are three key ways
families can support mathematics development in their young children. The
following are some specific suggestions that can be shared with parents on
how they can be involved and supportive of their child's mathematical devel-
opment (adapted from Mokros 1996).

o Do mathematics with your child every day.
o Let your child hear and see you doing mathematics.
o Point out to your child when you are using mathematics in your every-

day life at home and at work.
o Explore mathematics in the books you read with your children.
o Let your children lead the process of exploring mathematical ideas.
o Ask your child to explain their reasoning and ideas to you.

Learning to use mathematics to solve problems should be a lifelong pro-
cess in today's world. Providing a solid foundation of support at school and at
home offers children in their early years a good start on this journey.
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Learning Mathematics
in the Elementary Grades
Mathematics programs in the elementary grades must build upon the intu-
itive mathematical knowledge that children bring with them to school. Chil-
dren's informal knowledge is then expanded and formalized with increasing
sophistication. Throughout the elementary grades, the focus of teaching and
learning must be on helping children make sense of mathematical ideas. The
development of a positive disposition toward mathematics and confidence in
themselves as learners of mathematics is established in these grades through
a foundation of understanding and mathematical inquiry.

Children develop beliefs about the nature of mathematics and mathemat-
ics learning from their experiences in school. What is mathematics? What
does it mean to know and do mathematics? All children need to see them-
selves as young mathematicians capable of exploring and making sense of
their mathematical world. Mathematicians (1) look for mathematics in the
world around them; (2) ask questions, pose problems, and make conjectures;
(3) think about number and shape; (4) want to know why; (5) work together to
investigate mathematics; and (6) use technology as a tool to explore mathe-
matics (Banchoff 2000). Teachers can stimulate and nurture these character-
istics of mathematicians in all their students.

Children are active, resourceful individuals who construct, modify, and
integrate ideas through interactions in their physical and social world. They
need to be challenged with intellectually stimulating and worthwhile tasks
and need to explore these tasks in collaboration with peers. Mathematical
programs should foster a sense of inquiry and exploration of mathematical
ideas and problems. In order to foster such a learning environment, teachers
should ask questions such as the following (National Council of Teachers of
Mathematics 1991; Sheffield 2000):

o What do others think about what she said? Do you agree? Disagree?
o Can you convince the rest of us that your solution makes sense?
o Why do you think that is true? How did you reach that conclusion?
o Does that always work? Can you think of a counterexample?
o What would happen if. . . . ? What are some possibilities here?
o Can you predict the next one? What about the last one?
o How did you think about the problem?
o What decision do you think he should make? Why?
o What is alike and what is different about your method of solution and

John's strategy?
o What ideas that we have learned before were useful in solving this

problem?

In the elementary grades, a coherent and comprehensive mathematics
program includes more than just numbers and operations; it is critical to en-
sure emphasis is also given to the development of mathematical processes
and the content of geometly, measurement, data analysis and probability, and
algebraic reasoning. Children need a deeper and broader understanding of

The focus of teaching
and learning must be on
helping children make
sense of mathematical
ideas.

Mathematical programs
should foster a sense of
inquiry and exploration
of mathematical ideas
and problems.

A coherent and
comprehensive
mathematics program
includes more than
just numbers and
operations.
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Helping children make
connections between

the real world and the
mathematics learned in

school makes
mathematics a set of

related ideas.

mathematics from the very beginning of their education. The goal of elemen-
tary mathematics programs must be to establish a solid foundation of mathe-
matical understanding as understanding is the basis for all learning.

Learning Mathematical Processes
in the Elementary Grades
In striving to make sense of their world, young children use reasoning, make
connections, and communicate their ideas with others. In developing reason-
ing abilities, children engage in activities that allow them to develop clear
thinking by making and investigating conjectures. Young children use a variety
of forms to communicate their understanding of mathematics and strategies
for solving problems. The use of words, numbers, models, pictures, and dia-
grams allows students to clarify and deepen their understanding of mathemat-
ical ideas and allows their ideas to be more easily discussed with others. Help-
ing children make connections between the real world and the mathematics
learned in school makes mathematics a set of related ideas. These mathemati-
cal processes are the tools that are the basis for all learning of mathematics.

National Councii of Teachers DI Mathematics Process
Standards, Principies Standards for School
Mathematics (Standards 2000 IProjject 2000)
The NCTM Process Standards, PK-12, are offered as five strands: problem
solving, reasoning and proof, communication, connections, and representa-
tion. (See introduction in this section, p. 89.) WMAS (Wisconsin Department
of Public Instruction 1998, 4 5) enfolds the processes into a single standard
that encompasses using reasoning abilities, communicating mathematical
ideas, connecting mathematical learning with other experiences, using math-
ematical language with understanding, and explaining and supporting mathe-
matical conclusions.

Wisconsin's Model Academic Standards for Mathematics,
Standard A: Mathematical Processes
Students in Wisconsin will draw on a broad body of mathematical knowledge
and apply a variety of mathematical skills and strategies, including reasoning,
oral and written communication, and the use of appropriate technology, when
solving mathematical, real-world and nonroutine problems. (Wisconsin De-
partment of Public Instruction 1998, 4 5).
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TABLE 5.1 Wisconsin's Model Academic Standards for Mathematical Processes

Wisconsin performance standards

By the end of grade 4 students will:
A.4.1 Use reasoning abilities to:

o perceive patterns,
o identify relationships,
o formulate questions for further

exploration,
o justify strategies, and
o test reasonableness of results.

A.4.2 Communicate mathematical
ideas in a variety of ways, includ-
ing words, numbers, symbols,
pictures, charts, graphs, tables,
diagrams, and models.

A.4.3 Connect mathematical learning
with other subjects, personal ex-
periences, current events, and.
personal interests:

o see relationships between vari-
ous kinds of problems and actual
events, and

o use mathematics as a way to un-
derstand other areas of the cur-
riculum (e.g., measurement in
science, map skills in social
studies).

A.4.4 Use appropriate mathematical
vocabulary, symbols, and nota-
tion with understanding based
on prior conceptual work.

A.4.5 Explain solutions to problems
clearly and logically in oral and
written work and support solu-
tions with evidence.

Elaboration
Elementary mathematics experiences need to capitalize on the informal
learning about mathematics that young students bring with them to
school. Subsequent investigations can be developed so students work with
augmenting that knowledge through patterning, identifying attributes, and
relating present experiences to previously investigated ideas. As students
build understanding from subsequent mathematical investigations, they
should be encouraged to continue to test their knowledge by checking
reasonableness, telling why, and formulating extension questions.

Students come to recognize multiple representations as "mathematics"
and as ways to show and explain mathematics as well as ways to clarify
thinking about mathematics.

Conceptual understanding is facilitated through connections with mean-
ingful contexts and situations. Transfer is strengthened when connections
can be made between and among concepts. When children view mathe-
matics as a tool for use in many contexts, learning is augmented.

Mathematics is a language. Children need to speak and listen to the lan-
guage and to.read and write it.

Explaining solutions helps children clarify their personal thinking. Com-
municating solutions and justifying them helps other students gain access
to additional ways of thinking about mathematics.

AddiVonad Standards OnformaVon
Additional support information can be found in the NCTM Curriculum and Evaluation Standards,
pp. 23-35, and in the NCTM PSSM, 116-141 and 182-209.
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Illustrative Task

Three-Cube Towers

D uild as many different three-cube towers as yciu can when you have two different3
D colors of cubes to work with.

Then write a letter to Jaime, who is absent today. The letter should describe what
you did in class today with the cubes. Be sure to describe all the different three-cube
towers that you built when you had two colors of cubes to work with. Then explain
wh57you are sure that you made every possible tower and had not left any out.

Source: Mathematical Sciences Education Board, Measuring Up: Prototypes for Mathematics As-
sessment (Washington, DC: National Academy Press, 1993).

Discussion of the Task
This task was investigated by a class of third grade students. Each pair of stu-
dents was given two colors of interlocking cubes. The teacher began by hav-
ing the students work with their partners to build two-cube towers with two
colors. They were to try to build as many different towers as possible. As the
teacher interacted with small groups of students, it was apparent that a
dilemma had emerged for the students. Some pairs said there were three dif-
ferent two-cube towers; others found four different towers, and some could
not decide.

Using orange and green cubes for the whole-class discussion, the class
agreed on two of the towers, either both orange or both green. The students
were not sure whether the tower with green on the bottom and orange on the
top should be considered the same as the tower with orange on the bottom
and green on top. Some students argued that because it could just be flipped
around, it should count as the same tower. Others argued that because they
were to build towers that have a top and a bottom, they should be considered
different. The teacher asked the students to discuss the two views further in
their pairs and to formulate an explanation of why they supported one view or
the other.

Most, but not all, pairs agreed that they should be considered different
arrangements after further discussion. Several pairs presented their reason-
ing. The class voted, and it was nearly unanimous that the green toporange
bottom and orange topgreen bottom should be counted as two different
two-color towers. Those who did not vote for this position did agree that they
would consider them different for now. However, the teacher did encourage
these students and the others to view the problem from both perspectives
supporting their intuitive notions of permutations and combinations. "If the
order or orientation matters and we don't allow them to.be flipped, then we
think the cubes can be arranged to make four different two-color towers. If
we allow flips, then we think we are only able to make three different towers."

Next the teacher asked, "Let's say we don't allow flips. Are you really sure
you found all the ways? How do you know?" In pairs the students further ex-
amined their arrangements and tried to make additional towers. They also
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tried to explain how they knew they had all the towers. Several of the pairs
then shared their reasoning with the whole class.

The teacher perceived that the class was ready to move on to a more chal-
lenging task. She presented the three-cube tower problem. Each pair was to
build as many different three-cube towers as possible using two colors of
cubes. Then each pair wrote a letter which included a description of what
they did, of all the different towers they found, and why they thought they
knew they had found, all the towers. Two of the student letters are shown in
figures 5.7 and 5.8. (See p. 124.)

Standards Addressed
A.4.I Use reasoning abilities.
A.4.2 Communicate mathematical ideas in a variety of ways.
A.4.4 Use appropriate mathematical vocabulary, symbols, and notation with

understanding based on prior conceptual work.
A.4.5 Explain solutions to problems clearly and logically in oral and written

work and support solutions with evidence.

Connections to Other Standards
This problem addresses the following standards: number operations and rela-
tionships (B.4.2), geometry (C.4.2), and statistics and probability (E.4.4).

Extension Questions
Reading A Three Hat Day by Laura Geringer (Harper Collins 1985) would
provide a literature connection. Rather than building towers, the students
could find all the different ways that R.R. Pottle could wear his three hats.
Then the students could be asked to consider the following question: Let's
pretend that R.R. Pottle bought the sombrero that he was trying on in the hat
shop. If he always wore the sombrero as the top hat, on top of the other three
hats, how many different ways would he now be able to arrange his hats?

Older students could also be asked to find all the ways to make four-cube
towers or larger towers. The students could also look for patterns in the num-
ber of arrangements of various sized-towers. For example, how many ways
are there to build a one-cube tower? A two-cube tower? A three-cube tower?
A four-cube tower? And so on.

Putting the Standards into Action
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Other Sample Tasks

Sour Ball Guesses

Your teacher has a glass container filled with sour ball candies. The student
who makes an estimate that is closest to the actual number of pieces of candy

wins the container and its contents. You may ask questions to get information to
help make an estimate. Here are the rules.

o No more than 5 questions.
o You cannot ask how many candies there are altogether.

At most 2 questions that have a specific number in them (Example: "Is the
number between 40 and 60?").

List your questions. Then explain how you will use the answers to your ques-
tions to make your estimate. Give examples.

Source: Wisconsin Department of Public Instruction 1995.

Arranging 15 Objects
Show all the ways that 15 objects can be put into four piles so that each pile has a
different number of objects in it. How many different ways did you find? Do you
think you found them all? Why or why not? Describe the strategy you used.

Source: C. Storey. "How do you do it?" Wisconsin Teacher of Mathematics, 45 (3): 18-19.

How Many Wheels?
The children in Johnsonville visited the local park and noticed that there were 15
wheels at the bike rack. There are bicycles (with 2 wheels) and tricycles (with 3
wheels). How many bicycles and tricycles could there be?

This is an example of a problem with multiple solutions. Children can be
given manipulafives or pictures of bicycles and tricycles in order to solve this prob-
lem. Variations of the problem might involve increasing the number of wheels or
adding other things with wheels, such as a wagon or unicycle.

Extension: Create a data table to record the data. Look for patterns and rela-
tionships between the total number of wheels and the "vehicle." Discuss the effect
of the number of wheels on a tricycle on the total number of wheels. Students
should notice that an odd number of tricycles is needed when the number of
wheels is odd.

Mystery Number
Using number cards 0-9, students try to determine the mystery number after
carefully listening to three clues.

1. The number is between 0 and 9 (eliminate 0 and 9).
2. The number times 3 is not an even number (eliminate 2, 4, 6, and 8).
3. Thirty-five is not a multiple of this number (eliminate 1, 5, and 7).

(Answer: 3)
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Number sense includes
knowing when to find

an exact answer and
when an estimate
is appropriate as

well as selecting and
using appropriate

computational
procdures.

This activity can be used to assess understanding of concepts such as even and

odd, multiples and factors, and so on. Variations of the activity might involve using

a hundreds chart and creating clues for any number from 1 to 100. Students can
also be encouraged to write their own "Mystery Number" clues.

Learning Number Operations and
Relationships in the Elementary Grades
As children begin school, they bring their everyday experiences with counting
and numbers. During the elementary grades, this informal knowledge is built
upon and extended as students develop understanding of whole numbers,
fractions, and decimals. The development of number sense or children's abil-
ity to use numbers flexibly and meaningfully and with confidence grows
throughout the elementary grades. Children need many opportunities to use
physical materials and pictorial representations to give meaning to symbols,
to examine number relationships, and to explore operations with whole num-
bers, fractions,' and decimals. Number sense includes knowing when to find
an exact answer and when an estimate is appropriate as well as selecting and
using appropriate computational procedures. Children need to develop a va-
riety of strategies for use in problem-solving situations, including mental
math, algorithms, and using a calculator. When developing algorithms, the
goal is for children to obtain computational fluency gy having efficient and ac-
curate methods for computing that they understand, can explain to others,
and can use in problem-solving situations.

NationaD Coanncifl of Teachers of MathemaVcs
Number and Operations Standard,
Principles and Standards for School Mathematics
(Standards 2000 Profiect 2000)
Instructional programs from prekindergarten through Grade 12 should en-
able all students to:

o Understand numbers, ways of representing numbers, relationships
among nuMbers, and number systems.

o Understand meanings of operations and how they relate to one an-
other.

o Compute fluently and make reasonable estimates.

Wisconsin's Model Academic Standards for Mathematics,
Standard B: Number Operations
Students in Wisconsin will use numbers effectively for various purposes, such
as counting, measuring, estimating, and problem solving. (Wisconsin Depart-
ment of Public Instruction 1998, 6-7.)
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TABLE 5.2 Wisconsin's Model Academic Standards for Number Operations and Relationships

Wisconsin performance standards

By the end of grade 4 students will:
B.4.1 Represent and explain whole

numbers, decimals, and frac-
tions with:

o physical materials,
o number lines and other picto-

rial models,
o verbal descriptions,
o place-value concepts and nota-

tion, and
o symbolic renaming (e.g.,

43=40+3=30+13).

B.4.2 Determine the number of
things in a set by:

o grouping and counting (e.g., by
threes, fives, and hundreds),

o combining and arranging (e.g.,
all possible coin combinations
amounting to 30 cents), and
estimation, including rounding.

B.4.3 Read, write, and order whole
numbers, simple fractions (e.g.,
halves, fourths, tenths, unit
fractions) and commonly used
decimals (monetary units).

B.4.4 Identify and represent equiva-
lent fractions for halves,
fourths, eighths, tenths, and
sixteenths.

B.4.5 In problem-solving situations
involving whole numbers, se-
lect and efficiently use appro-
priate computational proce-
dures such as:

o recalling the basic facts of addi-
tion, subtraction, multiplica-
tion, and division,

o using mental math (e.g.,
37 + 25, 40 x 7),

o estimation,
o selecting and applying algo-

rithms for addition, subtraction,
multiplication, and division, and

o using a calculator.

Elaboration
This standard gets at the beginning of "number sense." Students should be
comfortable with dealing with numbers and simple fractions in a variety of
ways. At first, the work should be highly manipulative, including pictures
of sets, both grouped and ungrouped. The presentation process goes both
ways: (1) given a physical or pictorial representation, tell the number, and
(2) give a symbolic number (written or spoken), and create a physical or
pictorial representation. In the later elementary years, students should be
facile with a variety of symbolic representations.

This standard describes meaningful counting as a way of telling how many
objects are in a set. Counting must progress well beyond a sing-song one-
by-one recitation of the string of counting numbers. It is also important to
note that in many meaningful problem situations, an estimate or an ap-
proximation by rounding of the number of objects is perfectly acceptable.

The ability to read and write numbers is obviously something students
must have to succeed in arithmetic; teaching these skills is also something
careful teachers have been doing for a long time. Learning to order whole
numbers comes through familiarity with beginning counting and, later on,
competence with and understanding of place value. Fractions and deci-
mals, on the other hand, take work. Although nothing is specifically men-
tioned in the text of this standard about written expressions of order of
numbers, students should certainly begin to use the standard symbols as-
sociated with these relationships.

Proficiency with this standard is expected only in the realm of physical and
pictorial representations. By no means should teachers attempt to teach
the symbolic, algorithmic procedures for generating equivalent fractions.

This standard deals directly with whole number computation. Its meaning
and intent should not be misconstrued. The expectation is that the study
of all of whole number arithmetic, including algorithms for all four opera-
tions with any size number, should be completed by the end of fourth
grade and that students should be able to use all of the different methods
listed. When computational algorithms are contemplated, less efficient
ones, or ones of a student's own invention, are perfectly acceptable.
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TABLE 5.2 (Continued)

Wisconsin performance standards

By the end of grade 4 students will:
B.4.6 Add and subtract fractions with

like denominators.
B.4.7 In problem-solving situations

involving money, add and sub-
tract decimals.

Elaboration
These two standards can be discussed together. Neither contains the mag-
nitude or import of standard B.4.5. The intent is that students should
begin to work with computation with fractions and decimals. Both suggest
only simple situations. Both do not necessarily imply use of abstract algo-
rithms. At this point, use of manipulatives or pictures is perfectly accept-
able, although the relative simplicity of content would suggest that many
students could perform well without such aids.

Add-Nona° &arm Elroffommation

Additional support information can be found in the NCTM Curriculum and Evaluation Standards, 36 47
and 57-59, and in the NCTM PSSM, 78-88 and 148-156.

Illustrative Task

Baskets of Cookies

he fourth graders at Franklin Elementary made baskets of cookies for the
kindergarten, first, second, and third grade classes. They made 12 baskets with

24 cookies in each basket. How many cookies would the fourth graders need to
make? Show two different ways to solve this problem.

Discussion of the Task
This task was given to fourth grade students early in the school year. It was
used as an assessment tool to examine student strategies for solving multidigit
multiplication problems prior to formal instruction of multiplication algo-
rithms. The students had previous instruction focusing on conceptual under-
standing of multiplication. The teacher wanted to assess what students knew
about multiplication and what they would do with a situation that involved
larger numbers than those with which they had been working in class. The
teacher used the information from this task to guide instruction. It allowed
her to find out where her students were and where she needed to go next in
linking students' current understandings and strategies to more formal work.
Specifically, she wondered:

o Are students able to extend their conceptual understanding of multi-
plication to situations with larger numbers?

o Can students build upon their informal strategies and prior knowledge
to solve a contextual multiplication problem?

o Can students solve the problem in two different ways?

Four student work samples are shown in figures 5.9 to 5.12. All four stu-
dents used repeated addition in different ways to solve the problem. Tamara
wrote a column of twelve 24s and added them up. John added a column of
24s, but then as a second method he grouped pairs of 24s together to get six
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48s and then added these together. Alicia successively added 12s to the cu-
mulative total and then as a second method successively added 24s to the cu-
mulative total. Erin showed several ways to think about and solve the prob-
lem. She used repeated addition to solve the problem, as well as more fluent
methods, such as using a known fact of.12 x 12 and then doubling this
amount. Some students in the class also used pictures to represent 12 baskets
and then drew 24 dots in each basket.

From the responses, the teacher was able to see that almost all students
could extend their conceptual understanding and use informal strategies to
solve the contextual problem. Many, but not all, students could solve the
problem in two ways. Most of the strategies involved repeated addition. From
this assessment and from observations of the students, the teacher felt the
students were ready to begin developing more fluent strategies for multidigit
multiplication. The assessment also helped the teacher identify students who
needed more support and those who needed more challenge. Furthermore,
the assessment task became a starting point for the class to share strategies
and discuss the need for more fluent methods when working with larger
numbers.
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FIGURE 5.10 John's Work
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Standards Addressed
B.4.2 Determine the number of things in a set.
B.4.5 In problem-solving situations involving whole numbers, select and ef-

ficiently use appropriate computational procedures.

Connections to Other Standards
This problem addresses the following standards: mathematical processes
(A.4.2, A.4.3, A.4.5) and algebraic relationships (F.4.6).

Extension Questions
The students could also be asked to estimate the number of cookies needed
to fill the baskets. A similar task can be used later in the school year to assess
students' growth in using more fluent strategies. The task could be altered by
changing the context or changing the numbers.

In the earlier grades, smaller numbers can be used or the situation can be
altered to examine students' understanding of and strategies for addition or
subtraction. For older students, the situation could be altered to examine stu-
dents' understanding of and strategies for division.
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Other Sample Tasks

What Do I Do All Day?

r ave students keep track of their activities for one weekday. They should de-
1 termine what part of the usual weekday they spend on various activities such

as school, eating, sleeping, watching TV, playing outside, playing on the computer,
and homework. As a class you might decide on some of the categories and then let
students select the others. They should make a chart that lists the activity the
number of hours, and the fraction of the day for that particular activity. Students
could als6 keep track of their activities for one day on a weekend and make com-

parisons.

Source: M. Burns. The Good Time Math Event Book (Sunnyvale, CA: Creative Publications,
1977).

No Change

A shop has a notice that reads: No change given here. What amounts can be paid
using these four coins: a quarter, a dime, a nickel, and a penny?

Source: K. Wood. "Who's Thinking in Your Classroom?" Wisconsin Teacher of Mathematics 45
(3): 16-17.

Becca's Dad's Problem
Becca was doing her math homework one night when she called her dad into the
room. "Dad, do you think 36 x 8 is the same as 48 x 6?" Before her dad even had
time to think, Becca said, "Well, it is." And she showed her dad her work. She
asked her dad, "Why does this work? Are there other numbers that work this
way?" Help Becca's dad answer these questions for his daughter. Explain why the
first pair of factors have the same product. Then find two other pairs of numbers
that work this way.

Source: D. Huinker. "Performance Assessment Tasks," Wisconsin Teacher of Mathematics 46(1):

32-33.

Calendar
Activities with the calendar can nurture and develop number operationS and rela-
tionships at all elementary levels with varying degrees of complexity. Students can
do simple counting and skip counting or look for patterns and relationships. They
can be asked to predict what the date will be one week from today or two weeks
from yesterday. Increasing the difficulty, students can determine how many days
remain before a vacation by counting up from the present date or counting back
from the vacation date, showing the inverse relationships of addition and subtrac-
tion. Students enjoy making equations for the current date. The possibilities are
endless.
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Learning Geometry in the
Elementary Grades
Children's interest in the world around them is the start of their learning of
geometry. From observations of their environment, children can identify two-
and three-dimensional shapes and begin examining their attributes and prop-
erties. Throughout the elementary grades, children's mathematical vocabu-
lary is expanding as they hear and use these terms in the context of their in-
vestigations and discoveries. They learn to recognize and describe figures by
their characteristics and use relationships among figures to solve geometric
problems. Spatial reasoning ability develops as children construct shapes with
physical materials, draw pictures and diagrams of shapes, and visualize
shapes, relationships, and geometric motions or transformations. Children
can also begin to formulate reasons and mathematical arguments about geo-
metric relationships. These early experiences and explorations with geometry
lay the foundation for more formal work with geometry in the later grades.

Na1tona0 Coma of Teachers of Mathemardcs
Geometry Standard, Principles and Standards for
School Mathematics (Standards 2000 Preject 2000)
Instructional programs from prekindergarten through Grade 12 should en-
able all students to:

o Analyze characteristics and properties of two- and three-dimensional
geometric shapes and develop mathematical arguments about geomet-
ric relationships.

o Specify locations and describe spatial relationships using coordinate
geometry and other representational systems.

o Apply transformations and use symmetry to analyze mathematical situ-
ations.

o Use visualization, spatial reasoning, and geometric modeling to solve
problems.

Wisconsin's Model Academic Standards for Mathematics,
Standard C: Geometry
Students in Wisconsin will be able to use geometric concepts, relationships
and procedures to interpret, represent, and solve problems. (Wisconsin De-
partment of Public Instruction 1998, 8-9).

Children's interest in
the world around them
is the start of their
learning of geometry.
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TABLE 5.3 Wisconsin's Model Academic Standard for Geometry

Wisconsin performance standards

By the end of grade 4 students will: Elaboration
C.4.1 This standard essentially aims at getting students familiar with a

wide range of geometric figures. The various bulleted substate-
ments characterize the many different ways in which students
can describe their nascent understanding of these figures and
their properties.

Describe two- and three-dimensional
figures (e.g., circles, polygons, trape-
zoids, prisms, and spheres) by:

o naming them,
o comparing, sorting, and classifying

them,
o drawing and constructing physical mod-

els to specifications,
o identifying their properties (e.g., num-

ber of sides or faces, two- or three-
dimensionality, equal sides, and
number of right angles),

o predicting the results of combining or
subdividing two-dimensional figures, and

o explaining how these figures are related
to objects in the environment.

C.4.2 Use physical materials and motion
geometry (such as slides, flips, and
turns) to identify properties and rela-
tionships, including but not limited to:

o symmetry,
o congruence, and
o similarity.

C.4.3 identify and use relationships among fig-
ures, including but not limited to:

o location (e.g., between, adjacent to,
interior of),

o position (e.g., parallel, perpendicular), and
o intersection (of two-dimensional figures).

C.4.4 Use simple two-dimensional coordinate
systems to find locations on maps and to
represent points and simple figures.

The intent of this standard is to have students physically manipu-
late models of two-dimensional figures to develop and show their
understanding of some basic and important geometric properties
and relationships. Formal terminology associated with motion (or
transformational) geometry need not be stressed here; what is
important is the hands-on introduction to these very important
concepts.

This standard emphasizes some simple and basic ideas that can
easily be ignored by some instructional programs; namely, that
where a figure is placed in relation to one or more other figures is
an important way of characterizing that figure.

Describing the location of an object using a formalized coordi-
nate system is an extremely important skill, not just in mathemat-
ics but in many real-life applications (e.g., finding one's seat in a
theater or stadium). Development of this skill must begin in the
early grades.

Add-Hama° Standarrds Ihfformerion
Additional support information can be found in the NCTM Curriculum and Evaluation Standards, 48-50,
and in the NCTM PSSM, 96-101 and 164-169.

134 Putting the Standards into Action



Illustrative Task

String Polygons

he purpose of this activity is for students to investigate forming pofygons. Each
group of students is given a large loop of string and they use their hands to serve

as vertices of polygons. The students explore the effect of changing the size of an
angle and increasing or decreasing the number of sides while the perimeter is un-
changed. Each group makes a list of their observations using words and diagrams.

Discussion of the Task
This class of fourth grade students is experinwnting with making polygons
and exploring the effects of changing characteristics of shapes. This activity
promotes students' understanding of the properties and relationships of poly-
gons, provides an opportunity to further develop mathematical vocabulary in
context of their explorations, and develops spatial sense. Through teacher
questioning, the investigation pushes students beyond just identifying shapes
to an analysis of the characteristics of polygons and to formulating informal
proofs or justifications.

T: Today we're going to be exploring polygons. I want you to turn to your
neighbor and tell each other how you know when a shape is a polygon.

As the students discussed, the teacher moved about the room listening and
getting an idea of students' understanding and use of geometric terms for de-
scribing polygons.

T: So, what is a polygon?
S: It's a shape with straight sides.
S: The shape has to be closed.
T: What does it mean to be closed?
S: There can't be any openings.
T: How many sides does a polygon have?
S: Four.
S: No, well, it can have four, but it can have more than four, too.
S: It can have any number of sides.
T: Any number? Can it have one thousand?
S: Yes, but it would have to be really big.
S: Well, it could be small, but it would be hard to really see the tiny sides.
T: So, let's see. A polygon is a closed shape with straight sides, and it can

have any number of sides.
S: It can't have one side.
T: That's interesting. What do you mean it can't have one side?
S: It would just be a straight line, and that wouldn't be a polygon. It can't

have two sides either.
T: It can't? What do others think about this? Can a polygon have two sides?

Talk to your neighbor and then draw a polygon with two sides on your paper.
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The students engaged in a lively discussion. They attempted to draw a
polygon with two sides. Some commented that it was impossible, and the
teacher prompted them to try to explain why they thought it was impossible.
Others were still not sure.

T: I want you to think more about how many sides a polygon can have
throughout today's math class, and we'll talk more about it later.

The teacher wrote the following questions on the board: How many sides
can a polygon have? Can a polygon have two sides? Why or why not?

T: Today we're going to explore polygons. I'm going to give each group a
large loop of string to use to make polygons. I need three people to help
me show you what we're going to do today. (Three students came to the
front of the room. The teacher had each student grab onto the string with
one hand and then step back until the string was tight and formed a poly-
gon.) What shape did they make, and how do you know?

S: It's a triangle because it has three sides.
T: What else do you notice about the triangle?
S: It has one short side and two longer sides.
T: So you noticed something about the length of the sides. What other

things do you notice?
S: That one angle looks like it might be a right angle.
T: So you noticed something about the angles. I wonder what kind of triangle

this is? We're not going to answer this right now, but in your small groups
you will be exploring triangles and other polygons. Use your hands to make
the vertices and then pull the string tight to make the sides just as we did
here. Form four different polygons, record the name of the shape, make a
sketch of it, and then describe how you made the shape. On the table are
some meter sticks if you would like to use them. Ifthere are other tools you
need as you work, you may get them from the materials area.

As the students worked in small groups of three or four students, the
teacher observed and questioned them. For example, some of the questions
asked of students included: Are you sure it's a rectangle? What has to be true
for it to be a rectangle? What do you call a big angle like that? How could you
decide if that is a right angle? What else can you observe about this shape?
How could you change that quadrilateral so that it would be a parallelogram?
How could you change that triangle to make a different type of triangle?

T: Let's share some of your observations. What shape did some groups
make, and how did you make it?

S: We made a square. Each of us grabbed onto the string with one hand.
There were four of us. So that gave us the four corners. Then we moved
our hands until all the sides were the same size.

T: I'd like everyone to think about what needs to be true if a polygon is a
square. Then talk with your partner about what questions we could ask
this group to determine whether or not they really made a square.
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As the students talked this over with their neighbor, the teacher asked the
group of four students to get up and make a square with their string.

T: What has to be true if this shape is really a square? What questions do you
have for this group?

S: How do you know for sure that all the sides are the same length?
S: Well, they look like they are the same length.
T: What suggestions do you have for how we could check to see if the sides

are the same length?
S: Use a meter stick.
S: Or they could just match up the string; that's what our group did.
T: We know that a square needs to have four sides that are equal in length,

and we have two ideas of how we could check to make sure. What else
needs to be true if the polygon is a square?

S: The corners need to be right angles.
T: What's a right angle, and how could you check the angles?
S: A right angle is like a square corner and it's 90 degrees. Our group used

our library books and put one at each corner and made sure that the
string lined up with the sides of the book.

T: Is there anything else that needs to be true?
S: The sides across from each other have to be like railroad tracks.
T: What do you mean by that?
S: Well, the sides, if they kept on going, would never touch.
T: Does someone remember what we call it when two lines or sides are like

this and how could you check?
S: They're parallel, and we could use the meter stick.
T: I'd like each group to use their string to make a square. Think about the

ideas we just shared and figure out how to make sure that your polygon is
a square.

All the groups worked to make squares. Most of them used meter sticks to
measure the sides, but some just matched the sides and made adjustments as
needed. All of the groups used books or folders or paper to make right angles.
The teacher visited the groups, asking, "How are you sure you have a
square?" For the remainder of the class, the students took turns demonstrat-
ing a polygon for the class, discussing the characteristics of it and how to
check for these characteristics, and then returning to their small groups to
make the polygons. Some of the polygons they explored included a right trian-
gle, a parallelogram, and a pentagon. For homework, the students wrote
about the questions that had been written on the board earlier regarding the
number of sides that a polygon can have.

Standards Addressed
C.4.1 Desc rib e two-dimensional figures.
C.4.2 Use physical materials and motion geometry to identify properties

and relationships.
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Connections to Other Standards
This problem addresses the following standards: mathematical processes
(A.4.1, A.4.2, A.4.4, A.4.5); measurement (D.4.1, D.4.3, D.4.4).

Extension Questions
Put several polygon tiles or pattern blocks in a bag for each group of students.
Each group begins by making any type of quadrilateral. Without letting go of
the string, someone pulls a shape out of the bag. They must now change or
transform their current shape into the new shape trying to preserve as many
characteristics or attributes of the previous shape and make only those
changes that are necessary. Then.they pull out another shape and continue in
a similar manner. Another option is to simply call out the shape that all groups
should make or the attribute they should change.

In the earlier grades, students might explore making different triangles
with a focus on spatial visualization and development of intuitive and informal
ideas about shape characteristics. Then on another day they could explore
four-sided figures.

Other Sample Tasks

Pattern Block Symmetry

Direct students to create a symmetrical pattern using only red, blue, green, and
yellow pattern blocks. The design may have rotational symmetry, mirror sym-

metry, or both. The design must also fit on a 9-inch-by-12-inch sheet of construc-
tion paper. When students have completed making their design, have them transfer

it to triangle paper and color it. Finally, students write a paragraph that describes
their design. The descriptions must contain discussion of the kind of symmetry
used and justification or proof that it is that type. It should also describe the design
in enough detail that a reader would be able to match the paragraph to the design.

Source: L. Williams. "Descriptions by Design," Wisconsin Teacher of Mathematics 49(3): 16-17.

The Four-Triangle Problem
Give each group of students two different colors of 3-inch squares. They will need
about 20 squares of each color. The students fold and ,cut each square in half along
a diagonal. Using these right triangles, each group of students tries to find all the
possible arrangements when using four triangles to make each shape. They should
tape together each arrangement they find. In each arrangement, each triangle
must touch the side of at least one other triangle and follow the rule that sides that

touch must be the same length and match exactly. Students should be prepared to
discuss why they think they have found all the arrangements.

Source: C. Rectanus. Math by All Means: Geometnj Grades 3-5 (Sausalito, CA: Math Solutions
Publications, 1994).
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Geoboard Simon Says
Without showing the students, describe how you are putting a geoband on a
geoboard. Students should follow and do the same on their geoboards. For
younger children, start with simple paths such as designs, letters, numerals, or
combinations of shapes. For older children, emphasize geometric properties, such
as "I am forming a shape in which the opposite sides are parallel." Students can
then make and describe their own designs to each other.

Source: Bruni, J., & Seidenstein, R. (1990). Geometric concepts and spatial sense. In J. N. Payne
(Ed.), Mathematics for the young child (pp. 202-227). Reston, VA: National Council of Teachers
of Mathematics.

Quick Images
Draw some simple two-dimensional designs on transparencies such as a stack of
squares or connecting triangles. Flash one of the images for three seconds on an
overhead projector. Students are to draw what they saw. The goal is for students to
draw the design from their mental image of it, thus enhancing their spatial reason-
ing. They quickly learn to study the figure carefully and note certain features of it.
Then flash the image again for another three seconds and allow students to revise
their drawings. Next reveal the image so that all students can complete or revise
their drawings. Finally, have students discuss the various ways they saw the images
and how they used this to help them make their drawings.

Source: C. Tierney and S. J. Russell. Ten-Minute Math (Parsippany, NJ: Dale Seymour Publica-
tions, 2001).

Learning Measurement
in the Elementary Grades
Measurement is often overlooked as part of the mathematics curriculum, and
yet it is a topic that permeates so many other areas of mathematics and of
real-world experiences. Young children should be involved with a wide variety
of measurement activities with arbitrary and standard units. They should ex-
perience informal measurement by looking, guessing, moving, and comparing
objects. These types of experiences assist children in understanding and rec-
ognizing measurable attributes. Later, children will determine an appropriate
unit and use measuring instruments. Students should come to realize the
need for standard units and become familiar with metric and U.S. customary
units to evaluate different objects, amounts, and situations.

National] Coma of Teachers of Mathematics
Measurement Standard, Principles and Standards for
School Mathematics (Standards 2000 Project 2000)
Instructional programs from prekindergarten through Grade 12 should en-
able all students to:

o Understand measurable attributes of objects and the units, systems,
and processes of measurement.

o Apply appropriate techniques, tools, and formulas to determine mea-
surements.

Young children should
be involved with a wide
variety of measurement
activities with arbitrary
and standard units and
they should experience
informal measurement
by looking, guessing,
moving, and comparing
objects.
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Wisconsin's Model Academic Standards of Mathematics,
Standard D: Measurement
Students in Wisconsin will select and use appropriate tools (including tech-
nology) and techniques to measure things to a specified degree of accuracy.
They will use measurements in problem-solving situations. (Wisconsin De-
partment of Public Instruction 1998, 10-11).

TABLE 5.4 Wisconsin's Model Academic Standards for Measurement

Wisconsin performance standards

By the end of grade 4 students will: Elaboration
D.4.1 Recognize and describe measurable This standard gets at the beginning of measurement sense. Stu-

attributes, such as length, liquid capac-
ity, time, weight (mass), temperature,
volume, monetary value, and angle size
and identify the appropriate units to
measure them

D.4.2 Demonstrate understanding of basic
facts, principles, and techniques of
measurement, including:

o appropriate use of arbitrary and stan-
dard units (metric and U.S. Customary),

o appropriate use and conversion of units
within a system (such as yards, feet, and
inches; ldlograms and grams; gallons,
quarts, pints, and cups), and

o judging the reasonableness of an ob-
tained measurement as it relates to prior
experience and familiar benchmarks

D.4.3 Read and interpret measuring instru-
ments (e.g., rulers, clocks, thermome-
ters)

dents need to recognize that things can be measured in many dif-
ferent ways. For example, a classmate has height, weight, age,
number of siblings, and distance traveled to school, to name just
a few attributes or characteristics. To measure that classmate's
height, one does not use pounds or years; rather, a unit that itself
has length is appropriate. Yet it is inappropriate to use miles or
even meters to measure the height. Inches, or a combination of
feet and inches, makes more sense.

This is closely related to D.4.1 in that it, too, gets at the develop-
ment of measurement sense. Of particular importance is the abil-
ity to judge reasonableness of measurements. For example, if a
student hears "My brother is five and a half inches tall," he or she
should recognize the mistake, knowing either that an inch is only
as long as part of my thumb or that the speaker probably means
five and a half feet because he or she knows that mother is just a
little bit taller than five feet.

A student will learn to use measuring instruments effectively only
if given ample opportunity to use them in realistic, hands-on situ-
ations. Only looking at pictures in workbooks and text books will
not get the job done!
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D .4.4 Determine measurements directly by
using standard tools to these suggested
degrees of accuracy:

o length to the nearest half-inch or nearest
centimeter,

o weight (mass) to the nearest ounce or
nearest five grams,

o temperature to the nearest five degrees,
o time to the nearest minute,
o monetary value to dollars and cents,
o liquid capacity to the nearest fluid

ounce

D.4.5 Determine measurements by using basic
relationships (such as perimeter and
area) and approximate measurements by
using estimation techniques

The degrees of accuracy stated here are, as stated, only sugges-
tions. Teachers should feel free to use their own good judgement
in this regard, varying expectations with students of differing lev-
els of manual and visual skills.

This standard marks the beginning of learning the skills and con-
cepts associated with indirect measurement. Many attributes and
units of measurement do not lend themselves to the reading of
some instrument. Area is a good example. Although, in theory,
one could cover a surface with cutouts of square inches (feet, me-
ters, etc.) and then count the number of units used, it simply is
not practical to do so.

It is also important to recognize that in many practical, real-life
situations, an approximate measurement is good enough to solve
the problem that gave rise to the need for having a measurement
in the first place.

AddiVonal Standards Broformatöon
Additional support information can be found in the NCTM Curriculum and Evaluation Standards, 51-53,
and in the NCTM PSSM, 102-106 and 170-175.

Illustrative Task

Tornado Safety Plan

fter the new addition to Eastside School is completed and more students are
enrolled, the Tornado Safety Plan will need to be updated. Mr. Brown, the

principal, has asked the students in Mrs. K's class to determine how many fourth
graders will be able to duck and cover in the back hallway. Your group is responsi-
ble for coming up with an answer and final recommendation regarding the Tor-
nado Safety Plan. Be sure to include data, drawings, calculations, and conclusions.
Also include a thorough explanation of how you arrived at your recommendation.

Discussion of the Task
The authentic situation for this task arose from the renovation of Eastside
School. Mrs. K discussed the reasons for the addition of more rooms to their
school and some of the implications for school policies. Then she posed the
task to her fotirth grade students. The students worked on the task in small
groups for four days.
. On tbe first day, each group developed a plan for investigating the situa-
tion. In small groups, students discussed these two 'questions: "What do you
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need to know?" and "What do you need to do?" Then through whole-class dis-
course, it was agreed that they needed to measure the length of the hallway
and that they would measure using meters. The students also discussed that
they needed to take into consideration how much space each student would
require to duck and cover. Because the students would be lined up single file
next to the wall, they realized they only needed to measure the length and not
the area needed by each student to sit on the floor. The students now returned
to their small groups to further develop their plans and to begin working.

Some students began by measuring the hallway while others began mea-
suring students. The students realized that different-sized students would re-
quire different amounts of space. Someone like Jenny would take up less space
than others like Robert. Two approaches emerged. Some groups worked on
determining how much space a typical student would require. They faced the
dilemma, "How to find the typical student length?" This provided an opportu-
nity to reinforce the use of median as a measure of a typical student. The stu-
dents first measured their own group members and then measured students
from other groups so that they would have a more representative sample. One
group decided that a student would require 35 centimeters. This group had
measured the hallway in meters. Now they had to resolve their use of different
units by converting units within the metric system.

The other groups approached the task by figuring out how many students
could fit in a meter. These groups laid a meter stick on the floor and then had stu-
dents sit next to it. They tried a mixture of larger and smaller students and also
checked with other groups to see if they came up with the same number of stu-
dents. As the students worked, the teacher assessed each group to see if they un-
derstood the task, if they had a plan, and if they were ready to carry out their plan.

During the second day, the students reexamined the task and their plans.
The teacher realized that many of her students still did not completely under-
stand the problem and all the facets that it entailed. They often think they know
wliat to do, but to fully understand the task, they had to mess around a bit and
do some initial measuring. Now the teacher assisted the students in further clar-
ifying aspects of their plan by questioning them about what they were going to
do and why. The groups continued their measuring from the previous day. Then
the students used their measurements to determine how many students could
duck and cover in the hallway and prepared reports of their recommendations.

On the third day, the students presented their recommendations to each
other. Several issues emerged. Can a student sit in front of a doorway? Will
the fourth graders be able to sit on both sides of the hallway or only on one
side? Why did groups have different measurements for the length of the hall-
way? Can two or three students fit in a meter? How much space should be
designated for each fourth grader? How many fourth graders will there be
next year? Two of the student written reports are shown in figures 5.13A and
5.13B. The teacher evaluated each report for an understanding of the prob-
lem, ability to communicate a plan and a recommendation, and the reason-
ableness of the recommendation.

On the fourth day, the class examined the issues that had emerged during the
presentations. Through further discussion and investigation, the students reached
consensus on the issues and prepared a class recommendation to the principal.
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Standards Addressed
D.4.1 Recognize and describe measurable attributes.
D.4.2 Demonstrate understanding of basic facts, principles, and techniques

of measureinent
D.4.3 Read and interpret measuring instruments.
D.4.4 Determine measurements directly by using standard tools.

Connections to Other Standards
This problem addresses the following standards: mathematical processes
(A.4.2, A.4.3, A.4.5), number operations and relationships (B.4.5), and statis-
tics and probability (E.4.1, E.4.2).

Extension Questions
A related data investigation would involve measuring the space needed by
each student in the class to duck and cover. This data could then be graphed,
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and the class would determine the typical space needed by a student by find-
ing the median.

Students could also investigate other school and nonschool situations that
involve setting capacity limits. For example, what is the capacity of a class-
room, the lunchroom, the gym, the auditorium, an elevator, or a meeting
room? The students could also research fire codes and how capacity limits are
established.

Other Sample Tasks

Shopping with Ads

Using the advertisements from the local newspaper, students can compare
prices among different vendors. The goal is to compare quantities and prices

to shop for the best deals. The quantities should include liquid measurements, lin-
ear measurements, and price offerings such as "39 cents each or 3 for $1.00.
What's the better deal?" This activity will take several class periods to complete,
but the resulting discussions among students represent wisely spent, high-quality
learning time. Students should be encouraged to use calculators to aid in thecom-
parisons and to communicate their thinking and their results in both written and
verbal forms. A valuable source of assessment information is having students write

out their shopping lists with the "best deals" and the rationale behind choosing one
product over another.

Area of My Hand and Foot
Materials: centimeter grid paper and graph paper.

1. Students will trace one hand and one foot on a piece of centimeter grid paper.
Then students should count the total area of each, taking into consideration
partial squares. The total area should be to the nearest square centimeter.

2. Graph the results on an Area of Hands versus Area of Feet graph.
3. Compare results. If data is collected from a wide range of ages and sizes, a

best-fit line can be drawn, and students can analyze the data and make pre-
dictions. The question can be posed: "Suppose a new student came into our
class, what would you predict that his/her hand and foot area would be?"

A similar activity can be done with height and arm span.

Design a Tule Floor

Students use pattern blocks to design a floor of a six-foot-by-eight-foot room and
determine how many blocks of each kind are needed to complete the floor. Use a

scale (a one-inch block equals one foot) or design a part of the floor at the actual
size. Tiles may have to be cut to fit the edge of the room.

Source: M. M. Lindquist. "The Measurement Standards" Arithmetic Teacher 37(2): 22-26.
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Children should
formulate questions,
collect and represent

data, and then
determine whether

they can reach a
reasonable conclusion

or need to collect more
or different data.

How Much Taller is a Fourth Grader Than a First Grader?
Students measure their own heights and then the heights of students in a class of
the other grade level. Students need to determine an effective way to represent
the data from the two classes. This may include data tables, bar graphs, stem-and-
leaf plots, and other representations. In this activity, students will consider ideas
such as "typical" or "average" height of students and various ways to represent and

analyze two sets of data.

Source: S. J. Russell, R. B. Corwin, A. Rubin, and J. Akers. The Shape of the Data. (Menlo Park,

CA: Dale Seymour Publications, 1998).

Learning Statistics and Probability
in the Elementary Grades
Early experiences are the basis for children's understanding of statistics and
probability. They develop concepts for decision making through comparing,
sorting, counting, organizing, and creating representations of data. Children
come to realize that data can provide them with interesting and important in-
formation as they collect and organize data about themselves, their school,
their families, and their community. Children should formulate questions,
collect and represent data, and then determine whether they can reach a rea-
sonable conclusion or need to collect more or different data. Data investiga-
tions in the upper elementary grades should also involve students in the com-
parison of related data sets. The concept of probability is developed from
children's informal experiences in describing everyday events as likely or not
likely and from their exploration with experiments. In the upper elementary
grades, children learn to quantify and predict the likelihood of future events.

NaVonall Coma of Teachers of Mathema-Ncs
Data Anallysis and Probe:My Standards,
Principlles and Standards for School Mathematics
(Standards 2000 Proiect 2000)
Instructional programs from prekindergarten through Grade 12 should en-
able all students to:

o Formulate questions that can be addressed with data and collect, orga-
nize, and display relevant data to answer them.

o Select and use appropriate statistical methods to analyze data.
o Develop and evaluate inferences and predictions that are based on data.
o Understand and apply basic concepts of probability.

Wisconsin's Model Academic Standards of Mathematics,
Standard E: Statistics and Probability
Students in Wisconsin will use data collection and analysis, statistics and
probability in problem-solving situations, employing technology where ap-
propriate. (Wisconsin Department of Public Instruction 1998, 12-13).
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TABLE 5.5 Wisconsin Model Academic Standards for Statistics and Probability

Wisconsin performance standards

By the end of grade 4 students will:
E.4.1 Work with data in the context of real-

world situations by:
o formulating questions that lead to data

collection and analysis,
o determining what data to collect and

when and how to collect them,
o collecting, organiiing, and displaying

data, and
o drawing reasonable conclusions based

on data.

E.4.2 Describe a set of data using:
o high and low values and range,
o most frequent value (mode), and
o middle value of a set of ordered data

(median).

E.4.3 In problem-solving situations, read, ex-
tract, and use information presented in
graphs, tables, or charts.

E.4.4 Determine if future events are more,
less, or equally likely, impossible, or cer-
tain to occur.

E.4.5 Predict outcomes of future events and
test predictions using data from a variety
of sources.

Elaboration
This standard addresses the notion of exploratory data analysis. It
cannot be emphasized too strongly that the intent is to work with
situations that are real and meaningful to students, in which they,
the students, for the most part collect and analyze actual data.
Use of "canned" data sets where everything turns out "just right"
should be minimized.

The expectation is that students learn to use these concepts while
using the appropriate terminology.

One of the important skills of data analysis is to read and inter-
pret data generated by someone else. Because those data are
often summarized in tables, charts, or graphs, students must be
comfortable with all of those modes of presentation.

Probability is the measurement of a future event where the at-
tribute in question is expected frequency of its occurrence. This
standard begins the work of acquiring this fundamental concept.

The future events envisioned in this standard are simple ones.
Some examples might be tosses of coins or dice, results of a class
or school survey, outcomes of a sporting event, or weather condi-
tions. Ideally, the choice of events to study would promote actual
data collection by the students, although externally generated
data are acceptable. In fact, choice of what data to use in testing
of a prediction is an integral part of this standard.

Additional] Standards Won-nation
Additional support information can be found in the NCTM Curriculum and Evaluation Standards, 54 56,

and in the NCTM PSSM, 108-114 and 176-181.
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Illustrative Task

Kids' Feet and Adults' Feet

-Dart 1. After reading, "How Big Is a Foot?" by Rolf My ller, students measure
the length of their feet. The foot lengths are listed on the chalkboard. Work-

ing with a partner, students organize the numbers on a line plot so that they can
answer this question: "What is the typical foot length in our class?"

Part 2. Students measure the foot length of at least one adult outside of school. For
each measurement, the person's name, age, and foot length are recorded. As a class,

organize the data on a line plot. Discuss what is typical about the foot length of adults.

Part 3. Compare the two line plots. Discuss the similarities and differences be-
tween the length of student feet and the length of adult feet.

Source: K. Economopolous, J. Mokros, and S. J. Russell, From Paces to Feet (Menlo Park, CA:

Dale Seymour Publications, 1998).

T: Yesterday we took off our shoes and measured our feet. Here are all of
your foot lengths. In pairs, organize this data in a way that makes sense to
you. The question that I want you to be able to answer after you organize
your data is "What is typical about our foot lengths?"

S: What does typical mean?
T: Does anyone have an idea what this means?
S: I think it means to describe what is interesting about our foot lengths.
T: It means more than just interesting, what else?
S: It's what you notice about a lot of kids in our class.
T: Once your data is organized, describe what you notice is typical or similar

about a lot of kids in our class.

Some of the students were unsure of the meaning of typical. This is a key
idea and something the teacher assessed as she interacted with small groups of
students while they organized the data.

T: Does someone have some ideas about how to organize your data?
S: Make a line plot.
T: Would that help you organize your data?
S: Yes!

T: Remember that a line plot is a quick sketch; it does not have to be de-
tailed and beautiful.

The students worked in pairs to make line plots. Some of the measure-
ments included fractional amounts. Thus, students had to decide hotv to plot
the fractions. Once students decided how to mark the intervals on their line
and how to plot the fractions, one student read off the data as the other stu-
dent plotted it. Here is the line plot of the foot lengths of the third grade stu-
dents.
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FIGURE 5.14

T: Let's look at our data. Can we answer our question now? What is typical
about the foot lengths in our class, or what do you notice about a lot of
students in our room?

S: A lot of kids have the same-sized foot. They have 8 or 9.
T: So you noticed that a lot of us have foot lengths of 8 or 9 inches. So are

you saying it is typical for kids in our room to have 8- or 9-inch feet? Does
anyone want to add more to what she said or say something different?

S: Not everyone has the same length feet.
T: Is there anything unusual about the data? Do you notice\ any outliers?
S: Seven.
T: Are there people with 7-inch feet?
S: Yes.

T: How many?
S: Two.

Tr So you are saying that the two people in the classroom with 7-inch feet
don't have typical feet. Why?

S: They are kind of far away from the others.
Tr Where is most of the data clumped or clustered? (This question helped to

refocus the students back on thinking about what is typical in the data.)
S: Around 8 and 9.
Tr Can you come up and show us with your hands where most of the data is

clumped? (The student comes up to the board and shows that part of the
line plot.)

Tr I'm seeing this bump right here at 8; what can you learn from this bump?
S: Lots of people have 8-inch feet.

The teacher then asked the students to get out their homework. They were
each to measure the foot length of at least one adult outside of school. First the
teacher led a discussion on how to mark the interval on the line. It was de-
cided to begin at 8 and end at 13. Next they created a class line plot of all the
data. As each student reported his or her data, the teacher marked it on the
line plot.

T: What do you notice about this data?
S: There are twb modes.
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T: What do you mean by modes?
S: There are two highest numbers, 10 and 11.
T: So those are called modes because they have the highest number of peo-

ple or votes. What do you notice about a lot of the data? What do you no-
tice about the foot lengths of adults?

S: Most of the adults have 10-, 11-, or 12-inch feet.

X X X
X X X X X X X

X X X X X X X X X

8 9 10 11 12 13

FIGURE 5.15

T: Let's show both line plots, yours and the adults. Make a comparison. Can
you find anything different about third grade foot length and adult foot
length?

S: In our class 8 has more than the adults have at 10 or 11.
T: What else do you notice about this data?
S: Some of the kids have bigger feet than the grownups.
T: Come up and show us.
S: If you're a 10-inch-foot kid, then you're bigger than these adults (pointing

to the data points at 8.5, 9, and 9.5 inches).
T: You noticed that some of the third graders in this class have bigger feet

than some of the adults. What else do you notice? Can you tell us about
the shape of the data?

S: The mode on the adult is higher than on our graph, The mode for us is a
lower number.

T: What else do you notice?
S: When you grow up, your foot lengths are more spread out, and when you

are a kid, your foot lengths are all about the same.
T: We've discussed several things about the foot lengths of third graders and

of adults. In your math journal, respond to these three questions: (1) What
is typical about the foot lengths of third graders in our class? (2) What is
typical about the foot lengths of adults? (3) Make three comparisons of
the length of student feet with the length of adult feet.

Discussion of the Task
This third grade class is investigating the foot lengths of third graders and
comparing this with the foot lengths of adults. The students collect, organize,
and display data. Then they discuss the shape and important features of the
data and compare related data sets.

In this lesson, the students were analyzing and summarizing data. The
teacher challenged the students to capture the essence of the data by asking
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them to describe what was ical" about each data set and to compare the
data sets. The written task at the end of the lesson allowed the teacher to fur-
ther assess each individual student's understanding of summarizing and'com-
paring the data sets.

Standards Addressed
E.4.1 Work with data in the context of real-world situations.
E.4.2 Describe a set of data.

Connections to Other Standards
This problem addresses the following standards: mathematical processes
(A.4.2, A.4.3), number operations and relationships (B.4.1), and measure-
ment (D4.3, D4.4).

Extension Questions
At the earlier grades, students might trace their footprints on construction
paper, cut them out, and then measure the lengths. A pictograph of their foot
lengths could then be created with the cutout prints. Another option would be
to have students create a real or human graph based on the lengths of their feet.

In the later grades, students could discuss what appears to be typical foot
lengths of adults and children and then find the median and mean foot
lengths. Then they could use these measures of center to compare the data
sets.

Other Samplle Tasks
How Long is a Word?

Have students work in pairs to explore the typical lengths of words. Each pair
needs a book, such as a library book. They should choose one page in the book. On
this page they need to determine how many words have only one letter, how many
have two letters, three letters, and so on. They should make a table or graph to
keep track of their data. Each pair of students should then analyze their data to
determine the typical length of a word. Depending upon the grade level of the stu-
dents, they might just inspect the data to determine what is typical, or they could
find the median. All the data can then be combined to create a class chart or
graph, and further analysis can be conducted. The students should also discuss if
their findings are generalizable. Is their data biased in anyway? Would this be the
typical length of word in any book?
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Rolling Totals
Students will explore the concept of chance and make predictions based on prob-

abilities.
Materials: Two 10-sided dice with numbers 0-9 per pair of students (spinners can

be substituted), graph paper, and blank paper.

1. What are all of the possible sums from the two dice?

2. What sums do you think will occur most often? Why do you think these sums

are most likely?

3. Roll two dice 100 times. Graph the sum of the two numbers as you roll the

dice or spin the spinner.

4. Make a table to list all of the possible combinations of numbers for each sum.

5. How does your data relate to the T-chart?

6. Compile all of the data from the class. What similarities and differences do

you see?

It's in the Bag
Show one red, one green, and two blue counters to the class. Ask these questions:

o How many counters do you see?

o How many different colors do you see?

Place the counters in a paper bag. Ask the following questions:

o What color do you think I will probably pull out of the bag? Why?

o Does each color have an equally likely chance of being pulled from the bag?

Why or why not?

o How could we make this activity one with equally likely outcomes?

o Can you describe a certain event, using these counters? How about an impossi-

ble event, using the counters?
o What fraction of the counters is green? Red? Blue?

Give each group a paper bag with one red, one green, and two blue counters. The
students first predict which color they think will be selected most often in 20
draws from the bag. Each time a counter is drawn, the color is recorded, and then
the counter is returned to the bag, which is shaken before another counter is
selected. Then each group should discuss the following questions:

o Which color was selected most? Least? Did you expect this result? Why or why

not?
o About what.fraction of the counters drawn were blue? Were red? We're green?

What do you think about this result?

o If you pulled a counter from the bag 100 times, how many times would you ex-

pect to select a blue counter? A green counter?

Source: F. Fennell, "Probability," Arithmetic Teacher 38 (4): 18-22.
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Spinning Sums
In this activity, students begin to explore probability based on possible
occurrences. Sara, Jimmy, and Pat are playing a board game using spinners. Each
spinner is numbered with sections 1 to 10. Sara went first and spun a 3 and a 5, so
she got to move 8 spaces. Jimmy spun a 4 and a 7, so he got to move 11 spaces. Pat
got to move 7 spaces.

o What numbers could Pat have spun to move 7 spaces?
o What is the largest sum a player can spin?
o Which is more likely to happen: spinning a sum of 7 or spinning a sum of 17?

Explain your thinking.

Even or Odd
You and a partner are going to play a game with two dice, each numbered 1-6.
One person will get a point each lime the product of the two numbers rolled is
even. The other person will get a point each time the product of the two numbers
rolled is odd. If the goal is to be the person to score the most points, is it better to
be the even or the odd person, or is there no difference? Explain why you think
this game is fair or not. How would you change the game?

Learning Algebraic Relationships
in the Elementary Grades
As children enter the primary grades, they have already had a wide variety of
experiences with patterns and relationships. Rhyming songs, building blocks,
toys, and other experiences in their environments add to the child's abilities to
recognize the patterns and make sense of the world around them. In the early
primary grades, students explore patterns with their bodies, actions, and
words. As they continue to explore patterns with objects and pictures, they re-
inforce their ability to recognize and generalize patterns in other contexts.
Working with patterns nurtures the kind of mathematical thinking that em-
powers children to solve problems confidently and relate new situations to
previous experiences.

Algebraic thinking in the primary grades lays critical groundwork for
more advanced thinking in mathematics and is best developed from continu-
ous experiences with patterns and relafionships. Fostering the habit of look-
ing for patterns and relationships between variables begins to give students
the necessary background for algebraic thinking. Even in the primary grades
where algebra is generally an intuitive process, algebraic thinking involves op-
portunities for students to recognize, visualize, verbalize, symbolize, and ana-
lyze patterns. Children need multiple opportunities to use manipulatives to
look for patterns, make conjectures, provide reasons for their conjectures,
and represent their patterns and reasoning in pictorial and symbolic ways. At
the same time, building an understanding that the equal sign symbolizes
equivalence and balance is best achieved through interactive experiences.
Children begin to experience and develop an understanding of = as a repre-

Working with patterns
nurtures the kind of
mathematical thinking
that empowers children
to solve problems
confidently and relate
new situations to
previous experiences.

Algebraic thinking in
the primary grades lays
critical groundwork for
more advanced thinking
in mathematics and is
best developed from
continuous experiences
with patterns and
relationships.
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sentation for "the same as." These early informal experiences with patterns,
functions, and algebra provides a solid base in the development of under-
standing of important concepts. Eventually, algebra emerges as a way to gen-
eralize and represent ideas.

NaVonaD CouncH off Teachers off MathemaVcs Allgebra
Standards, Principies arDd Standards for School
Mathematics (Standards 2000, Project 2000)
Instructional programs from prekindergarten through Grade 12 should en-
able all students to:

o Understand patterns, relations, and functions.
o Represent and analyze mathematical situations and structures using al-

gebraic symbols.
o Use mathematical models to represent and understand quantitative re-

lationships.
o Analyze change in various concepts.

Wisconsin's Model Academic Standards of Mathematics,
Standard F: Algebraic Relationships
Students in Wisconsin will discover, describe, and generalize simple and com-
plex patterns and relationships. In the context of real-world problem situa-
tions, the student will use algebraic techniques to define and describe the
problem to determine and justify appropriate solutions. (Wisconsin Depart-
ment of Public Instruction 1998, 14-15).

TABLE 5.6 Wisconsin's Model Academic Standards for Algebraic Relationships

Wisconsin performance standards

By the end of grade 4 students will: Elaboration
F.4.1 Use letters, boxes, or other symbols to This standard is intended to suggest that the important skill of al-

stand for any number, measured quan- gebraic representation should be introduced in an intuitive way
tity or object in simple situations (e.g.
N + 0 = N is true for any number).

F.4.2 Use the vocabulary, symbols, and nota-
tion of algebra accurately (e.g., correct
use of the symbol =, effective use of the
associative property of multiplication).

at the early levels of instruction. Two key ideas should be noted:
(1) The representation may denote a generalization that is true
for a wide variety of situations, such as the ABAB... pattern, and
(2) the representation may stand for a single specific value as in
the open number sentence + 5 = 11. It is not expected that
each of the three types of representation (letters, boxes, or other
symbols) must be used with each of the three entities described
(number, measured quantity or object).

Mthough work at this level should be at the informal, intuitive
level, students should still learn correct and standard vocabulary
and symbols.
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TABLE 5.6 (Continued)

Wisconsin performance standards

By the end of grade 4 students will:
F.4.3 Work with simple linear patterns and re-

lationships in a variety of ways, including
o recognizing and extending number pat-

terns,
o describing them verbally,
o representing them with pictures, tables,

charts, and graphs,
o recognizing that different models can

represent the same pattern or relation-
ship, and

o using them to describe real-world
phenomena.

F.4.4 Recognize variability in simple functional
relationships by describing how a change
in one quantity can produce a change in
another (e.g., the number of bicycles and
the total number of wheels).

F.4.5 Use simple equations and inequalities in
a variety of ways, including

o using them to represent problem situa-
tions,

o solving them by different methods (e.g.,
use of manipulatives, guess-and-check
strategies, recall of number facts), and

o recording and describing solution
strategies.

Elaboration
Linear patterns and relationships are essentially number patterns
in which the numerical difference between each pair of succes-
sive elements of the pattern is the same. Examples are
{3,6,9,12,15,...} or {2,7,12,17,22,...).

F'.4.6 Recognize and use generalized proper-
ties and relationships of arithmetic (e.g.,
commutativity of addition, inverse rela-
tionship of multiplication and division).

The simple functional relationships mentioned here are essen-
tially the linear relationships described in F.4.3. As an example, a
student should be able to recognize that if candy costs 50 a piece,
then 3 pieces will cost 150, whereas 7 pieces will cost 350.

This standard marks the beginning of a long developmental se-
quence in which the student becomes more and more proficient
with the powerful tools of algebraic equations and inequalities.
Although the precise definition of simple is properly left to the
wisdom of individual teachers and school districts, a suggested
upper limit might be basic two-step equations with positive
whole number solutions (e.g., 2N + 5 =13 ) or one-step inequali-
ties (e.g., 3N < 18 or N 4 10). It must be carefully noted that
there is no suggestion here that solution methods be formal ones;
rather, the emphasis is on informal, intuitive methods reinforced
with manipulative materials.

As students become proficient with computational arithmetic
(mental math, basic facts, standard or nonstandard algorithms),
their work is made easier through the recognition of the properties
and relationships of number operations (cornmutativity, associativ-
ity, identities [addition of 0, multiplication by 1]). As in F.4.2, it is
important to use correct and standard vocabulary and symbolism.

Add6Uona0 Standards DnformaVon
Additional support information can be found in the NCTM Curriculum and Evaluation Standards, 60-62,
and in the NCTM PSSM, 90-95 and 158-163.
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Illustrative Task
What's My Rule

'he goal of this activity is for students to figure out a rule created by the
teacher, such as "All numbers are multiples of 4." The teacher lists a set of

numbers on the board that fit the rule, for example, 4, 16, 40. Students then guess
a number or several numbers they think fit the rule. The teacher records the
guesses on the board and lets the class know whether or not they fit the rule. As a
final test of their conjectures, the teacher lists several numbers that may or may
not fit the rule, and students apply their conjectures to determine which ones sat-
isfy the rule. Finally, students are asked to describe the rule.

Source: T. G. Coburn, Patterns. Addenda Series, Grades K-6 (Reston, VA: National Council of
Teachers of Mathematics, 1993).

Discussion of the Task
Whether it is noticing patterns and relationships among numbers or solving
simple equations, algebra is a vital part of the elementary mathematics cur-
riculum. "What's My Rule" encourages students to make conjectures about
relationships among numbers by recognizing number patterns and then al-
lows them to test their conjectures.

In a fourth grade classroom, the teacher listed the following set of num-
bers on the board: 2, 4, and 8. The students then tried to determine the rule
that applied to this set of numbers. They were to give a set of three numbers
that might fit the rule based on a conjecture they had. The teacher recorded
the guesses on the chalkboard and indicated either yes, it fit the rule, or no, it
did not fit the rule. Here is how the investigation began.

TABLE 5.7

Guesses Response

2 4 8 Yes

4 8 12 No
5 10 15 No
5 10 20 Yes

It works best not to disclose the rule too quickly. By having students name
numbers that they predict will fit the rule rather than naming the rule itself,
more students are kept engaged in the thinking process for a longer period of
time. The teacher was able to observe and informally assess students' under-
standing throughout the activity. When the teacher sensed that many stu-

.

dents had figured out the rule, she asked the students to write their conjec-
tures on paper.

156 Putting the Standards into Action

173



TABLE 5.8

Guesses Response

8 16 24
13 26 52

To then test their conjectures, the teacher wrote some more sets ofnum-
bers on the chalkboard, as shown in Table 5.8. The students were to apply
their conjectures to determine which sets of numbers satisfied the rule.

By having the students record these sets of numbers and their responses
on paper, the teacher was able to walk around the classroom and quickly as-
sess the students' understanding. The written answers, conjectures, and rules
were also handed in as a more formal assessment.

Finally, the students discussed their conjectures as a class. Have you fig-
ured it out yet? In this case, the teacher was using the rule "Each number is
twice the value of the previous number."

Standards Addressed
F.4.1 Use letters, boxes, or other symbols to stand for any number, mea-

sured quantity, or object in simple situations (e.g., N + 0 = N is true for
any number).

F.4.3 Work with simple linear patterns and relationships in a variety of
ways, including:
o Recognizing and extending number patterns
o Describing them verbally
o Representing them with pictures, tables, charts, and graphs
o Recognizing that different models can represent the same pattern or

relationship
o Using them to describe real-world phenomena

F.4.4 Recognize and use generalized properties and relationships of arith-
metic (e.g., commutativity of addition, inverse relationship of multiplica-
tion and division).

Connections to Other Standards
Also addresses the following standards: mathematical processes (A.4.1, A.4.2,
A.4.5), number operations and relationships (B.4.1), and geometry (C.4.2, C.4.3).

Extension Questions
Here are some other rules that you might want to try:

o Each number is three more than the previous number.
o All numbers are multiples of eight.
o All numbers are odd.
o The third number is the sum of the first two.

In the earlier grades, students may be more prone to pattern recognition
involving shape, size, and rhythm rather than number value. This is also valu-
able to build the algebraic foundation. For example, a teacher may play a pat-
terning game of "What Comes Next?" using sounds such as "clap, clap, snap,
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clap, Clap, snap, or may have the students stand in a boy-girl-
boy-girl line.

Later, as students become more familiar with numbers, the teacher may
begin by introducing a simpler version of "What's My Rule?" with single num-
bers or pairs of numbers in an "input-output machine" such as this:

TABLE 5.9

In Out

1 4
4 7

5 8

Students build their reasoning skills and can handle increasingly more
complex rules as they progress into the upper elementary grades and beyond.
They will be thrilled to be the leader who establishes the rule, too, as they be-
come more familiar with these games.

Other Sample Tasks
How Many Buttons?

How many buttons are in this arrangement?

Try to find your answer in as many different ways

as possible.

Make a record of each of these ways.
This activity is valuable on a number of dif-

ferent levels. In the early primary grades, chil-
dren are encouraged to solve this problem in as

0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0

0

many ways as possible. Early primary children
may simply count each button, whereas others may begin looking for patterns.
Counting strategies, divergent strategies, and spatial visualization are inherent in this
problem. Children should also represent their solutions using number sentences. A
discussion of order of operations will naturally evolve as students "simplify" their
number sentences (see examples below).

Solutions include

1 + 3 + 5 + 7 + 5 + 3 + 1 = 25 1 + 8 + 7 + 8 + 1 = 25
(2 x 1) + (2 x 3) + (2 x 5) + 7 = 25 (2 x 1) + (2 x 8) + 7 = 25
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The Swimming'Pool
a- t Ming is designing square swimming pools. Each pool has a square center that
is the area of the water. Tat Ming uses blue tiles to represent the water. Around

each pool there is a border of white tiles. Here are pictures of the three smallest square
pools that he can design with blue tiles for the interior and white tiles for the border.

Questions for Grades K-2
o For each square pool, sort the tiles into blue tiles for the water and white tiles

for the border. Count how many tiles are in each pile. Are there more white
tiles or blue tiles?

o Build each of the three _blue squares. How many blue tiles are in each square?
Build the next-biggest square that you can make out of the blue tiles. Then build
the next. Count the squares in each. What patterns do you see? What is a square?

o Build the three pools using blue and white tiles to show the water and the bor-
der tiles. Record the information for each pool in a table. How many tiles will
be in the next largest pool? Check your answer by building the square. Describe
your methods for counting the different tiles. What patterns do you see?

Questions for Grades 3-4
o Build the first three pools and record the number of blue and white tiles for

each pool in a table. Continue the table for the next two squares. How do you
know your answers are correct?

o If there are 32 white tiles in the border, how many blue tiles are there? Explain
how you got your answer.

o Can you make a square with 49 blue tiles? Explain why or why not.
o Can you make a square with 12 blue tiles? Explain why or why not.
o In each of the first three square pools, decide what fraction of the square's area

is blue for the water and what fraction is white for the border. What patterns do
you see?

Source: J. Ferrini-Mundy, G. Lappan, and E. Phillips, "Experiences with Patterning," Teaching
Children Mathematics 3 (1997): 262-68.

True and False Number Sentences
Present number sentences with the equal sign in various locations, similar to those
listed here, to your students and ask them to discuss whether the number
sentences are true or false. They should be encouraged to use various approaches
to prove their assertions. These discussions help children develop an
understanding of the equals sign as a notion of equality rather than as a directive to
compute.

4 + 5 = 9 12 5 = 9 7= 3 + 4
8 + 2 = 10 + 4 7 + 4 = 15 4 8 = 8

Source: K. L. Falkner, and T P. Carpenter, "Children's Understanding of Equality: A Foundation
for Algebra," Teaching Childin Mathematics 6 (1999): 232-36.
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Performance Assessment Task

ssessment needs to mirror instruction. Assessment of conceptual understanding re-

quires a different look at student knowledge. Performance assessment asks students

to construct responses: "Students produce an anwer from their own knowledge and in
their own words" (Wisconsin Department of Public Instruction 1995, 2). The Wisconsin

Center for Education Research (WCER) at the University of WisconsinMadison, in co-
operation with the Wisconsin Department of Public Instruction (DPI), developed several

performance assessment items from 1994 through 1998. The "Hot Dog" task, complete
with scoring rubric and student work, follows as an example of an item that allows stu-

dents to take in information, to analyze it, and to explain their reasoning. It is the kind of

item that could be used to prepare students for the constructed response component of
the Wisconsin Knowledge and Concepts Examination (WKCE). The item is used with

permission from the Office for Educational Accountability, Wisconsin Department of

Public Instruction.

Hot Dog Problem

Mr. Douglas Ms. Sabroff

Number of students 27 22
Number of adult aides 3 2

Number of teachers 1 1

Ms. Sabroff and Mr. Douglas are having a picnic with their classes. The chart
gives information about who is invited.

Your job is to decide the number of packages of hot dogs and the number of
packages of buns to buy.

Here is what you need to know:

More than half of the people will eat at least two hot dogs.
There are 10 hot dogs in a package.
Buns come 8 to a package or 12 to a package.

Use the working space below to write down ideas, numbers and possible plans.

1. How many packages of hot dogs will you buy?

2. How many, and what size packages of buns will you buy?
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3. Explain how you decided on the number of packages of hot dogs and the

number of packages of buns to buy.

Elements of a Proficient Response
o Total number of attendees = 56. One-half of 56 is 28. 56 + 28 = 84.
o If all persons eat at least one hot dog, a minimum of 84 hot dogs will be eaten.
o If all persons eat 2 hot dogs, a maximum of 112 hot dogs will be eaten unless

some have more than 2.

Question 1
o Answers may vary. But if above assumptions hold, a minimum of 9 packages

need to be bought.

Question 2
o Answers may vary. But if one assumes that every hot dog will be eaten with a

bun, a minimum of 84 buns are needed. See Question 3 for some possible
combinations of packages.

Question 3
o Explanations will vary, but the explanation should be consistent with answers

provided for Questions 1 and 2.
o Possible combinations of buns to get a minimum of 84 servings:

12-Bun Pack 8-Bun Pack Extra Buns

7 0 0
6 2 4
5 3 0
4 5 4
3 6 0
2 8 4
1 9 0
0

Major Flaws
o Deals only with 56 people and ignores fact that at least 28 of them will eat two

hot dogs.
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o Justification for decision has little or no relation to answers given for Questions

1 and 2.

Minor Flaws
o Minor calculation error.

Potential Elements of an Advanced Response

o Justifies more than 84 by explicitly stating divergent assumptions, such as, there
may be leftovers, more than just one-half will eat 2, some will eat 3, adults eat

more, etc.
o Correctly justifies solution using accurate and reasonable estimation tech-

niques.
o Correctly justifies solution for less than 84 by assuming some might eat none.

Student Responses
See examples of proficient and advanced student work.

Example of an Advanced Response

Mr. Douglas Ms. Sabroff

Number of students 27 22
Number of adult aides 3 2

Number of teachers 1 1

Ms. Sabroff and Mr. Douglas are having a picnic with their classes. The chart
gives information about who is invited.

Your job is to decide the number of packages of hot dogs and the number of
packages of buns to buy.

Here is what you need to know:

More than half of the people will eat at least two hot dogs.
There are 10 hot dogs in a package.
Buns come 8 to a package or 12 to a package.

Use the working space below to write down ideas, numbers and possible plans.
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1. How many packages of hot dogs will you buy?

2. How many, and what size packages of buns will you buy?
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Example of a Proficient Response

Mr. Douglas Ms. Sabroff

Number of students 27 22

Number of adult aides 3 2

Number of teachers 1 1

Ms. Sabroff and Mr. Douglas are having a picnic with their classes. The chart
gives information about who is invited.

Your job is to decide the number of packages of hot dogs and the number of
packages of buns to buy.

Here is what you need to know:

More than half of the people will eat at least two hot dogs.

There are 10 hot dogs in a package.
Buns come 8 to a package or 12 to a package.

Use the working space below to write down ideas, numbers and possible plans.
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The Young Adolescent Lear er
of Mathematics
Students entering middle school think very concretely, whereas those leaving
middle school reason more abstractly; this cognitive growth is dramatic for
many youth. In 1994, Armstrong quoted Gardner as saying, "It is of utmost
importance that we recognize and nurture all of the varied human intelli-
gences, and all of the combinations of intelligences. If we recognize this, I
think we will have at least a better chance of dealing appropriately with the
many problems that we face in the world" (Armstrong 1994, 1). Advances in
brain research and knowledge of how children learn support the notion that
students must be actively engaged in learning. If knowledge is going to be re-
tained and understood, then students must use it in a demonstration of com-
plex performance (Caine and Caine 1991; Perkins 1992). Maximizing brain
growth requires that students are challenged through problem solving, criti-
cal thinking, relevant projects, and complex activity and provided with learner
feedback that is specific, multimodal, timely, and learner directed.

On the basis of the work completed at the Center for Early Adolescence
the following list of physical, social, emotional, and cognitive characteristics
exists for young adolescents. They include diversity, self-exploration and self-
definition, meaningful participation in school communities, social interaction
with peers and adults, physical activity, a sense of competence and achieve-
ment, and structure with clear limits (Clewell, Anderson, and Thorpe 1992,
18-19). Recommendations for improving performance of minorities and fe-
males in middle school mathematics include (1) instruction that is activity
based, proceeding from concrete to abstract; (2) students seeking solutions to
problems through hands-on experiences where teachers relate problems to
students' interests and experiences; (3) students interacting with one another
as a means to enhance achievement; (4) efforts to combat the perception
that mathematics is a white male domain and stressing the usefulness of
mathematics and technology; (5) teachers having high expectations for every
student and confidence in each student's ability to learn; and (6) teachers
adapting teaching methods to accommodate varying stages of cognitive devel-
opment (Clewell, Anderson, and Thorpe 1992, 27-28). Integrating these con-
cepts into all instruction will ensure that all students will learn mathematics.

In their Curriculum and Evaluation Standards, the NCTM made it clear
that all students need to learn more and often different mathematics than
they had been taught previously, and that instruction of mathematics must be
significantly revised. They also made it clear that a broad range of teaching
strategies are necessary to support students' learning; students learn to reason
and communicate mathematically only if they have the opportunity to do so.
NCTM and WMAS explicitly redefine, expand, and deepen the mathematics
curriculum content for grades 5 through 8. A basic premise is that what a stu-
dent learns depends to a great degree on how he or she has learned it.

In Turning Points, Preparing American Youth for the 21st Century, the
Carnegie Council on Adolescent Development recommends that schools
should "staff middle grade schools with teachers who are expert at teaching
young adolescents and who have been specifically prepared for the assign-

Students entering
middle school think
very concretely,
whereas those leaving
middle school reason
more abstractly; this
cognitive growth is
dramatic for many
youth.

The NCTM made it
clear that all students
need to learn more
and often different
mathematics than
they had been taught
previously, and that
instruction of
mathematics must be
significantly revised.
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we were taught is hard

enough; to learn to
teach in the ways

envisioned in the new
math standards is

harder still.
Ball 1996

ment to the middle grades" (1989, 1). There is a growing recognition that
teachers, like their students, bring with them experiences and prior under-
standings that profoundly shape their learning. To learn mathematics as we
were taught is hard enough; to learn to teach in the ways envisioned in the
new math standards is harder still (Ball 1996). Learning of this kind involves
more than knowledge and skills. It includes personality qualities such as pa-
tience, curiosity, confidence, trust, and imagination (Lampert and Eshelman
1995). Most teachers currently in the classroom have not experienced for
themselves instruction that addresses the vision of the NCTM standards or
WMAS. This clearly indicates that appropriate professional development ac-
tivities must be provided for these teachers. These experiences should im-
merse the teacher in activities that integrate theory, demonstration, and real
experiences. Feedback from these activities will provide valuable informa-
tion, which will help teachers know what changes to make in their teaching
and how to go about making those changes.

The world is constantly transformed by science and technology in ways
that have profound effects on economic well-being. Students will require
much technical competence and a great deal of flexibility: not just one set of
skills acquired early and essential for life but adaptability to an evolving body
of knowledge. Successful participation in a technically based and interdepen-
dent world economy will require that students be more skillful and adaptable
than ever before. Only by providing rich, challenging, and varied learning ex-
periences that are designed to meet the unique needs of the young adoles-
cent learner will teachers develop students who are indeed more skillful and
adaptable than ever before.

We can no longer allow middle grades mathematics programs to contain
very little new content as documented in the Flanders study in 1987 (see Figure
5.16). Today's standards require that middle school students go far beyond pre-
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FIGURE 5.16 Percentage of new content in three mathematics text series.
From "How Much of the Content in Mathematics textbooks is New?" by J. R. Flanders,
1987, in Arithmetic Teacher, pp. 18-23. Copyright by National Council of Teachers of
Mathematics. Used with permission of NCTM.
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vious expectations. To adequately achieve the goals and standards as established
for middle-level mathematics and have them taught in meaningful ways to stu-
dents, appropriate time allocations must be provided to teachers and students.
No longer can a 35- or 40-minute class period per day adequately allow teachers
and students to achieve the challenging curriculum as outlined in current stan-
dards. Longer class periods will be required. The following is a position state-
ment from NCTM: "The National Council of Teachers of Mathematics believes
that schools must restructure the use of teacher time to enable teachers to im-
plement a variety of activities aimed at enhancing students' learning. These ac-
tivities should provide opportunities for teachers to reflect on their practice, sup-
port teachers' ongoing professional development, and support a culture of
professionalism" (http://www.nctm.orWposition-statements/teachertirne.htm).

The NCTM, in its book Mathematics AssessmentMyths, Models, Good
Questions, and Practical Suggestions, states that "as the forms of mathematics
teaching become more diverseincluding open-ended investigations, cooper-
ative group activity, and emphasis on thinking and communicationso too
must the form of assessment change" (Stenmark 1991, 3). The 1989 NCTM
Curriculum and Evaluation Standards state that "evaluation is fundamental to
the process of making the Standards a reality. Just as the Curriculum Stan-
dards propose changes in K-12 content and instruction, the Evaluation Stan-
dards propose changes in the processes and methods by which information is
collected." (Commission on Standards for School Mathematics, 1989, 190).
"Assessment increases and improves the gathering of relevant, useful informa-
tion. Assessment and program evaluation practices must change along with the
curriculum" (Stenmark 1991, 189).

Using Mathematical Processes
in the Middle Grades
WMAS states: "In order to participate fully as a citizen and a worker in our
contemporaly world, a person should be mathematically powerful. Mathemat-
ical power is the ability to explore, to conjecture, to reason logically, and to
apply a wide repertoire of methods to solve problems. Because no one lives
and works in isolation, it is also important to have the ability to communicate
mathematical ideas clearly and effectively" (Department of Public Instruction
1998, 33). The mathematical processes as described by the Wisconsin Perfor-
mance Standards and the PSSM outline the essential tools of mathematical
processes that allow students to learn and comprehend all other aspects of
mathematics. These tools are essential to the learning of all mathematics con-
tent. All mathematics instruction, regardless of the specific content being ad-
dressed, should incorporate the use of appropriate mathematical processes.
Students should frequently be asked to explain their strategies, justify their
reasoning and solutions, and defend the reasonableness of an answer. Students
should frequently be asked to write about thefr mathematics learning.

Problem solving is the process by which students experience the power
and usefulness of mathematics in the world around them. Content knowl-
edge, and the ability to use that knowledge in a variety of situations, is re-
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quired for students to solve challenging problems. Reasoning is an integral
part of doing mathematics. It connects to all other processes of mathematics.
Communication is an essential feature in classrooms where students are chal-
lenged to think and reason about mathematics and express the results of their
thinking to others orally and in writing. In the middle grades, students should
develop a keener sense of audience in communicating their reasoning for-
mally and informally. Connections are inherent in learning mathematics.
Looking for connections is part of what it means to think mathematically, and
making connections builds mathematical knowledge. The middle grades offer
new opportunities to use and build connections. Connections can also be
made to the rich problem contexts that arise in other disciplines, as well as the
different real-world and daily life experiences that interest middle school stu-
dents. Use of representations helps students make sense of mathematical
concepts and relationships. In the middle school grades, where fractions, dec-
imals, percents, the relationships among them, and proportional reasoning
receive major attention, students learn to recognize, compare, contrast, and
work with these ideas by exploring a variety of representations for them.

NaVonail CoUncia of Teachers of MathemaVcs Process
Standards, Principies and Standards for School
Mathematics (Standards 2000 Prr*ct 2000)
The Process Standards suggested by NCTM are: problem solving, reasoning
and proof, communication, connections, and representation. (See introduc-
tion in this section, p. 89.)

Wisconsin's Model Academic Standards for Mathematics,
Standard A: Mathematical Processes
Students in Wisconsin will draw on a broad body of mathematical knowledge
and apply a variety of mathematical skills and strategies, including reasoning,
oral and written communication, and the use of appropriate technology, when
solving mathematical, real-world and nonroutine problems (Wisconsin De-
partment of Public Instruction 1998, 4 5).

Wisconsin Performance Standards
By the end of grade 8 students will be able to do the following:
A.8.1 Use reasoning abilities to:

o Evaluate information.
o Perceive patterns.
o Identify relationships.
o Formulate questions for further exploration.
o Evaluate strategies.
o Justify statements.
o Test reasonableness of results.
o Defend work.

A.8.2 Communicate logical arguments clearly to show why a result makes
sense.
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A.8.3 Analyze nonroutine problems by modeling, illustrating, guessing,
simplifying, generalizing, shifting to another point of view, etc.

A.8.4 Develop effective oral and written presentations that include:
o appropriate use of technology.
o the conventions of mathematical discourse (e.g., symbols, definitions,

labeled drawings).
o mathematical language.
o clear organization of ideas and procedures.
o understanding of purpose and audience.

A.8.5 Explain mathematical concepts, procedures, and ideas to others who
may not be familiar with them.

A.8.6 Read and understand mathematical texts and other instructional ma-
terials and recognize mathematical ideas as they appear in other contexts.

Ado:Mona° Standards OnformarNon
Additional support information can be found in the NCTM Curriculum and
Evaluation Standards, 75-86, and in the NCTM PSSM, 256-285,

Sample Problem with Commentary

Students are given a carefully drawn picture of a roller-coaster track with
points along the track identified in Figure 5.17.
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FIGURE 5.17 Roller coaster problem.
From Commission on Standards for School Mathematics. (March 1989). Curriculum and evaluation
standards for school mathematics, p. 83. Copyright by National Council of Teachers of Mathematics.
Used with permission of NCTM.

1. Students are then directed to write a description of the speed of the roller
coaster car as it travels along the track.

2. Students are challenged to sketch a graph to represent the speed of the
roller coaster car as it travels along the track.

Comments about the Problem
The class should discuss what riding a roller coaster is like for those who have
not actually experienced such a ride. This problem allows students to demon-
strate and communicate their reasoning through writing. It further challenges
them to represent their thinking in the form of a second graph.

Putting the Standards into Action
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Concrete materials
should be used as tools

to help students develop
understandings of
rational numbers.

Extensions to the Problem
Students may be given a graph and asked to write a stoiy line that matches
what is depicted in the graph. They may be further challenged to write their
own story line about a situation of their choice and then graph that situation.

Suggested Assessment Items
Design your own roller coaster and draw a picture of it. Construct a graph
showing how the speed of the roller coaster changes as the car makes one
complete run around the track. Write a paragraph describing in detail how
the speed of a car traveling your roller coaster changes during the ride.

Write a paper describing in detail how you would explain this problem to
a younger student. Be sure to explain how the speed changes over time using
the diagram and the graph.

Make a journal entry explaining which part of this problem was the most
difficult to understand.

Significant Mathematics/Standards Addressed
Within this problem there is ample opportunity for students to write about
(A.8.2) and explain their reasoning (A.8.1). They will also be demonstrating
that they can recognize mathematics as it appears in a different context
(A.8.6). They will be describing a real-world phenomenon that is represented
by a graph (F.8.2).

Additional Resources
Additional rich problems such as these can be found in sources such as:

1. The NCTM Standards and Addenda Series books.
2. Professional journals:

o Wisconsin Teacher of Mathematics, published by the Wisconsin
Mathematics Council.

o MathematicsTeaching in the Middle School, published by NCTM.
3. Problems found in the curricula developed under the auspices of the Na-

tional Science Foundation (see appendix A of this volume).

Learning Number Operations
and Relationships in the Middle Grades
In grades before Grade 6, students will understand and work with whole
numbers by learning basic facts and applying computational strategies. They
should have an understanding of number classes and their properties, such
as odd, even, prime, and composite. Students need to understand many in-
terpretations and models of fractions (e.g., parts of a whole, measures or
quantities, indicated division, decimals percents, operations, rates, ratios,
and parts of proportions). Concrete materials should be used as tools to help
students develop these understandings. Over the course of the middle
school years, teachers need to provide students with problem situations that
help students use their understandings of these interpretations and models.
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Students should also represent fractions and decimals as numbers, with em-
phasis on how they are related to whole numbers and one another. Under-
standing operations with rational numbers is emphasized in the middle
grades as students expand their work with fractions, decimals, and percents.
They should develop flexibility in moving from one representation to an-
other.

The development of proportional reasoning should be an area of major
emphasis in the middle grades. Proportionality forms the basis for many
algebraic concepts, such as linear functions and equations. Middle school
students bring to the classroom an intuitive understanding of proportionality
based upon their real-world experiences with proportional situations. Teach-
ers should help students develop and build upon these experiences as they
work to help students become proportional thinkers.

Fraction and decimal computation is a focus in the middle grades. Unlike
operations on whole numbers, adding, subtracting, multiplying, and dividing
rational numbers and integers requires students to operate on abstract rela-
tionships rather than on concrete objects. This is because students cannot un-
derstand the meaning of an integer like 2 unless they realize that 2 repre-
sents an abstract quantity that cannot be touched or felt.

Instruction in rational numbers and integers should begin with concrete ac-
tivities. They should be designed to help students build the abstractions needed
to understand rational numbers and integers. As these abstract concepts gradu-
ally become established over the course of the middle school years, students
become more and better equipped to interpret and solve ever more complex
problem situations involving integers, fractions, decimals, and percents.

Nla1iona0 Coma off Teachers off Mathematics
Number and Operations Standard,
Principies and Standards for Schap, Mathematics
(Standards 2000 Prolect 2000)
Instructional programs should enable all students to:

o Understand numbers, ways of representing numbers, relationships
among numbers, and number systems.

o Understand meanings of operations and how they relate to one an-
other.

o Compute fluently and make reasonable estimates.

Wisconsin's Model Academic Standards for Mathematics,
Standard B: Number Operations and Relationships
Students in Wisconsin will use numbers effectively for various purposes, such
as counting, measuring, estimating, and problem solving (Wisconsin Depart-
ment of Public Instruction 1998, 6-7).

The development of
proportional reasoning
should be an area of
major emphasis in the
middle grades.

Operations with
rational numbers and
integers require
students to operate on
abstract relationships
rather than on concrete
objects.
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TABLE 5.10 Wisconsin's Model Academic Standards for Number Relationships

Wisconsin performance standards

By the end of grade 8 students will:
B.8.1 Read, represent, and interpret students'

various rational numbers (whole numbers,
integers, decimals, fractions, and percents)
with verbal descriptions, geometric mod-
els, and mathematical notation (e.g., ex-
panded, scientific, exponential).

B.8.2 Perform and explain operations on rational
numbers (add, subtract, multiply, divide,
raise to a power, extract a root, take oppo-
sites and reciprocals, determine absolute
value).

B.8.3 Generate and explain equivalencies among
fractions, decimals, and percents.

B.8.4 Express order relationships among rational
numbers using appropriate symbols (<, >,

%, 0).

B.8.5 Apply proportional thinking in a variety of
problem situations that include, but are
not limited to:

O ratios and proportions (e.g., rates, scale
drawings, similarity), and

O percents, including those greater than 100
and less than one (e.g., discounts, rate of
increase or decrease, sales tax).

B.8.6 Model and solve problems involving num-
ber-theory concepts such as:

O prime and composite numbers,
O divisibility and remainders,
O greatest common factors, and
O least common multiples.

B.8.7 In problem-solving situations, select and
use appropriate computational procedures
with rational numbers such as:

O calculating mentally,
ci estimating, and
O creating, using, and explaining algorithms°

using technology (e.g. scientific calcula-
tors, spreadsheets).

Elaboration
Here the domain of the number sense is expanded to include all of
the rational numbers. But, it is more than just the "fractions-deci-
mals-percents" content of traditional middle school programs of our
recent past. Note the integers and use of exponents, content that had
often been reserved for beginning algebra courses. Though not ex-
plicitly stated, the ability to represent and explain various kinds of
numbers supposes facility with various modes of representation as
well as "translating" from one mode to another.

Having number sense involves more than knowing numbers and how
to represent them. As with standard B.8.1, this goes beyond just
computation with whole numbers and fractions-decimals-percents; it
also includes work with numbers and operations commonly associ-
ated with the study of algebra.

Here the expectation is that students can work with equivalencies at
the symbolic, algorithmic level. Though not explicitly mentioned,
mixed numbers are included.

This statement should have included the word "determine" in order
to more clearly express its meaning. The intent is certainly there. For
example, in order to express the order relationship between, say, 3/5
and 4/7, a student must first figure out which of the two is larger
than the other, assuming that they are not equal.

The key to this standard is "Apply ... in a variety of problem situa-
tions." There is a great deal of conceptual and skill development as-
sociated with the ability to effectively use ratios, proportions, and
percents. But it must not end there. Most importantly, students need
to appreciate the power of these concepts and skills to help solve an
incredibly wide variety of problems.

It is hoped that this standard is perfectly clear. It deals with content
familiar to students and teachers at these grade levels.

Computing with rational numbers involves more than mechanistic
application of symbolic algorithms. For example, one should be able
to reason that the sum of 11/12 and 13/14 is pretty close to 2, but less
than 2, since both fractions are close to but less than 1. That is both
estimating and "calculating" mentally. The other notable part of this
standard is "creating ... and explaining algorithms...." More than
just applying and using algorithms, students need to know and de-
scribe why they work the way they do.

Additional] Standards MormaVon
Additional support information can be found in the NCTM Curriculum and Evaluation Standards, 87-97,

and in the NCTM PSSM, 214-221. Both NCTM standards documents contain the elaboration on the stan-

dard and identify focus areas for the middle grades.
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Sample Problem with Commentary

Each year the sixth grade students at Wisconsin Middle School go on an
outdoor education camping trip. During the trip students study nature and
participate in recreational activities. Eveiyone pitches in and helps with cook-
ing and cleanup.

David and Allison are in charge of making orange juice for the campers.
They make the juice by mixing water and orange juice concentrate. To find
the mix that tastes best, David and Allison decided to test some recipes on a
few of their friends. They have four recipe mixes:

TABLE 5.11

Mix A Mix B

2 cups concentrate
3 cups cold water

1 cup concentrate
4 cups cold water

Mix C Mix D

4 cups concentrate 3 cups concentrate
8 cups cold water 5 cups cold water

1. Which recipe will make the juice that is the most "orangey"? Explain your
answer.

2. Which recipe will make the juice that is the least "orangey"? Explain your
answer.

3. Assume that each camper will get 1/2 cup of juice. For each recipe, how
much concentrate and how much water are needed to make juice for 240
campers? Explain your answers.

Problem adapted from Lappan, G., Fey, J. T., Fitzgerald, W. M., Friel, S. N., and Phillips, E. D.
1998. Comparing and scaling, 26-29, Connected Mathematics Project. Menlo Park, CA: Dale
Seymour.

Comments about the Problem
As students approach these questions, they will use a variety of approaches.
Some will examine the ratios of concentrate to water, whereas others will ex-
amine the ratio of concentrate to the whole mixture. In either of these cases,
students must decide which recipe has the greatest ratio of concentrate for
the amount of water. Some students may examine this by creating equivalent
fractions, some will convert the ratio to decimal form, and others will find the
percent of the mixtures that are concentrate.

Some students will look at the relationship of how much water is put with
one cup of concentrate or how much concentrate is used for each one cup of
water. Some students will use drawings, pictures, and a table as a tool.

All of these approaches are valid and should be thoroughly discussed as a
whole class once the initial activity and answer is determined. The real devel-
opment of true understanding in students comes through the discussion of
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"Geometry provides a
rich context for the

development of
mathematical

reasoning, including
inductive and deductive

reasoning, making and
validating conjectures,

and classifying and
defining geometric

objects."
Standards 2000 Project 2000, 233

the various strategies students used. Giving validity to all approaches that
work is important and will help develop student confidence and mathematical
power.

Suggested Assessment
The completion of the activity where students explain their reasoning and re-
sponse is in itself a form of assessment. Students might also be asked to write
about what they learned as a result of the sharing of strategies used by other
students.

Extensions
Follow-up questions might include: (1) How did you use ratios in solving the
problem? and (2) For each recipe, how much concentrate and how much
water is needed to make one cup of juice?

Significant Mathematics/Standards Addressed
Completion of this problem requires students to read, represent and inter-
pret various rational numbers in a variety of representations (B.8.1, B.8.3, and
B.8.4). Students will also apply proportional thinking (B.8.5) and perform cal-
culations or estimations (B.8.7). In addition, students will use a variety of
mathematical processes including reasoning abilities (A.8.1), communicating
why an answer makes sense (A.8.2), and writing about their reasoning as they
explain their answers (A.8.4). The class discussion involves explaining mathe-
matical concepts and procedures (A.8.5).

Additional Resources
Additional rich problems such as these can be found in sources such as:

1. The NCTM Addenda Series books Understanding Rational Numbers and
Proportions and Developing Number Sense in the Middle Grades.

2. Professional journals:
o Wisconsin Teacher of Mathematics, published by the Wisconsin

Mathematics Council.
o MathematicsTeaching in the Middle School, published by NCTM.

3. Examples given in NCTM Standards books.
4. Problems found in the curricula developed under the auspices of the Na-

tional Science Foundation (see appendix A of this volume).

Learning Geometry in the Middle Grades
"Students should come to the study of geometry in the middle grades with in-
formal knowledge about points, lines, planes, and a variety of two- and three-
dimensional shapes; with experience in visualizing and drawing lines, angles,
triangles, and other polygons; and with intuitive notion about shapes, built
from years of interacting with objects in their daily lives."
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"In middle-grades geometry programs based on these recommendations,
students investigate relationships by drawing, measuring, visualizing, compar-
ing, transforming, and classifying geometric objects. Geometiy provides a
rich context for the development of mathematical reasoning, including induc-
tive and deductive reasoning, making and validating conjectures, and classify-
ing and defining geometric objects" (Standards 2000 Project 2000, 233).

In the middle grades, the study of geometry also provides representa-
tional tools for understanding other topics in mathematics. Geometry has
great interrelatedness with other branches of mathematics, including mea-
surement (Wisconsin Department of Public Instruction, 1986). The rectan-
gular coordinate system should be used as a tool for solving a wide variety of
problems. Making and validating conjectures further develops students' in-
ductive and deductive reasoning skills, providing valuable background for
more formal validation and proof that will come in later studies.

National CouncH of Teachers of Mathemat5cs
Geometry Standard, Principles and Standards for
School Mathematks (Standards 2000 Project 2000)
Instructional programs should enable all students to:

o Analyze characteristics and properties of two- and three-dimensional
shapes and develop mathematical arguments about geometric relation-
ships.

o Specify locations and describe spatial relationships using coordinate
geometry and other representational systems.

o Apply transformations and use symmetry to analyze mathematical situ-
ations.

o Use visualization, spatial reasoning, and geometric modeling to solve
problems.

Wisconsin's Model Academic Standards for Mathematics,
Standard C: Geometry
Students in Wisconsin will be able to use geometric concepts, relationships
and procedures to interpret, represent, and solve problems (Wisconsin De-
partment of Public Instruction 1998, 8-9).
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TABLE 5.12 Wisconsin's Model Academic Standards for Geometry

Wisconsin's performance standards

By the end of grade 8 students will:
C.8.1 Describe special and complex two- and

three dimensional figures (e.g., rhom-
bus, polyhedron, cylinder) and their
component parts (e.g., base, altitude,
and slant height) by:

o naming, defining and giving examples,
o comparing, sorting, and classifying

them,
o identifying and contrasting their proper-

ties (e.g., symmetrical, isosceles, regular),
o drawing and constructing physical

models to specifications, and
o explaining how these figures are related

to objects in the environment.

C.8.2 Identify and use relationships among the
component parts of special and complex
two- and three-dimensional figures (e.g.,
parallel sides, congruent faces).

C.8.3 Identify three-dimensional shapes from
two dimensional perspectives and draw
two-dimensional sketches of three di-
mensional objects preserving their sig-
nificant features.

C.8.4 Perform transformations on two-dimen-
sional figures and describe and analyze
the effects of the transformations on the
figures.

C.8.5 Locate objects using the rectangular co-
ordinate system.

Elaboration

This standard continues the developmental work begun in Stan-
dard C.4.1. Here in the middle grades, the skill and conceptual
level is elevated. More complex figures are considered and more
sophisticated ways of dekribing them are expected.

In much the same way that Standard C.8.1 extends the work
begun in Standard C.4.1, this standard extends Standard C.4.2.
Of important note is that this standard looks not only at proper-
ties and relationships of figures, but also at component parts of
those figures.

As important as it is to have students manipulate actual two or
three dimensional figures, of equal importance is their ability to
understand the representations of these figures drawn on a two-
dimensional page or computer drawing.

The intent here is a much more formal study of geometric trans-
formations, including correct terminology. To do this properly,
sufficient instructional time must be given over a period of sev-
eral school years.

This skill of using the two-dimensional coordinate system goes
both ways. Given an object located on a four-quadrant (i.e., using
positive and negative numbers) coordinate grid, the student must
correctly give its two coordinates as an ordered pair. And con-
versely, given an ordered pair, the student must correctly place an
object on the grid.

AddVonall Standards 5nfformation
Additional support information can be found in the NCTM Curriculum and Evaluation Standards,
112-115, and in the NCTM PSSM, 232-239. Both NCTM standards documents contain the elaboration on
the standard and identify focus areas for the middle grades.
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Sample Problem with Commentary

In "How Many Quadrilaterals?" students are given a sheet of modified dot
paper with dots forming a three-by-three array (figure 5.18). They are chal-
lenged to draw as many quadrilaterals as they can using these five rules:

o Each figure must be made up of four line segments.
o Each segment must begin and end at a point.
o Stay inside the dots.
o Each figure must be closed.
o Figures are the same if you can rotate, flip, or slide one to look like an-

other.

A few questions naturally arise concerning the definition of quadrilateral
and what it means to be the "same." These discussions help students build the
definition and also encourage them to think of congruence and similarity in
terms of transformations. Students generally begin working independently to
find as many quadrilaterals as possible and later begin to compare with part-
ners or team members. It is rare for an individual to come up with all 16 dif-
ferent quadrilaterals, but some good group discussions about whether figures
are the same are generated as students begin to compare papers. After stu-
dents have had a sufficient amount of time to work and discuss the problem,
they can be invited to draw a quadrilateral (on an overhead transparency) that
has not yet been shown or discussed.

0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0

0 0 0 0

FIGURE 5.18
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Discussion Questions
Once all 16 are displayed (see Figure 5.19), the following questions are asked
to help students define and classify quadrilaterals:

o What is a square?
o How many of the figures are squares? (Three)
o How many rectangles? A frequent response is one, which leads to the

next series of questions.
o Is a square a rectangle?
o Does a square meet all of the requirements in our definition of rectangle?
o Are all squares rectangles?
o Are all rectangles squares?

Similar discussions will result from the following questions:

o What is a parallelogram?
o How many figures are parallelograms? (Six)
o Are squares parallelograms?
o Are rectangles parallelograms?
o Are parallelograms squares? rectangles?
o What is a trapezoid?

Note: This definition varies from text to text. One defines it as a quadrilat-
eral with at least one pair of parallel sides, whereas another requires exactly
one pair of parallel sides. Once this has been decided, students may be able to
answer the remaining questions.

o How many figures are trapezoids?
o Are squares, rectangles, or parallelograms trapezoids?
o What is a quadrilateral?
o How many quadrilaterals are there?

This problem was contributed by task force member Steve Reinhart.
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Suggested Assessment Items
The completion of the activity where students explain their reasoning and re-
sponse is in itself a form of assessment. Ask students to write about what they
learned as a result of the sharing of strategies used by other students.

Write six questions that could be included on a quiz that would follow the
quadrilaterals" problem. Be sure to provide answers.

Extensions
Have students find the area of each figure drawn. This activity can also lead to
developing Pic's Theorem, an algebraic relationship between the number of
points on the border (B) of a figure, the number of points in the interior (I),
and the area (A) of the figure. By drawing several figures; collecting data on
B, I, and A; and building a table, students can discover patterns that lead to
the formula: A = (B/2) 1 + I.

Significant Mathematics/Standards Addressed
This problem is an engaging way to lead students to the discussion of classify-
ing quadrilaterals (C.8.1). As students draw these figures themselves, they are
involved in a problem-solving process (A.8.1 and A.8.3). They feel ownership,
and the resulting discussions can be quite rich in nature. Students develop
spatial and visual skills (C.8.2), both inductive and deductive reasoning
(A.8.1), and use and further develop their knowledge of similar figures and
transformations (C.8.3). Using the problem extension leads to other signifi-
cant mathematics. These include working with patterns (F.8.2) and describ-
ing a relationship and generating a rule (F.8.3).

Additional Resources
Additional rich problems such as these can be found in sources such as:

1. The NCTM Addenda Series book Geometry in the Middle Grades.
2. Professional journals:

o Wisconsin Teacher of Mathematics, published by the Wisconsin
Mathematics Council.

o MathematicsTeaching in the Middle School, published by NCTM.
3. Examples given in NCTM Standards books.
4. Problems found in the curricula developed under the auspices of the Na-

tional Science Foundation (see appendix A of this volume).

Learning Measurement
in the Middle Grades
Measurement activities in context provide us with an abundance of wonderful
examples that help teachers show the natural connections among the strands
of mathematics as well to other disciplines. Students best develop measure-
ment skills and an understanding of concepts through experiences with ap-
plied problems. For these reasons, measurement should be emphasized
throughout the middle level years rather than taught as a separate unit of
study (NCTM 2000, 232).

Students best develop
measurement skills and
an understanding of
concepts through
experiences with
applied problems.
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Formulas should be the
result of instruction, not

the focus.

Students enter the middle years having had numerous experiences with
measurement, both in and out of the classroom. They should continue to gain
experiences with both metric and customary systems of measure. Problems
presented should require students to measure both directly and indirectly
using attributes including length, perimeter, circumference, area, surface
area, volume, mass, time, temperature, ratios and proportions, and angles.
Benchmarks should be developed for angle measure (e.g., right angles;
straight angles; 30, 45, and 60 degree), length, area, and volume for both U.S.
and metric standard units. Students should be able to use these, benchmarks
to help them make reasonable estimates.

Formulas are important tools in determining measurements and deserve
special attention in the middle grades. It is important to note that PSSM em-
phasizes the development of formulas. Formulas should be the result of
instruction, not the focus. Students should not be given formulas to mem-
orize and use without a complete understanding of the measure. Rather, they
should be provided with many informal experiences that lead to understand-
ing attributes and to the discovery and development of methods, procedures,
and formulas.

NaVona0 CouncEl of Teachers of Mathemcs
Measurement Standard, Principies and
Standards for Schoch! Mathematics
(Standards 2000 Project 2000)
Instructional programs should enable all students to:

o Understand measurable attributes of objects and the units, systems,
and processes of measurement.

o Apply appropriate techniques, tools, and formulas to determine mea-
surements.

Wisconsin's Model Academic Standards of Mathematics,
Standard D: Measurement
Students in Wisconsin will select and use appropriate tools (including tech-
nology) and techniques to measure things to a specific degree of accuracy.
They will use measurements in problem-solving situations (Wisconsin De-
partment of Public Instruction 1998, 10-11).
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TABLE 5.13 Wisconsin's Model Academic Standards for Measurement

Wisconsin's performance standards

By the end of grade 8 students will:
D.8.1 Identify and describe attributes in situa-

tions where they are not directly or eas-
ily measurable (e.g., distance, area of an
irregular figure, likelihood of occur-
rence).

D.8.2 Demonstrate understanding of basic
measurement facts, principles, and tech-
niques including the following:

o approximate comparisons between met-
ric and U.S. units (e.g., a liter and a
quart are about the same, a kilometer is
about six tenths of a mile.),

o knowledge that direct measurement
produces approximate, not exact, mea-
sures, and

o the use of smallest units to produce
more precise measures.

D.8.3 Demonstrate measurement directly
using standard units (metric and U.S.)
with these suggested degrees of accu-
racy:

o lengths, to the nearest millimeter or
1/16 of an inch,

o weight (mass), to the nearest 0.1 gram or
0.5 ounce,

o liquid capacity, to the nearest milliliter
o angles, to the nearest degree, and
o temperature, to the nearest C° or F°.

D.8.4 Determine measurements indirectly
using estimation:

o conversion of units within a system (e.g.,
quarts to cups, millimeters to centime-
ters),

o ratio and proportion (e.g., similarity,
scale drawings), and

o geometric formulas to derive lengths,
areas, volumes of common figures (e.g.,
perimeter, circumference, surface area).

Elaboration

The key in using measurement skills and concepts in a problem-
solving situation is to first know exactly what it is one wants to
measure. This standard is a natural extension of ideas covered in
D.4.1 and D.4.5; here we consider more difficult attributes or
those that are difficult attributes or those that are not immedi-
ately discernible to the visual or tactile senses.

This standard emphasizes that there is much more to measure-
ment than simple physical, manipulative skills. Acquisition of
measurement sense requires understanding of the concepts listed
here.

As with standard D.4.4, the degrees of accuracy listed here are
only suggestions. Teachers should feel free to vary these accord-
ing to the abilities of their students.

As this standard suggests, indirect measurements can be obtained
in a wide variety of ways. Clearly, the geometric methods de-
scribed here cannot be accomplished unless a school district is
committed to a comprehensive program of instruction in geome-
try in the elementary and middle school grades.

AddiVonaD &andards Wm-merlon
Additional support information can be found in the NCTM Curriculum and Evaluation Standards,
116-119, and in the NCTM PSSM, 240-247.
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Sample Problem with Commentary

Conducting experiments and collecting data is a powerful way for students to
learn about mathematical relationships in real-world situations. For example,
measuring the circumference and diameter of several cylinders or circular
items, maldng a table of the class data, and graphing circumference versus di-
ameter gives students the opportunity to explore and make sense of an im-
portant relationship. Representing this relationship with concrete models, ta-
bles, graphs, language, and finally with symbols gives all students the
necessary time to develop deeper understandings.

In a similar fashion, students can investigate the relationship between
the area (A) of a circle and the radius (R). Students are given a sheet of cen-
timeter graph paper on which each draws three circles, one small, one
medium, and one large. Students estimate the area of each by counting,
record the area versus radius on a table, and construct a graph. (The class
data may be displayed on the chalk board and graphed on large graph paper
to provide additional visuals of the relationship.) Typical data is shown in
Figure 5.20 below.

The following questions arise and are discussed before proceeding. What
relationships or patterns do you observe? Is the graph a straight line or a
curve? Does the graph pass through the point (0,0)? How do you know? What
is the area of a circle with radius 2? 3? Explain how you know. What is the ra-
dius of a circle with an area of 25? 70? Explain how you know.
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FIGURE 5.20
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Students are then asked to build a table and plot A versus R2 and many
are surprised to see the resulting straight line. Typical data is shown in Figure
5.21 above.

From the new table and graph, students will note that the area of a circle
is about 3 times R2 or that the A/R2 is approximately 3. Use the second graph
to find the area of a circle with a radius of 5, 7, and 9. From conducting this
experiment, many students will be able to verbalize the formulas for the cir-
cumference and area of a circle. The step from words to symbolic representa-
tion, C = D and A = R2, is simpler and more meaningful to students after
a thorough investigation of the relationships.

Extensions
A discussion of square roots follows naturally when students are asked to find
the radius of a circle with a given area. The slope of the line in the second
graph is about 3 IT and takes on meaning in this contextual situation. The first
graph also prompts a discussion of quadratic relationships and graphs.

Suggested Assessment Items
Select one of the following writing prompts:

1. Write everything you know about the relationship between the area and
the radius of a circle.

2. Write everything you know about the relationship between the circum-
ference and the diameter of a circle.
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Students should engage
in and employ the full

process of data
investigation: posing
questions; collecting,

organizing, analyzing,
and interpreting data;

and answering
questions.

Significant Mathematics/Standards Addressed
While the focus of this problem is on measurement (D.8.3) and developing an
understanding of the relationship between area and radius (D.8.4), it is also
an algebra problem (F). Students are asked to estimate area, collect and dis-
play data in tables and graphs (F.8.2), and use square roots in linear and qua-
dratic relationships (F.8.3).

Additional Resources
Additional rich problems such as these can be found in sources such as:

1. The NCTM Addenda Series book Measurement in the Middle Grades.
2. Professional journals:

o Wisconsin Teacher of Mathematics, published by the Wisconsin
Mathematics Council.

o MathematicsTeaching in the Middle School, published by NCTM
3. Examples given in NCTM Standards books.
4. Problems found in the curricula developed under the auspices of the Na-

tional Science Foundation (see appendix A of this volume).

Learning Statistics and Probability
in the Middle Grades
The study of data analysis and statistics in the middle grades provides oppor-
tunities for students both to use what they have learned elsewhere in their
study of mathematics and also to learn new ideas. In the middle grades, stu-
dents should engage in and employ the full process of data investigation: pos-
ing questions; collecting, organizing, analyzing, and interpreting data; and an-
swering questions. These experiences are most meaningful when students
generate data about themselves or develop their own questions to explore.
Data from sources such as newspapers, magazines, and Web sites are readily
available and can be easily brought into the classroom for investigation and
discussion. Data analysis in the middle grades provides a rich context for stu-
dents to solve problems. It also allows them to work with large numbers,
measurement, statistical displays, measures of central tendency, and variance.
As students work with data analysis, they apply their knowledge of ratios, frac-
tions, decimals, graphs, and measurement. The results of statistical analysis
can be used to make predictions.

In grades 6 through 8, students' experiences with data should be inter-
twined with their study of probability. In their study of theoretical and exper-
imental probability in the middle grades, students learn to use the idea of rel-
ative frequency to determine probabilities. Students need considerable time
and many experiences to build a solid conceptual foundation of probability.
For example, students need to uriderstand concepts of equal likelihood, fair-
ness, randomness, and relationships among events, such as independent
events and dependent events, complementary events, and mutually exclusive
events. Their experiences prepare students for the further study of statistics
and probability in high school.
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NaVonaO Colima of Teachers of Mathematics
Data Anallyss and ProbabiNy Standardl, Principles
and Standards for School Mathematics
(Standards 2000 Project 2000)
Instructional programs should enable all students to:

o Formulate questions that can be addressed with data and collect, orga-
nize, and display data to answer them.

o Select and use appropriate statistical methods to analyze data.
o Develop and evaluate inferences and predictions that are based on

data.
o Understand and apply basic concepts of probability.

Wisconsin's Model Academic Standards of Mathematics,
Standard E: Statistics and Probability
Students in Wisconsin will use data collection and analysis, statistics, and
probability in problem-solving situations, employing technology where ap-
propriate (Wisconsin Department of Public Instruction 1998, 12-13).

TABLE 5.14 Wisconsin's Model Academic Standards for Statistics and Predictability
Wisconsin's performance standards

By the end of grade 8 students will:
E.8.1 Work with data in the context of real-world situa-,

tions by:
o formulating questions that lead to data collection,
o designing and conducting a statistical

investigation, and
o using technology to generate displays, summary

statistics, and presentations.

E.8.2 Organize and display data from statistical investi-
gations using:

o appropriate tables, graphs, and/or charts (e.g.,
circle, bar, or for multiple sets of data), and

ip appropriate plots (e.g. line, stem-and-leaf, box,
scatter).

E.8.3 Extract, interpret, and analyze information from
organized and displayed data by using:

o frequency and distribution, including mode and
range,

o central tendencies of data (mean and median), and
o indicators of dispersion (e.g., outliers).

E.8.4 Use the results of data analysis to:
make predictions,
develop convincing arguments, and
draw conclusions.

Elaboration

This standard is part of a continuum beginning with
Standard E.4.1 and ending with Standard E.12.1. It goes
beyond the ground work laid in the elementary school
by requiring students to design and conduct experiments
and to use technology as part of data analysis and pre-
sentation.

This is a skill-oriented standard that delineates the types
of visual presentations students are expected to be able
to generate.

As with Standard E.8.1, this standard is part of the con-
tinuum defined in Standards E.4.3, E.8.3, and E12.3.
The words "extract" and "using" imply that students can
generate statistics such as range, mode, mean, or median
as well as apply them in their analyses.

Students must go beyond data collection, presentation,
and summarization. This standard gets at the heart of
why people carry out data analysis.

Putting the Standards into Action
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TABLE 5.14 (Continued)

Wisconsin's performance standards

By the end of grade 8 students will:

E.8.5 Compare several sets of data to generate, test,
and, as the data dictate, confirm or deny hy-
potheses.

E.8.6 Evaluate presentations and statistical analyses
from a variety of sources for:

o credibility of source,
o techniques of collection, organization and pre-

sentation of data,
o missing or incorrect data,
o inferences, and
o possible sources of bias.

E.8.7 Determine the likelihood of occurrences of sim-
ple events:

o using a variety of strategies to identify possible
outcomes (e.g., lists, tables, tree diagrams),

o conducting an experiment,
o designing and conducting simulations, and
o applying theoretical notions of probability (e.g.,

that four equally likely events have a 25 percent
chance of happening).

Elaboration

Up to this point, the standard statements have dealt
with various aspects of data collection and analysis with
respect to a single set of data. Here we go beyond that
to begin comparisons of more than one set of data.

Very often, data are presented to a reader or consumer
for the purpose of convincing that reader to adopt a
point of view or to purchase a particular product. Here,
the student is required to make a qualitative analysis of
data analyses, essentially to question whether conclu-
sions drawn by the original data presenter are valid or
not valid.

In Standard E.4.4, we characterized probability as a
measure of a future event. Here, the students learn how
to generate such a numerical measure. It is important for
them to understand that such measures can only be ap-
proximations, particularly when probabilities are empiri:
cally determined (as in experiments and simulations). Of
course, it is true that almost all measurements are, in
fact, approximations.

AddiVona5 Standards Dnformation
Additional support information can be found in the NCTM Curriculum and Evaluation Standards,
105-111, and in the NCTM PSSM, 248-255.

Sample Problem with Commentary

Most students are very interested in knowing more about their classmates.
They can move from their individual experiences, collect data, tally those
data, and represent and combine the information. There are many basic
questions that students could address. The question may be one that is devel-
oped by the students themselves. The following is given as one example:

1. What is an average member of our class like?

To address this broad question, the class must make a number of decisions
about obtaining rather specific information about the members of the class. They
will need to address such questions and perform such tasks as the following:

o What kind of information do we want to know about the students in
the class, and how can we obtain the information we need?

o How do we develop appropriate survey questions? (Perhaps the num-
ber of questions should be limited to five or six depending on the age
and nature of the class.)
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o How do we determine whom to survey (or conduct a census of all stu-
dents)?

o How do we conduct a survey?
o How do we organize and represent the data?
o Write a written report of the results, including measures of central ten-

dency and the existence of outliers.
o Use the information from one class to make predictions about another

class in the same grade or in the same school.

Comments about the Problem
Different groups of students will develop different questions to ask based on
their ages and experiences. The teacher must facilitate the discussion to chan-
nel the students so that their task is one that is manageable. The value of the
activity comes from the fact that students are addressing questions in which
they are interested. The process of gathering data, displaying, and analyzing it
is paramount.

Suggested Assessment Items
Working in cooperative groups, students can prepare an oral presentation to
the class complete with displays.

Write a survey question (or several questions) on a topic of your choice.
Test them on several people, including friends and relatives. Be sure to ask
adults as well as students. Rewrite your questions to make them more clear
and usable. Write a paper describing the responses you received and how
they helped you write your final draft questions. Describe the qualities of a
good survey question in your paper. Include any interesting information you
may have learned about your topic if you wish.

Significant Mathematics/Standards Addressed
By posing their own questions, students work with a real-world situation in
which they are interested. They formulate questions and design and conduct
a statistical investigation for data collection and analysis (E.8.1). When stu-
dents display the results of their investigation, they must organize and display
the data in a meaningful way using appropriate tables, graphs, or plots
(E.8.2). In developing their own survey questions, students must evaluate the
validity of their information by examining their techniques of collection, or-
ganization, and presentation of the data (E.8.6). By composing a written re-
port, students will demonstrate the ability to develop convincing arguments
and draw conclusions (E.8.4). Using their data to make predictions about an-
other class leads into the concept of likelihood of occurrences (E.8.4 and
E.8.7). Students also have the option of using a computer to generate displays
of the data via technology.

Other Sample Problems
1. Any initial question can be generated to create a project such as.the one

described previously. One example might be "Should a traffic light be in-
stalled on the street by our school?
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Narrow curricular
expectations of

memorizing isolated
facts and procedures

must give way to
developing algebraic

thinking as a connected
whole with an emphasis

on conceptual
understanding, multiple

representations,
mathematical modeling,

and problem solving.

The selection of rich
mathematics problems

that address several
aspects of the standards

within the same
problem is extremely

valuable.

2. Having students use source books or Web sites to gather data can have
benefits. They become familiar with other sources and also broaden their
basic knowledge base. While looking for information on one topic, stu-
dents often become involved in information displayed in a variety of for-
mats (tables, graphs, plots, and so on). Besides learning about statistical
principles, students have a real opportunity to integrate mathematics with
other subjects.

Additional Resources
Additional rich problems such as these can be found in sources such as:

1. The NCTM Addenda Series book Dealing with Data and Chance.
2. Professional journals:

o Wisconsin Teacher of Mathematics, published by the Wisconsin
Mathematics Council.

o MathematicsTeaching in the Middle School, published by NCTM.
3. Examples given in NCTM Standards books.
4. Problems found in the curricula developed under the auspices of the Na-

tional Science Foundation (see appendix A of this volume).

Learning Algebra in the Middle Grades
Students in the middle grades should learn algebra both as a set of concepts
and competencies tied to the representation of quantitative relationships and
as a style of mathematical thinking for formalized patterns, functions, and
generalizations (NCTM 2000, 223). Narrow curriCular expectations of mem-
orizing isolated facts and procedures must give way to developing algebraic_
thinking as a connected whole with an emphasis on conceptual understand-
ing, multiple representations, mathematical modeling, and problem solving.
Students in the middle 'grades develop a sound conceptual foundation by
moving from intuitive to formal thinking through concrete models and real-
world problems. Early in the middle school experience, emphasis should be
on generalizing patterns and functions by recognizing, describing, and repre-
senting them using multiple representations, manipulative materials, pic-
tures, words, tables, and graphs.

As students move through the middle grades, they progress from number
sentences to proportional reasoning and to linear and nonlinear relationships.
The selection of rich mathematics problems that address several aspects of the
standards within the same problem is extremely valuable. Many of these rich
problems offer good contexts from which students may work, provide connec-
tions to other mathematics, and provide connections to other content areas.

"The middle school mathematics curriculum is, in many ways, a bridge
between the concrete elementary school curriculum and the more formal
mathematics curriculum of the high school. One critical transition is between
arithmetic and algebra. It is essential that students in grades 5 through 8 ex-
plore algebraic concepts in an informal way," and build to an in depth under-
standing of algebra per se. "Informal explorations should emphasize physical

190 5. Putting the Standards into Action

211



models, data, graphs, and other mathematical representations." Formal alge-
braic understanding should be based on solving rich mathematical problems.
"Students should be taught to generalize number patterns to model, repre-
sent, or describe physical patterns, regularities, and problems. These explo-
rations of algebraic concepts should help students gain confidence in their
abilities to abstract relationships from contextual information and use a vari-
ety of representations to describe those relations" (NCTM Standards 1989,
102). The transition from arithmetic to algebraic thinking and algebra should
be a continuous process starting in early grades and integrated into all in-
struction.

Nation& Council] off Teachers of Mathematics Aigebra
Standards, Principles and Standard for School
Mathematics (Standards 2000 Project 2000)
Instructional programs should enable all students to:

o Understand patterns, relationships, and functions.
o Represent and analyze mathematical situations and structures using al-

gebraic symbols.
o Use mathematical models to represent and understand quantitative re-

lationships.
o Analyze change in various contexts.

Wisconsin's Model Academic Standards of Mathematics,
Standard F: Algebraic Relationships
Students in Wisconsin will discover, describe and generalize simple and com-
plex patterns and relationships. In the context of real-world problem situa-
tions, the student will use algebraic techniques to define and describe the
problem to determine and justify appropriate solutions (Wisconsin Depart-
ment of Public Instruction 1998, 14-15).

TABLE 5.15 Wisconsin's Model Academic Standards for Algebraic Relationship
Wisconsin's performance standards

By the end of grade 8 students will:
F.8.1 Work with algebraic expressions in a variety of

ways, including:
o using appropriate symbolism, including expo-

nents, and variables,
o evaluating expressions through numerical

substitution,
o generating equivalent expressions, and
o adding and subtracting expressions.

Elaboration

Much of the content of this standard involves work with
expressions that are found in a traditional first-year alge-
bra course. A key item to note is the mention of expo-
nents; students must be able to use them effectively and
correctly.
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TABLE 5.15 (Continued)

Wisconsin's performance standards

By the end of grade 8 students will:
F.8.2 Work with linear and nonlinear patterns and

relationships in a variety of ways, including:
o representing them with tables, with graphs,

and with algebraic expressions, equations, and
inequalities,

o describing and interpreting their graphical
representations (e.g., slope, rate of change,
intercepts0),

o using them as models of real-world phenom-
ena, and

o describing real-world phenomenon that a
given graph might represent.

F.8.3 Recognize, describe, and analyze functional
relationships by generating a rule that charac-
terizes the pattern of change among variables.
These functional relationships include expo-
nential growth and decay (e.g. cell division,
depreciation).

F.8.4 Use linear equations and inequalities in a va-
riety of ways, including:

o writing them to represent problem situations
and to express generalizations,

o solving them by different methods (e.g., infor-
mally, graphically, with formal properties, and
with technology),

o writing and evaluating formulas (including
solving for a specified variable), and

o using them to record and describe solution
strategies.

F.8.5 Recognize and use generalized properties and
relations, including:

o additive and multiplicative properties of
equations and inequalities,

o commutativity and associativity of addition
and multiplication,

o distributive property,
o inverses and identities for addition and multi-

plication, and
o transitive property.

Elaboration

See F.4.3 for the characterization of linear patterns and
relationships. Students should also be comfortable with
exponential relationships (e.g., {1, 2, 4, 8, 16, 32, ... [i.e.,
21I, (2, 6, 18, 54, 162, ... [i.e., 2 x 3x] and quadratic rela-
tionships (e.g., {5, 10, 20, 40, 80, 160, ... [i.e., 5 X 21).
The importance of connecting these kinds of relation-
ships, both linear and non-linear, with real-world phe-
nomena cannot be over-emphasized.

This standard is connected with the one just above. Stu-
dents cannot truly understand and work with relationships
unless they deal with the notion of variability. But the key
is to appreciate that however random a change in one of
two related variables may be, the very nature of a relation-
ship tells us that the change in the other related variable is
predictable and easily determined.

The intention of this standard should be made clear. All
of the work with using and solving linear equations and
inequalities that in the past were typically contained in a
single beginning algebra typically taught to most students
at the ninth grade level is now expected by the end of
eighth grade. While the manner of implementation is left
to individual teachers and school districts, the suggestion
is offered to continue the work begun with standard F.4.5
with a year-by-year program in the middle grades that
gradually, but carefully, increases the complexity of types
of equations and inequalities as well as the sophistication
and formality of solution methods.

This standard speaks to the desire for a balance in the
school algebra program between skill development and
conceptual understanding. In the earlier middle grades,
work with these properties and relations can be informal
and intuitively based. But, by the end of eighth grade,
students are expected to use correct and standard vocab-
ulary and symbolism.

AdoNoroaD Standairds WormaVon
Additional support information can be found in the NCTM Curriculum and Evaluation Standards, 98-104,

and in the NCTM PSSM, 222-231.
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Sample Pro lem with Commentary
A supporting beam used in construction is frequently made of triangles
formed by using steel rods that are the same length. The triangles are in an al-
ternating pattern as shown in the diagram. Contractors have a need to know
the amount of material (rods) needed to construct a beam.

FIGURE 5.22

1. How many rods will it take to construct a beam of length 4? Can you find
more than one method to find that number of rods?

2. Write an expression using numbers to illustrate how you solved part 1.
3. Write an equation relating the bottom length of the beam to the total

number of rods needed for any beam.

Comments about the Problem
Students may approach the problem from a variety of perspectives, all of
which allow them to think about the relationships between the two variables:
length of the beam and the total number of rods. The teacher should allow
students to enter the problem from their own perspective before doing any
additional activities related to the problem. Initially students begin by just
counting and then looking for ways to increase the efficiency of their count-
ing. They use number expressions and make verbal descriptions before they
write the symbolic representation.

Some students will count the three beams across the top, the four beams
across the bottom, and the eight bars through the middle. The resulting num-
ber sentence is 3 + 4 + 8 =15.

Other students will multiply the number of triangles pointing up by three
and add the top bars. This results in the numerical statement 4(3) + 3 = 15.

Still other students will multiply the number of triangles pointing down
by three and add the bottom bars and the ends. The corresponding number
sentence is 3(3) + 4 + 2 = 15.

Some students will count the total number of triangles by three and sub-
tract the shared bars, resulting with 7(3) 6 = 15.

Some students may see the problem as partial triangles and count two
sides of each triangle. They would then multiply the number of triangles times
two and add the end piece. The resulting number sentence is 7(2) + 1 15.

Once students have counted the bars needed for a length of four, they
should be challenged to reexamine the problem and look at the number of
rods needed for a beam of any length. One approach might be to take their
procedure for part 1 and generate a table for beams of lengths 1, 2, 3, .... The
ability to verbalize the patterns shown is important. Formal algebraic repre-
sentation may be developed later.
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For example the table for approach 1 will look as follows:

TABLE 5.16

Beam Length Top Rods Bottom Rods Middle Rods Total

1 0 1 2 3

2 1 2 4 7

3 2 3 6 11

4 3 4 8 15

Students should be able to verbally state a generalization for each of the
columns in the table. Then students need to write these generalizations in al-
gebraic representations. In the example above the length column would de-
fine the variable (r), the number of top rods would be represented with (r
1), the number of bottom rods as r, the number of middle rods is 2r, and the
total number of rods is (r 1) + r + 2r Each of the approaches that students
might use as they initially approach the problem will produce different gener-
alization patterns, allowing students to recognize equivalent algebraic expres-
sions. Graphing calculators can be used to find that equivalent expressions
have the same tables and graphs.
Problem adapted from Romberg, T. A., et al. (1996). Sampler, 46-49. Mathematics in Context
(MiC). Chicago, IL: Encyclopedia Britannica Eduational Corporation.)

Extension to the Problem
Students can translate the data from their table to a graph and determine if
the relationship is linear, exponential, or quadratic. As the relationship is lin-
ear, the students have the opportunity to investigate the concept of slope and
y-intercept and the slope-intercept form of linear equations.

Suggested Assessment Items
Write a letter to a classmate who was gone today explaining how you arrived
at the total number of pieces in the beam and how that method can be used
to find the number of pieces in a beam of any length.

Select any two algebraic expressions developed today and show how they
are equivalent.

In your journal, complete the following prompt: Today I learned ...

Significant Mathematics
Within this problem the students were given the opportunity to use appropri-
ate symbolism while generating equivalent expressions (F.8.1), work with a lin-
ear pattern using a real-world model by representing it in a variety offorms

(F.8.2), describe and generalize a functional relationship by generalizing a pat-
tern (F.8.3), write an equation to represent a problem situation (F.8.4), and
identify properties and relations through the extension (F.8.5). There are nat-
ural connections between this problem and other content and performance
standards. These include mathematical processes (A), number operations and
relationships (B), geometly (C), and measurement (D).
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Other Sample Problems
Examples of other rich problems such as this can be found from a number of
sources including the NCTM standards, the NCTM Addenda Series for the
Middle Grades, and problems from curricula produced through the projects
funded by the National Science Foundation. For instance, an example of ex-
ponential growth and decay can be found in the NCTM Addenda Series book
Patterns and Functions (Investigations 1-5 on pages 6 through 20). This
source will provide problems which students can do and written discussion of
the problems including appropriate tables and graphs.

Additional Resources
Additional rich problems such as these can be found in sources such as:

1. The NCTM Addenda Series book Patterns and Functions and Algebra in
a Technological World.

2. Professional journals:
o Wisconsin Teacher of Mathematics, published by the Wisconsin

Mathematics Council.
o MathematicsTeaching in the Middle School, published by NCTM.

3. Examples given in NCTM Standards books.
4. Problems found in the curricula developed under the auspices of the Na-

tional Science Foundation (see appendix A in this volume).

Performance Assessment Task
Assessment of conceptual understanding calls for opportunity for students to
take in information, to weigh it, and to respond with explanation. Performance
assessment tasks allow students to "produce an answer from their own
knowledge and in their own words" (DPI 1995,2). The Wisconsin Center for
Education Research (WCER) at the University of Wisconsin-Madison, in co-
operation with the Department of Public Instruction, developed several per-
formance assessment items from 1994-1998. The "Picky Patterns" task, com-
plete with scoring rubric and student work, follows as an example of such
assessment. It is the kind of item that could be used to prepare students for the
constructed response component of the Wisconsin Knowledge and Concepts
Examination (WKCE). The item is used with permission from the Office for
Educational Accountability, Wisconsin Department of Public Instruction.

Mcky Patterns
1. On dot paper draw different figures using these guidelines:

o Use only straight lines to connect dots.
o All sides must begin and end at a dot.
o All figures must be simple and closed.
o No dots can be in the interior of a figure.

Peiformance assessment
tasks allow students to
"produce an answer
from their own
knowledge and in their
own words."
Wisconsin Department of Public
Instruction 1995, 2
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Examples
1.

OK OK
(5 dots) (7 dots)

FIGURE 5.23

Examples

°

Not OK
(not simple)

.
Not OK

(not dosed)
Not OK Not OK

(dot in interior) (not closed)

2. Using data from your drawings, create a table relating the number of dots
on a figure to the area of that figure.

3. What would be the area of a figure with 100 dots?
4. Explain in detail how you found the area of the 100-dot figure (see Figure

5.25).

Scoring
Major Flaws

o Inaccurate drawings. (Points in the center, not closed, not simple)
o Fails to organize data in table form.

Minor Flaws
o Incomplete organization of data.
o Gives area as 50 or 48 in Question 3.
o Inaccurate algebraic expression where one is attempted.
o Insufficient number of drawings. At least five drawings should be in-

cluded.

Potential Elements of an Advanced Response
o An algebraic expression for the area may be expressed as (n12)-1 or (n-

2)12. Other variables are acceptable (such as D for number of dots.)
o Includes the algebraic expression and clearly explains how it was de-

rived and what each part of the expression represents.
o Gives a very clear and insightful explanation of the relationship be-

tween the number of dots and the area of a figure.

Student Responses
See the following example of an advanced student performance.
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Examples
1.

N

-
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. . .
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.

OK OK Not OK
(5 dots) (7 dots) (not simple)

FIGURE 5.24

Examples

0 0 0

Not OK
(not closed)

0 0

Not OK
(dot in interior)

Not OK
(not dosed)

2. Using data from your drawings, create a table relating the number of dots
on a figure to the area of that figure.
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FORM 262

3. What would be the area of a figure with 100 dots? 4°1

4. Explain in detail how you found the area of the 100-dot figure.
CY3 jfne kpy-a-ied

cut k-re re\c_xic'orp
'cwo

\k)Lk Ace c - = A

\CO )'r \C)0
-2_

FIGURE 5.25
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The Secondary Learner of athematics
Students entering high school today are much (Efferent than students in the
past, because they enter with much stronger mathematical backgrounds due
to the fact that they have had greater experiences with problem solving, rea-
soning, communication, algebraic thinking, and geometric concepts. As a re-
sult, schools at the high school level need to continue to challenge these stu-
dents, as well as, help prepare them for the future. All mathematics programs
at the high school level must contain challenging mathematics, including, not
only algebra and geometry, but probability, statistics, indirect measurement,
discrete mathematics, and the basic elements of calculus.

Students should be encouraged to take four years of mathematics in high
school whether they plan to pursue further study of mathematics, to enter the
workplace, or to look at other post-secondary options. Additional time will
allow students to learn not only more concepts but those concepts in more
depth. Teachers will have time to better facilitate mathematical explorations,
problem solving, and communication. Districts will need to find creative so-
lutions in designing their mathematics programs so that four meaningful
years of mathematics are possible for all students. This may mean creating
new courses such as integrated mathematics, so that students who choose not
to pursue the traditional junior and senior year mathematics sequence (i.e.,
Algebra II, Pre-Calculus/Trigonometry, and Calculus) still have the opportu-
nity to continue learning challenging mathematics.

High school students of today have grown up in a technological world.
Technology should be available to students as needed. Graphing calculators
and computer software need to serve as tools in helping students build un-
derstanding of mathematical concepts and for multiple representations that
can be used to solve problems.

Assessment needs to inform instruction and to facilitate student achieve-
ment. Alternative types of assessment such as portfolios, performance assess-
ments, journals, and observations, as well as traditional types of assessment
such as homework, quizzes, and tests, need to be used. Assessments should
be substantive and parallel instruction. Even when using technology, students
should explain what their reasoning was in solving the problem, including
how and why the technology was used. More detailed information about as-
sessment is available in the assessment section of this document.

Ushig Mathematical Processes
in Secondary Schools
WMAS (1998) stated, "In order to participate fully as a citizen and a worker in
our contemporary world, a person should be mathematically powerful. Math-
ematical power is the ability to explore, to conjecture, to reason logically, and
to apply a wide repertoire of methods to solve problems. Because no one lives
and works in isolation, it is also important to have the ability to communicate
mathematical ideas clearly and effectively." The mathematical processes as

All mathematics
programs at the high
school level must
contain challenging
mathematics, including,
not only algebra and
geometry, but
probability, statistics,
indirect measurement,
discrete mathematics,
and the basic elements
of calculus.

Mathematical power is
the ability to explore, to
conjecture, to reason
logically, and to apply
a wide repertoire of
methods to solve
problems.
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Every effort needs to be
made to incorporate all
the parts of the process

standard into each
mathematical endeavor.

described by the Wisconsin Performance Standards and the Principles and
Standards for School Mathematics (Standards 2000 Project 2000) outlined
the essential components of mathematical processes that allow students to
learn and comprehend all other aspects of mathematics. These tools are es-
sential to the learning of all mathematics content.

The process standard acts as an umbrella (see Figure 5.26) over all the
content standards:

Mathematical Processes
Number Operations and Relationships

Geometry

Measurement

Statistics and Probability

Algebraic Relationships

FIGURE 5.26

Eveiy effort needs to be made to incorporate all the parts of the process
standard into each mathematical endeavor! Mathematical processes perme-
ate all mathematics instruction, regardless of the specific content being ad-
dressed. In addition to reading and understanding mathematical statements,
students need to be able to demonstrate those understandings by speaking
about them, writing about them, and using them when problem solving. Stu-
dents should frequently be asked to explain their strategies, justify their rea-
soning and solutions, and defend the reasonableness of an answer. The
essence of mathematics can be thought of as a way of thinking, a language.
The 9-12 experience transitions students from the communication skills
learned in earlier grades to the communications skills that are necessary in
today's workplace.

hiationai Coamcii of Teachers of Mathematics Process
Standard, Principies and Standards for School
Mathematics (Standards 2000 Project 2000
National Council of Teachers of Mathematics Process Standards include five
strands of processes: problem solving, reasoning and proof, communication,
connections, and representation (See introduction in this section, p. 89). The
Wisconsin Model Academic Standards for Mathematics (Wisconsin Depart-
ment of Public Instruction, 1998, 4-5) offers a single process standard which,
because it impacts all other strands, is offered as Standard A: Mathematical
Processes and encompasses the use of reasoning and logic, logical argument,
analysis of nonroutine problems, effective oral and written presentations, suc-
cinct organization of mathematical procedures, and the ability to read and un-
derstand written mathematics.
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Wisconsin's Model Academic Standards for Mathematics,
Standard A: Mathematical Processes
Students in Wisconsin will draw on a broad body of mathematical knowledge
and apply a variety of mathematical skills and strategies, including reasoning,
oral and written communication, and the use of appropriate technology, when
solving mathematical, real-world, and non-routine problems (Wisconsin De-
partment of Public Instruction 1998, 4-5).

Msconsin Performance Standards
By the end of grade 12 students will:

A.12.1 Use reason and logic to:
o evaluate information,
o perceive patterns,
o identify relationships,
o formulate questions, pose problems, and make and test conjectures,

and
o pursue ideas that lead to further understanding and deeper insight.

A.12.2 Communicate logical arguments and clearly show:
o why a result does or does not make sense,
o why the reasoning is or is not valid, and
o an understanding of the difference between examples that support a

conjecture and a proof of the conjecture.
A.12.3 Analyze nonroutine problems and arrive at solutions by various

means, including models and simulations, often starting with provisional
conjectures and progressing, directly or indirectly, to a solution, justifica-
tion, or counter-example.

A.12.4 Develop effective oral and written presentations employing correct
mathematical terminology, notation, symbols, and conventions for mathe-
matical arguments and display data.

A.12.5 Organize work and present mathematical procedures and results
clearly, systematically, succinctly, and correctly.

A.12.6 Read and understand:
o mathematical texts and other instructional materials,
o writing about mathematics (e.g., articles in journals), and
o mathematical ideas as they are used in other contexts.

Addit5ona0 Standards gnformaVon
Additional support information can be found in the NCTM Curriculum and
Evaluation Standards, 137-149, and in the NCTM PSSM, 334-364.
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Sample Problem with Commentary

Students who enter high school with a firm foundation in mathematical un-
derstanding will better be able to augment their knowledge. Understanding
that mathematical ideas need verification, students will continue to seek
proof for advanced mathematical concepts. Knowing that mathematics has an
experimental aspect that helps predict truth, students will also know that ex-
perimentation is not a formal mathematical proof. Technology can often be
used to develop and enhance the intuitive understanding of mathematical
concepts. Formal proofs for experiments done in elementary and middle
school will be part of their secondary school experience.

Reasoning and proof and representations ar- e two of the process standards
from the NCTM Principles and Standards for School Mathematics. Students in
grades 9-12 develop an understanding that mathematical argument depends on
certain assumptions. Encouraging the understanding of mathematics through
patterns and conjectures is a sound preliminary educational approach, but for-
mal axiomatic development helps avoid false conclusions. For example, to show
that the sum of the angles of a triangle is 180 degrees, axioms or properties of the
plane, such as any two distinct points have a unique line through them, can be
used. However, when working with a sphere (see Figure 5.27), two points on the
equator, together with the point at the north pole, form a triangle that will have
an angle sum of more than 180 degrees because the shape is not a plane figure.
The proof that the angle sum in a triangle in a plane is 180 degrees uses the fact
that two distinct points have a single line through them; this is not true for a
sphere. The use of one set of axioms and assumptions will determine specific
outcomes, whereas use of a different set of axioms and assumptions will result in
a different conclusionone which may be equally valid.

FIGURE 5.27 -

Additional Resources
Additional rich problems can be found in sources such as:

1. The 1989 NCTM Standards and Addenda Series books.
2. Professional Journals:

o Wisconsin Teacher of Mathematics published by the Wisconsin Math-
ematics Council.

o Mathematics Teacher published by National Council of Teachers of
Mathematics.

3. Problems found in the curricula developed under the auspices of the
National Science Foundation.
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Learning Number Operations a d
Relationships in Secondary Sch ois
Secondary students who feel comfortable with numbers and number opera-
tions will have better skills and more self-confidence in mathematics. As a re-
sult, they are at an advantage to learn other mathematical concepts. In grades
9-12, students will be dealing with the number properties at a formal level.
For example, the distributive property will be emphasized and fully devel-
oped since it plays a critical role in the understanding of mathematics at the
high school level. The use of this property, along with many other properties,
will be expanded and applied to the set of real numbers.

Students at the 9-12 level need to use and understand a variety of num-
ber systems, acceptable limits of accuracy, various number scales, reasonable-
ness of results, exact versus rounded values, numerical arguments, and more
challenging patterns of numbers. Secondary mathematics can lead to stu-
dents seeing the beauty of numbers, as well as, the usefulness of mathemati-
cal applications. Use of technology should be encouraged for experimentation
and enhancing inductive reasoning. Communication is an extremely impor-
tant part of the program and allows students to formulate conjectures, give
logical arguments why generalizations are true, and to supply counter exam-
ples to support or to question conjectures.

Nat5onaD Comciill off Teachers off IMarthemathcs
Number and Opera-dons Standard, Principies
and Standards for School Mathematics
(Standards 2000 Project 2000)
Mathematics instructional programs should foster the development of num-
ber and operation sense so that all students:

o Understand numbers, ways of representing numbers, relationships
among numbers, and number systems.

o Understand the meaning of operations and how they relate to each
other.

o Compute fluently and make reasonable estimates.

Wisconsin's Model Academic Standards for Mathematics,
Standard B: Number Operations and Relationships
Students in Wisconsin will use numbers effectively for various purposes, such
as counting, measuring, estimating, and problem solving (Wisconsin Depart-
ment of Public Instruction 1998,6-7).

Students at the 9-12'
level need to use and
understand a variety of
number systems,
acceptable limits of
accuracy, various
number scales,
reasonableness of
results, exact versus
rounded values,
numerical arguments,
and more challenging
patterns of numbers.
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TABLE 5.17 Wisconsin's Model Academic Standards for Number Questions and Relationships

Wisconsin's performance standards

By the end of grade 12 students will:

B.12.1 Use complex counting proce-
dures such as union and intersection of
sets and arrangements (permutations
and combinations) to solve problems.

B.12.2 Compare real numbers using
order relations and transitivity, ordinal
scales including the logarithmic scale,
arithmetic differences, and ratios, pro-
portions, percents, rates of change.

B.12.3 Perform and explain operations
on real numbers (add, subtract, multiply,
divide, raise to a power, extract a root,
take opposites and reciprocals, deter-
mine absolute value).

B.12.4 In problem-solving situations in-
volving the application of different num-
ber systems select and use appropriate
computational procedures, properties,
and modes of representation.

B.12.5 Create and critically evaluate nu-
merical arguments presented in a variety
of classroom and real-world situations.

B.12.6 Routinely assess the acceptable
limits of error when evaluating strate-
gies, test the reasonableness of results,
and using technology to carry out com-
putations.

Elaboration

The intent is to use these procedures in an informal and intuitive way.
While the concepts behind them are important, students, and teachers
need not become involved with the "heavy" and formal symbolism that is
often associated with these ideas. Factorial notation is probably needed,
but that is not such a formidable idea.

Here the number domain of interest is expanded to include irrational
numbers. One should not read too much into use of logarithmic scales.
Yet, students should be made aware of their applied use. Remember that
students are expected to be proficient in use of exponential and scientific
notation as ways to represent numbers. Students should be aware of the
different uses of numbers such cardinality, ordinality, or identification.

This standard directly parallels standard B.8.2. The only difference is the
expansion of the number domain to include irrational numbers. The ex-
pectation is that student will be able to deal with numbers expressed in
radical notation.-

This statement gives a wide-ranging summarization of what it means for a
student to have number sense. It goes beyond just the ability to compute,
important though that skill is. Recognizing properties of number opera-
tions as well as using different ways to represent and think about numbers
is part of the repertoire of a numerate person.

This is simply another aspect of numeracy. Here the number-sensible stu-
dent is able to apply what he or she knows about a number (relative size,
properties, computation) to numerical statements made by others in a
wide variety of contexts.

And, finally, this standard addresses yet another mark of a person with
number sense. Far from being the exact science that some people believe
it is, mathematics, especially the applied portion of it deals with real prob-
lems, is a way of handling the variability and imprecision that naturally
arises from computing with numericardata derived from measurements
or from approximations and estimates. Here, the student needs to be able
to determine reasonable confidence intervals that are consistent with the
requirements of the original problem situation.

Addt5ona0 Standards Woo-ma-don
Additional support information can be found in the NCTM Curriculum and Evaluation Standards,
184-186, and in the NCTM PSSM, 290-294.
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Sample Problem 1 with Commentary

Building on activities in elementary school where students work with fraction
concepts at an intuitive level and on investigations in middle school where stu-
dents apply rational numbers and proportional reasoning, including rational
number summations, the following problem then extends and formalizes those
understandings. What is the sum of the series:

1 1 1 1
(1) + + + +3 32 33 34

Discussion
Using a calculator, enough terms can be added to make a prediction or ap-
proximation of the value of the infinite sum. Defining the partial sum S(n) to
be the sum of the first n terms, and plotting those terms, the graph ap-
proaches the value of (1). Next, working algebraically, one gets

1
S(1) = , S(2) = -4 , S(3) = L3 , S(4) = 40 ,

3 9 27 81

The Question
What is the general formula? The denominator of S(n) is 3" and the numera-
tor is the denominator minus 1 then divided by 2. Thus,

1 1
S(n) = [(3" 1)/ 2]/ 3" =

2 (2 3')

Introducing the concept of limit, it is clear that the limit of S(n) as n goes to
infinity is 1/2. Another way to express the problem: let

1 1 1 1S=+ +++3 3. 33 34

Calculate

1 1 1 1S=++--+....3 32 33 34

Comparing these expressions it can be observed that

The solution to this equation

1 1S+=S.
3 3

2
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More generally, for the sum of an infinite geometric series where the
absolute value of the common ratio (r) is less than one, it is possible to find
the formula for the arbitrary geometric series.S = a + ar + ar2 + ar3 + . By

calculating rS, noting TS + a = S, and solving for S. one arrives at the formula

S =
a

1 r .

Sample Problem 1 was an original problem contributed by J. Marshall Osborn. The extension can be
found in "Using three representations to present a new concept," by J. F. Marty. Wisconsin Teacher
of Mathematics, vol. 47, no. 3 (1996): 28-30. The application came from the New Standards Project.

Standards Addressed
A.12.1 Use reason and logic to perceive patterns and pursue ideas that lead to

further understanding and deeper insights.
A.12.5 Organize work and present mathematical procedures and results

clearly, systematically, succinctly, and correctly.
B.12.2 Compare real numbers using order relations and transitivity, ordinal

scales including the logarithmic scale, arithmetic differences, and ratios,
proportions, percents, rates of change.

B.12.3 Perform and explain operations on real numbers (add, subtract, di-
vide, raise to a power, extract a root, take opposites and reciprocals, de-
termine absolute value)

B.12.5 Application of different number systems, rational numbers in this
case, and that students use number properties and different modes of
representation.

Connection
A discussion of a similar problem with the common ratio equal to 1/2 can be
found in the article titled "Using Three Representations to Present a New
Concept," published in the Wisconsin Mathematics Teacher, Fall 1996, Vol.
47, No. 3. In the article, the author describes how the problem

1 1 1 1S=++++...
2 4 8 16

was examined from a numerical, geometric, and symbolic perspective in a
classroom setting.

Numerical Perspective
See below for a program for a graphing calculator. The program merely re-
quired inputting the initial term and the common ratio. Using a PAUSE state-
ment allows students to see the effect of adding each term to the sum (see
Figure 5.28). Please note that the sum not only converges to 1, but actually
assumes the value of 1. The fact that this is an infinite loop implies that there
is an infinite series. Not only do students see the series numerically converge
to a sum of 1, but the program also leads to an interesting discussion of
rounding, errors resulting from rounding, and the implication of such errors.
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PrgmSUM .5 .9921875 .9998779297
INITIAL .75 .99609375 .9999389648
VALUE? .875 .998046875 .9999694824
? . 5 .9375 .9990234375 .9999847412
COMMON .96875 .9995117188 .9999923706
RATIO? .984375 .9997558594 .9999961853

.9999980927

.9999990463

.9999995232

.9999997616

.9999998808

.9999999404

FIGURE 5.28

.9999999702

.9999999851

.9999999925
.9999999963
.9999999981
.9999999991

0 -4 SUM
Disp "INITITAL VALUE?"
Input
Disp "COMMON RATION?"
Input R
I --> SUM
Disp SUM
Lbl A
I*R--->I
SUM + I --> SUM
Pause
Go to A

.9999999995

.9999999998

.9999999999

.9999999999

Geometric Perspective
Take a unit square and divide it into two congruent rectangles, each with an
area of one-half. Divide one of the rectangles again into two congruent rec-
tangles (See Figure 5.29). Continue to divide each successive rectangle in half
several more times. Each rectangle is then the next term in a series in a
sample series creating a spiral pattern. The area left after each division
approaches zero, so each tiny addition of area forces the area to get closer to
the area of the original square.
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1 /8

1/16

1/128

1/256_L
I/512

1 /64

1 /32

/4

1 /2

1/2 + 1/4 + 1/8 + 1/16 + = 1

FIGURE 5.29

Symbolic Perspective
As n gets larger, the value of

(1/2)n

gets smaller. More specifically, as n gets infinitely large,

(1/2)"

approaches zero. Limit notation can be used

lim = 0
n > 00

The formula can be reexamined for the nth partial sum of a geometric series.

1 r"
S = a 1 r

As n becomes very large, rn approaches zero. The formula for the sum of the
infinite series (S) approaches

a,

1 r
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where al is the initial term of the series and r is the common ratio. Some limit
notation can again be used.

1lim S = a
n > r

Thus, algebra can be used to derive a formula for the sum of an infinite geo-
metric series, namely

a
1S = 1 r

Application/Extension
A bank vault contains a large amount of gold and you are told that you may
keep all that you carry out, under the following conditions:

a. On the first trip you may take out only one pound.
b. On each successive trip you may take out half the amount you carried out

on the previous trip.
c. Each complete trip takes one minute.

Explain how much gold you can carry out, and how long it will take to do
it. Also, determine your hourly rate of earnings if you "work" for 15 minutes.
Assume that the value of the gold is $350 per ounce. What would be your
hourly rate if you "worked" for 20 minutes? What if you "worked" for an
hour?

This contextual example of a converging infinite series was published by
the New Standards Project (1997, 58-60).

Sample Problem 2 with Commentary

Although the previous examples involve geometric series, students should
also be familiar with finding a formula for the nth term and the nth partial
sum of an arithmetic series (linear expressions) and a series that can be de-
scribed by quadratic models. An example of the later is figurate numbers
(numbers that form a geometric figure), for example, a pentagon. The num-
ber (see Table 5.18) represents the number of dots in the picture. The pen-
tagonal numbers are whole numbers that are represented by pentagonal
shapes. The first four pentagonal numbers are shown in Figure 5.30.

TABLE 5.18

Number of Dots
Number (Pentagon Numbers)

1 1

2 5
3
4
5
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Pentagonal Numbers

1 2

3

C_NI (ONiN

FIGURE 5.30

Pentagonal Numbers
Answer the following questions.

a. Complete the table and look for a pattern.
b. Make a sketch to represent the fifth pentagonal number.
c. How many dots are in the diagram representing the ninth pentagonal

number?
d. Is there a pentagonal number that has 200 dots in its shape? If so, which

one?
e. Write a formula for the nth pentagonal number.

Discussion
By taking the difference of successive pentagonal numbers, one gets the se-
quence 4,7,10,13, ... Because this is not a constant sequence, pentagonal
numbers do not form a linear sequence. By taking the difference of the num-
bers in this new sequence, we get 3,3,3, ... which is a constant sequence.
Thus, the pentagonal sequence must be a quadratic sequence, i.e., if y is the
nth pentagonal number, then for some constants a, b, and c, yn = an2 +bn + c.
The values of a, b, and c can be found by studying three special cases of this
equation:

n = 1: 1 =a+b+c
n = 2: 5 = 4a + 2b + c
n = 3: 12 = 9a + 3b + c

Solving these equations simultaneously yields

a = 3 , b = 1 , and c = 0.
2 2
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Thus, the formula is

y= 3n, 1 n.
2 2

Examples of other sets of numbers that can be used to develop sequences
and series of this nature include the square numbers, the cubic numbers, the
triangular numbers, the rectangular numbers, and the hexagonal numbers.
Other rich sources for working with numbers include Pascal's Triangle (Sey-
mour, 1986), Fibonacci Numbers, and Lucas Numbers (Bezuska & Kenney,
1982).

Sample Problem 2 was contributed by James F. Marty.

Standards Addressed
B.12.5 Create and critically evaluate numerical arguments presented in a va-

riety of classroom and real-world situations (e.g., political, economic, sci-
entific, social).

The various perspectives represented in this section address the repre-
sentation process standard from NCTM Principles and Standards School
Mathematics: Select, apply and translate among mathematical representa-
tions to solve problems.

Sample Problem 3 with Commentary

Assuming every registered voter is keeping up on current events, a poll of 1.00
registered voters designed to find out how voters kept up with current events
revealed the following facts:

o Sixty-five watched the news on television.
o Thirty-nine read the newspaper.
o Thirty-nine listened to radio news.
o Twenty watched TV news and read the newspaper.
o Twenty-seven watched TV news and listened to radio news.
o Nine read the newspaper and listened to radio news.
o Six watched TV news, read the newspaper, and listened to radio news.

a. How many of the 100 people surveyed kept up with current events by
some means other than the three sources listed?

b. How many of the 100 people surveyed read the paper but did not watch
the TV news?

c. How many of the 100 people surveyed used only one of the three sources
listed to keep up with current events?

Discussion
While there are various methods to solve this problem, one option is to a use
a table or a Venn Diagram.
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Here is a possible solution to this problem using a Venn Diagram.

FIGURE 5.31

Sample Problem 3 was contributed by James F. Marty.

Standards Addressed
B.12.3 Perform and explain operations on real numbers (add, subtract, di-

vide, raise to a power, extract a root, take opposites and reciprocals, de-
termine absolute value).

Sample Problem 4 with Commentary

Most people read about Richter scale readings when an earthquake occurs,
understand that a measurement of the pH tells how acidic a liquid or solid is,
or know how many decibels a loud music sound is, but few people understand
that these numbers come from formulas involving logarithms. The common
logarithm of a number is the power of ten to which the number is equal. For
example, log 1,000 = 3 because 103 = 1,000, whereas log 0.01 = 2 because
10-2= 0.01. If something is equal to the logarithm of the intensity, then the
log changing by 1 means the intensity changed by a factor of 10.

A logarithmic scale describes the intensity of sound. The quietest sound
that .a human can hear has an intensity of about 10-12 watts per square meter
(w/m2). The human ear can also hear sounds with intensities as large as 102
w/m2. Because the range from 10-12 to 102 is so large, it is convenient to use
another unit, the decibel (dB), to measure sound intensity. The decibel is
1/10 of a bel, a unit named after Alexander Graham Bell, the inventor of the
telephone.

Table 5.19 gives the decibel and the corresponding w/m2 values for some
common sounds.
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TABLE 5.19

Watts/Square Meter Type of Sound Decibels

102 jet plane (30 m away) 140
101 pain level 130
100 amplified rock music (2 m) 120
10-1 110
10-2 noisy kitchen 100
10-3 heavy traffic 90
10-4 80
10-5 70
10-6 normal conversions 60
10 average home 50
10-8 40
104 soft whisper 30
10-1° 20
10-11 10
19-12 barely audible 0

As the decibel values in the right column increase by 10, the corres-
ponding intensities in the left column multiply by 10. Thus, if the number of
decibels is increased by 20, the sound intensity is multiplied by 100. If you in-
crease the sound intensity by 40 dB, you multiply the watts per square meter
by 10,000. In general, an increase of n dB multiplies the intensity by 10n11°
The 120 dB intensity of loud rock music is 1060/10 = 106= 1,000,000 times the
60 dB intensity of normal conversation.

Logarithmic scales are different from linear scales. On a linear scale, the
units are spaced so that the difference between successive units is the same.
On the logarithmic scale, the units are spaced so the ratio between successive
units is the same. Logarithmic scales are often used to model data with a very
wide range of values.

Use Table 5.19 to answer the following questions:

1. What is the intensity of a sound barely audible to human beings?
2. Give an example of a sound that is 100 times more intense than a noisy

kitchen.
3. How many times more intense is normal conversation than a soft whisper?
4. The intensity of a jet plane at 600 m is 20 dB more than that of a pneu-

matic drill at 15 m. How many times more intense is the sound of the jet?

Answers to Practice Problem 4:

1. 10-'2w/m2
2. amplified rock music
3. 1000 times
4. 100

Sample Problem 4 can be found in the University of Chicago School of Mathematics Project: Ad-
vanced Algebra, by Z. Usiskin (Glenview, IL: Scott, Foresman and Company, 1990)
pp. 500-502. Both extensions were contributed by James F. Marty.
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Standards Addressed
B.12.2 Compare real numbers using ordinal scales including logarithmic

(e.g,. Richter, pH rating).

In order to fully understand what these readings in problem 4 mean, a lit-
tle bit must be known about logarithms. It is not the intent of this standard to
have everyone learn all there is to know about logarithms, but merely to know
that a change of 1 means something different in a different context, namely
when something is defined in terms of a logarithm.

Extension ii

The loudness of sound, as experienced by the human ear, is based upon inten-
sity levels. A formula used for finding the decibel level a which corresponds to
a sound intensity I is a = 10 log (///0) decibels where I0 is a special value of I
agreed to be the weakest sound that can be detected by the ear under certain
conditions. (Note: log refers to the common logarithm, base 10.)

Find cc if:

1. I is 10 times as great as 10.

2. I is 1,000 times as great as 10.
3. I is 10,000 times as great as I. (This is the intensity level of the average

voice.)

Answers to Extension 1:

1. because I/ /0 = 10 and log 10 = 1, a = 10 1 = 10 decibels.
2. because // I0 = 1,000 and log 1,000 = 3, a = 10 3 = 30 decibels.
3. because 11 10 = 10,000 and log 10,000 = 4, a = 10 4 = 40 decibels.

Standards Addressed
This topic goes beyond the Number Operations and Relationships Standard.
The last example presented in the Statistics and Probability Standard section
of this document illustrates that when given a power function, the graph of
log y versus log x will produce a linear graph. Given an exponential function,
the graph of log y versus x, will also produce a linear graph. See Extension 2
of Sample Problem 3 in the Statistics and Probability Standard for further
elaboration on these ideas.

Extension 2
Ideas from the Algebraic Relationships strand of the WMAS.

Assume we have an exponential function
Take the logarithms of both sides
Expand using properties of logarithms

log a is a constant, call it b, and let y' = log y
The graph of log y versus x is linear

y -= a 10mx
log y = log (a 10"1x)

logy = loga + mx log10
log10 = 1 since 101= 10
logy = mx + loga

y' = mx +19
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Assume we have a power function
Take the logarithms of both sides
Expand using properties of logarithms
log a is a constant, call it b, let y' = log y,
and x' = log x
The graph of log y versus log x is linear.

y = a Xm
logy = log (a xn1)
logy = log a + m logx

y' = m x' + b

Three Important Points Related to Standards
1. WMAS must be viewed as a complete document, all the standards are in-

terrelated as is mathematics as a whole.
2. WMAS is to be viewed as foundations on which mathematical under-

standing can be built. Certainly teachers and students are expected to ex-
tend beyond just the topics illustrated in the document.

3. Such topics as linear functions may seem quite elementary in an algebraic
sense because so many phenomena in our World require nonlinear math-
ematical models; however, their true value is reflected in their close ties
to the more powerful aspects (mathematical modeling) that appear later
in the development of mathematics.

Additional Resources
Additional rich problems such as these can be found in sources such as:

1. The 1989 NCTM Standards and Addenda Series books.
2. Professional Journals:

o Wisconsin Teacher of Mathematics published by the Wisconsin Math-
ematics Council.

o Mathematics Teacher published by NCTM.
3. Problems found in the curricula developed under the auspices of the Na-

tional Science Foundation.

Learni g Geometry 6n Sec rldery School]
Geometric applications are extremely practical in many real-life situations;
the understanding of geometric and visualization skills is essential. These
skills are also prerequisite for further study of mathematics (for example, in
understanding graphs). Many students encounter mathematics that does not
primarily deal with numbers through geometry. On an intuitive level, stu-
dents need to experience explorations of geometric objects, measurement in
geometry, geometric transformations, congruence, and similarity before they
begin to construct formal logical arguments. Formal argument in geometry
serves two purposes for the student. First, it enhances and expands on the
student's reasoning ability, helping the student to find the solution to prob-
lems of a type that have not been encountered before. Secondly, it prepares
the student for the more formal approach to the learning of mathematics
through the deductive reasoning process. Quality high school mathematics
programs incorporate informal geometry, synthetic geometry, coordinate
geometry, and transformational geometry.

The understanding
of geometric and
visualization skills is
essential for further
study of mathematics.

Putting the Standards into Action

236 215



Geometry is an integral part of trigonometry and calculus courses, where
tbe student needs to know the geometric properties of figures and be able to
visualize such things as solids of revolution and minimizing distances. Addi-
tionally, students with a good background in geometry are most successful in
their study of physics, especially when working with such topics as vectors and
derived attributes such as velocity and acceleration. Beyond academia, the
understanding of geometry is needed in many occupations such as carpentry,
landscaping, and decorating.

Na1Iiona0 Coo.mciD of Teachers of MathemaVcs
Geometry Standard, Principles and Standards for
School Mathematics (Standards 2000 IProjject 2000)
Mathematics instructional programs should include attention to geometry
and spatial sense so that all students:

o analyze characteristics and properties of two- and three-dimensional
geometric shapes and develop mathematical arguments about geomet-
ric relationships,

o specify locations and describe spatial relationships using coordinate
geometry and other representational systems,

o apply transformations and use symmetry to analyze mathematical situ-
ations, and

o use visualization, spatial reasoning, and geometric modeling to solve
problems.

Wisconsin's Model Academic Standards for Mathematics,
Standard C: Geometry
Students in Wisconsin will be able to use geometric concepts, relationships,
and procedures to interpret, represent, and solve problems. (Wisconsin De-
partment of Public Instruction 1998, 8-9).
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TABLE 5.20 Wisconsin's Model Academic Standards for Geometry

Wisconsin's performance standards

By the end of grade 12 students will:

C.12.1 Identify, describe, and analyze
properties of figures, and relationships
among their parts.

C.12.2 Use geometric models to solve
mathematical and real-world problems.

C.12.3 Present convincing arguments by
means of demonstration, informal proof,
counter-examples, or any other logical
means to show the truth of statements
and generalizations.

C.12.4 Use the two-dimensional
rectangular coordinate system and alge-
braic procedures to describe and charac-
terize geometric properties and relation-
ships such as slope, intercepts,
parallelism, and perpendicularity.

C.12.5 Identify and demonstrate an
understanding of the three ratios used in
right-triangle trigonometry (sine, cosine,
tangent).

Elaboration

This standard builds upon the groundwork laid in Standards C.4.1 and
C.8.1. The important difference here is the inclusion of word "analyze"
which opens up the use of logic and reasoning to examine the why's and
why-not's of the existence of familiar properties and relationships. Also
important is the use of computer software in the analysis process that
strongly suggests the use of inductive reasoning as well as the more tradi-
tional deductive logic.

This process-oriented standard is included to emphasize to all readers that
the study of geometry at this level should not deal just with abstract con-
cepts and skills. Rather, an appeal to the practical uses of geometry is
made.

The importance of logical thinking cannot be over-emphasized. But,
it should not be limited to the strictly formal type of logic and the
"two-column" proofs which has been the heart of traditional, college-
preparatory geometry courses at the secondary level. This standard
argues for use of many different modes of logical analysis.

Here the skills of coordinate systems learned in elementary and middle
school are applied to the study of geometric properties and relationships.
The beauty of the Cartesian coordinate system is the integration of alge-
braic and geometric methods. This should be made accessible to all stu-
dents.

The intent of this standard is to introduce students to the practical use of
the three trigonometric ratios. It is definitely not intended to require
knowledge of the more formal aspects of trigonometry found in an ad-
vanced course for college-intending students.

AddiVonaD Standards OnformaVon
Additional support information can be found in the NCTM Curriculum and Evaluation Standards,
157-162, and in the NCTM PSSM, 308:318.
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Sample Problem 1 with C mmentary
A horse is secured by a 50-foot-long rope that is tied to a stake. The stake is
placed 10 feet from the corner of a 20-foot-by-40-foot barn. A line from the
stake to the corner makes a 135-degree angle with the sides of the barn.
Under these conditions, how much area does the horse have to graze in?

The following is one student's solution to this problem (see Figures 5.32
and 5.33).

The lettering below refers to lettering on the following student work.

A The student organized the task by clearly identifying five regions (labeled
A to E) whose area needed to be found. From this point on, the response
represents a continual process of setting up a relationship and using it to

Jier navre 6 11c95-6329---
aLudi_ne.4

._

tilm ia_acL
x 40' 7590- t'N Order hariWinatte- -tirvi5_101e2curak1 e_

pedencecDc_bee, Ar,_l_titeideot.
a_ccnaec_atimig.ope,._ord_OOrk_Aiae__atoer_ac&AQ

i:.1: k bi-e4,...410a_nacest_cleIecka61P
kw:. .c1321m_Ana_cof..pec. S..,elinaidacni_actLaeins

i..tot.2ecs_ace____
_Co'

.4 T diii_nck inalle_a_tanajec_4e.e__4_rDpeTter-uce6j
-10bnieda

atn_..zcqa_sc laq-cury, eaPi-N IsiCIP 4 Ale karn._i_pt.L

; t; 0, Dalts9 -VD ;Us Aocek...amperlpratiLif_inr

:- .doe, llaeL_Ao .scaaepor_anci_hecelt9_
. temestrectej_menthican_442e_will_aA*e.

4. -Itt,at. a dAret-La_Olizoirarn..4 -414..ik4c11-0aErOr"._
_Alia_Iliay.,

,
T___,5bkaiiatt_at_a_CesiainEv

laud hiic IVA 90' NMI
Ale 1:2(n_antiLlcieCabi..

t-1

roce

_spioeilba_ciceag
taraii_accunsL. Aae_Caner rin

.;Artere Carela)....112e_°iinie -.del

._2id64_24ca_i2a,frimaE)
6435--kata_ 9pr .3141 4o1 e

WhenAle_nve wae,
26 t

sw0.

___2reoper

___.(Alsitetatect

_boors&

- Aw
-VAL o

0 Abe...2Lstle_ ©
1- -kve. kacn÷_a_4riatc8

Iikelaiw..
4111e,a_0±_rope.J4w. takwit

433eALtidelpiqe
.

ogrn and&er AtrianoAe_liaVretur,
[ive rernainiv.5 afea avalC)

FIGURE 5.32A

218 Putting the Standards into Action

n 3



find an unknown, then setting up a new relationship using what was just
found to find another unknown, and so on for many steps.

A The response was built on a complex and effective geometric model of
the problem situation. The model consisted of a division of the region
into five separate regions, each of which consists of a triangle or a circle
sector, and. the introduction of techniques to find the area of each.

Throughout the work,.the student used knowledge of two-dimensional
figures and their properties. For example:

B Knowing two angles of a triangle, the student founa the third.
C Knowing the angle of a sector of a circle, the student found the angle of

the complementary sector.
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D The angle 0 in triangle A is actually supplementaly to the sum of 90 degrees
and the angle of arc D. (Similarly for triangle B and the angle of arc E.)

Throughout the work, the student used knowledge of area formulas. For
example:

Knowing the base and height of a triangle, the student found its area.
Knowing the angle and radius of a sector of a circle, the student found its
area. This is a key part of the response, and the student managed it nicely.
The result being used is that the area of a sector of a circle with angle 0
(in degrees) and radius r is 0/360 'n- r2.

G Knowing the lengths of two sides of a right triangle (or knowing the
length of the hypotenuse of an isosceles right triangle), the student used
the Pythagorean Theorem to find the length of the third side. The re-
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sponse cites and uses a specific rule about 450-450-900 triangles: the hy-
potenuse of an isosceles right triangle is times the leg. This rule can
be derived using the Pythagorean Theorem.

H Knowing the length of two sides of a right triangle, the student used the in-
verse of the tangent function to find the acute angle. This is the one place in
the solution where use of trigonometry was necessary. The student found
an acute angle of a right triangle by using a calculator and the inverse tan-
gent function to solve for 0 in the defining formula for the tangent: tan 0 =
oppladj. This is possible because the opposite (opp.) and adjacent (adj.)
sides are both known. (The calculation is shown in the response for both tri-
angles A and B, though the step is not mentioned in the prose explanation.)
Here the student used trigonometry again, this time to find the hy-
potenuse, knowing the angle and the opposite side. The hypotenuse
could have also have been found without trigonometry by the
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Pythagorean Theorem, because both the opposite and the adjacent sides
are known. (The hypotenuse lengths of triangles A and B are not used
until later when triangles D and E are treated.)

The response used the symbol = to mean, "is approximately equal to," in
cases where decimals are rounded off. Actually, this symbol should have been
used in more of the cases here, because all the decimals have been rounded off.

The student indicated that the experience of working on this extended task
was a rich and rewarding one and echoed the language of the standard.

Although the requirements of the problem are quite clear, solving the
problem required some visualization on the student's part. Knowledge of
plane figures and their properties is required. It also entails the concept of in-
direct measurement, which may be exhibited through the use of such things
as the Pythagorean Theorem, the trigonometric ratios, and the area formulae.
The problem also emphasized problem solving and communication.

Sample Problem 1 can be found in the New Standards Project 1995, pp. 49-51.

Standards Addressed
A.12.2 Communicate logical arguments.
C.12.1 Students had to identify, describe, and analyze properties of figures,

relationships among figures, and relationships among parts of figures.
C.12.2 Students were required to use geometric models.
C.12.5 Students identified and demonstrated an understanding of the three

ratios used in right-triangle trigonometry.
D.12.3 Students determined measurements indirectly by using techniques of

algebra, geometry, and right-triangle trigonometry.
F.12.4 Students modeled and solved a variety of mathematical and real-world

problems by using algebraic expressions, equations, and inequalities.

The problem was a rich problem in that it encompasses many of the standards
within a single task.

Sam ,e' le Pr blem 2 with Commentary
The following problem provides practice in two- and three-dimensional geom-
etry and with the Pythagorean Theorem. A little house is to be constructed
from cardboard that has the form of a cube 4 inches on a side topped by a pyra-
mid with base edges of 4 inches and height 1 inch is shown in Figure 5.34a.

1. What is the distance from a corner of the base of the roof to the tip of the
roof?

2. What is the area of the roof of the house?
3. What is the volume of the inside of the house, including the part up

under the roof ?
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4"

FIGURE 5.34A FIGURE 5.34B

4. The house is to be constructed out of two pieces of cardboard, each of
which has the form of a rectangle with an 8-inch base and 4-inch height,
which has two triangles on top of it (see Figure 5.34B). Bending each
piece on the dotted lines, we can put the two pieces together to form the
house (the edges will be taped, so there will be no overlap). Can these
two pieces of cardboard be cut out of a single rectangular piece of card-
board that is 9 inches hy 111/2 inches?

5. What are the dimensions of the cardboard rectangle of smallest area out
of which these two pieces for the house can be cut?

The answer to part 1 can be found to be 3 by two uses of the Pythagorean
Theorem. For part 2 we note that each piece of the roof is a triangle with base
of 4 inches and two other sides of 3 inches. The height of this triangle can be
found to be -0 inches, so the area of the triangle is 2 0 square inches.
Hence the area of the four roof sections is 8 0 square inches. To answer
part 3, we observe that the volume under the roof is a pyramid with base of 16
square inches and height 1, so the volume is

1
x 1 x 16 = 16 = 5 1 .

3 3 3

Thus, the whole volume of the house is

64+ 5-1 = 69-1
3 3

cubic inches.

Part 4 can be solved in a very concrete fashion by cutting out two pieces
of cardboard as in figure 5.34B, cutting out a rectangle of cardboard, 9 inches
by 111/2 inches, and then placing the first two pieces on the rectangular piece
so that the two do not overlap. This can also be done by placing the two card-
board pieces shaped like figure 5.34B with their slanting edges touching, as in
figure 5.34c, but with the line determined by segment A 1 inch to the left of
segment B. Then one measures that the height is less than 111/2. For stu-
dents with enough background, these calculations can be done by drawing
pictures rather than using pieces of cardboard.

Putting the Standards into Action
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FIGURE 5.34c

8"

FIGURE 5.34D

For part 5, the student can put the two pieces of cardboard shaped as in
figure 5.34B together as in figure 5.34c. By trying several cases where the
slanted sides of the two pieces touch more or less, the student will discover
that the rectangle needed to cut out the two figures will have minimum area
when the two pieces are pushed completely together, as in figure 5.34D. In
this case the width of the rectangular piece of cardboard that they cut out is
10 inches and the length is 8 + inches. For the student who is doing these
calculations with pencil and paper, it may be helpful to note that the distance
from the line through segment A to the segment B is exactly one-third of the
length of the overlap.

Sample Problem 2 was contributed by J. Marshall Osborn, University of WisconsinMadison.

Sample Problem 3 with Commentary

Begin by drawing any triangle using the segment tool (F2) (see Figure 5.35).
It might be wise to start with an acute triangle, but it is not absolutely neces-
sary. Your observations and conjectures should apply to any triangle.

A median in a triangle is a segment that joins the midpoint of a side to the
opposite vertex. Use the midpoint (F4) and segment (F2) tools to construct
the three medians of your triangle (see Figure 5.36). Notice where the medi-
ans intersect (or are concurrent); this point is known as the centroid. Use the
label tool (F7) to label the centroid M. In Physics, the centroid is also known
as the center of mass or center of gravity. If your triangle was laminated with
uniform thickness and density, then this is the point at which you can balance
the triangle on your finger, a pencil point, or something similar. You could use
the distance tool (F6) to observe that the centroid is located 2/3 of the dis-
tance from the vertex to the midpoint. Use the hide tool (F7) to hide your
medians and midpoints (see Figure 5.37).
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JINN DEG ENACT TIME

FIGURE 5.35 Any triangle

MAIN DEG EXACT MAC

FIGURE 5.36 Triangle containing the medians

FIGURE 5.37 Triangle containing centroid

Use the construction tool (F4) to draw the three perpendicular bisectors
for the sides of your triangle (see Figure 5.38). Are the perpendicular bisec-
tors concurrent? This point is called the circumcenter because if you draw a
circle with its radius running from the circumcenter to any vertex of the tri-

Putting the Standards into Action
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FIGURE 5.38 Triangle containing the perpendicular bisectors

angle, you should notice something about the triangle's vertices. You may
want to use the circle tool (F3) to help you generate some ideas. Your obser-
vation allows us to say the circle is circumscribed about the triangle. Check
out your observations using different types of triangles, namely acute, right,
or obtuse. What do you observe?

Use the label tool (F7) to label the circumcenter A. Then use the hide
tool (F7) to hide the three perpendicular bisectors (see Figure 5.39).

MAIN DEG ENACT rum

FIGURE 5.39 Triangle with circumcenter and centroid

An altitude goes from a vertex and is perpendicular to the line that con-
tains the opposite side. The altitudes intersect at a point called the orthocen-
ter. Use your construction tools (F7) to draw the three altitudes (see Figure
5.40). (In an obtuse triangle, you will need to put lines (F2) over the sides of
your triangle since the altitude may not hit the opposite side.) Depending
upon whether the triangle is acute, right, or obtuse, where is the orthocenter
located relative to the triangle? Label (F7) the orthocenter T and hide (F7)
the altitudes (see Figure 5.41).
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FIGURE 5.40 Triangle with altitudes

alawcomeags

AEG CNC Molt

FIGURE 5.41 Triangle with orthocenter, circumcenter, and centroid

Use the pointer (F1) and grab (the little hand) any vertex and slide it
around the plane. What happens to the three centers? Two examples of slid-
ing a vertex are shown in Figures 5.42 and 5.43. Note: If a point's label does

THIS POINT

MAIN _DEG ERACT FUNC

FIGURE 5.42, Figure 5.41 with a vertex moved
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A

MAIN DEG EXACT FUNC

FIGURE 5.43 Figure 5.42 with a vertex moved

not appear, it is because it is behind the label for another point or off the
screen. Use the pointer (F1) and grab (the little hand) the label so you can
slide one of the labels to another location.

If points M, A, and T are the centroid, circumcenter, and orthocenter, re-
spectively, you should observe something about these centers. You may want
to run some tests using the Check Property tool (F6) (see Figure 5.44). We
call this Euler's Line

T Col 1 i near
. m
a R

11RIN DEG ENACT nom

FIGURE 5.44 A check for collinearity

Use your construction tool (F4) to construct the angle bisectors of each of
the three angles (see Figure 5.45). The angle bisectors should be concurrent
(or intersect) at a point called the incenter. Why did you think this is called
the incenter? Can you use the circle tool (F3) to illu-strate this? Then hide
(F7) the angle bisectors (see Figure 5.46). Is the incenter on the Euler's Line
like the centroid, circumcenter, and orthocenter were? (See Figure 5.47.)

Final questions to investigate are these: Are these centers always distinct
points? Does it make a difference if the triangle is acute, right, or obtuse? Is the
answer different for scalene, isosceles, or equilateral triangles? Another perti-
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FIGURE 5.45 Triangle with angle bisectors

tIAIN DEG ENACT flINC

FIGURE 5.46 Triangle with incenter, orthocenter, circumcenter, and centroid
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Not collinear

JUIN DEG EXACT FUNC

FIGURE 5.47 Check for collinearity
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nent question: Are any of these centers serving another role in any of these tri-
angles? For example, where is the circumcenter located in a right triangle?

Sample Problem 3' can be found in "Centers of Triangles Exploration," by J. F. Marty Wisconsin
Teacher of Mathematics, vol. 48, no. 2 (1997): 30-33: This example appeared as an article published
in the Wisconsin Teacher of Mathematics, Spring 1997, Vol. 48, No. 2. It was entitled "Centers of Tri-
angles Exploration on the T1-92." Although the article deals with centroids, orthocenters, circum-
centers, incenters, and Euler's Line using a graphing calculator, software such as The Geometric
Supposer, The Geometer's Sketchpad, or Cabri Geoinetnj (which also is on the TI-92) could be used.

Extension
Use the tools that you learned in coordinate geometry (midpoint, slope, and
distance formulas), to prove any or all of the conjectures regarding the cen-
ters of triangles that were explored on the graphing calculator. A partial list
would contain the following ideas:

o Concurrence of the lines or line segments in each of the following
groups: medians, altitudes, perpendicular bisectors, and angle bisectors.

o The centroid, circumcenter, and orthocenter are collinear, but the in-
center is not.

o The distance from the incenter to each side is equal.
o The distance from the circumcenter to each vertex is equal.
o The centroid is located 2/3 of the distance from the vertex to the mid-

point.

Try to show that the above statements are true with a triangle with spe-
cific coordinates for each of the vertices. Lastly, use variables (see Figure
5.48.) to show that the statements are true for all triangles. This exercise in
generalization would help students gain a feel for the power of mathematics.

Tr: 0.5--;16? ..yrr
Trw v. iv

B(a,b)

0(0, 0) A(0,0)

JOIN DEG ENACT fliNe

FIGURE 5.48 Triangle with variable coordinates

Standards Addressed
C.12.1 Identify, describe, and analyze properties of figures, relationships

among figures, and relationships among their parts.
C.12.2 Use geometric models to solve mathematical and real-world problems.
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The interplay between different standards (in this case, Geometry, Measure-
ment, and Algebraic Relationships) is well illustrated by Sample Problem 3
and its extension. The transition from the more intuitive level, using technol-
ogy, to the more abstract level, using deductive reasoning, is also apparent.

Assessment
Assessment of a project like the centers of a triangle can be done well in stu-
dent groups, while continuing to hold the individual student accountable for
his or her own learning. One way to assess individual learning is to have the
individual do only a small portion of the problem. Another way to assess the
transfer of knowledge from the group to the individual is to have the individ-
ual solve a mini-version of the problem that the group did together. Some
preliminary work is done individually and in groups. Then, in groups, the
class addresses the larger problem. After completing the group problem, each
individual student's transfer is assessed by a smaller version of the problem or
only a portion of the larger problem.

Sample Problem 4 with Commentary

Example Involving Transformational Geometry
Towns X and Y are on opposite sides of a river (see Figure 5.49). The towns
are to be connected with a bridge, JK, perpendicular to the river, so that the
distance XJ + JK + KY is as small as possible. Where should the bridge be lo-
cated?

FIGURE 5.49
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The solver needs to translate point Y up a distance of JK to point Y', then
the shortest distance from X to Y' is a straight line. Where that line hits the
side of the river is where the bridge should be built. Because the length of the
bridge is fixed, only the distance between X and Y' needs to be minimized. If
Y' is the point to which Y translates, then the fact that JKYY' forms a parallel-
ogram should also foster some interesting discussion.

Standards Addressed
C.12.1 Identify, describe, and analyze properties of figures, relationships

among figures, and relationships among their parts.
C.12.2 Use geometric models to solve mathematical and real-world prob-

lems.

Extension Problem 1
The amusement park has a miniature golf course. The green around each
hole is bounded by a wooden frame. You are playing a game and are now at
hole #3. Point B represents the location of the ball; point H, the position of
the hole. (See Figure 5.50.) Can you make this hole in one? Show the path
the ball will take to make a hole in one.

o B

FIGURE 5.50

This problem can be solved by reflecting this diagram in the right border,
as shown in Figure 5.51.

Then draw a line from B to the reflection H'. The part of this line that lies
in the reflection should then be reflected back into the original part of the di-
agram to get the actual path of the ball after it bounces off the right border.
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FIGURE 5.51

Extension Problem 2
A farmer standing at a chicken coop at point A wishes to drive over to check
the condition of the fence on Independence Avenue and then drive to Free-
dom Lane to check the condition of the fence there. (See figure 5.52.) After
the fences are checked on these two streets, the farmer must go to the barn
located at point B. What is the shortest route that can be taken?

To solve this problem, one can reflect point B in the line of Freedom
Lane to get point B', and then reflect this point in the line of Independence
Avenue to get point B", as shown in Figure 5.53.

'Independence Avenue

0

0

FIGURE 5.52

Freedom Lane
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FIGURE 5.53

Drawing the line from A to B", reflect the line off Freedom Lane and
head to B'. Reflect in the line off Freedom Lane and head for A. This gives
the shortest route from A to B.

The last two examples are similar to billiards and pool tables in that they
heavily involve reflections, which leads directly to the fact that the incoming
angle is always equal to the outgoing angle. This is an extremely important
concept in physics, involving such things as rays of light reflecting off a sur-
face.

Additional Resources
Additional rich problems such as these can be found is sources such as:

1. The 1989 NCTM Standards and Addenda Series books.
2. Professional Journals:

o Wisconsin Teacher of Mathematics published by the Wisconsin Math-
ematics Council.

o Mathematics Teacher published by NCTM.
3. Problems found in the curricula developed under the auspices of the Na-

tional Science Foundation.

Sample Problem 4 and its extensions were contributed by James F. Marty.

234 Putting the Standards into Action

255



Learning Measurement in Secondary School
Measurement is the principle foundation upon which data collection rests. By
measuring lengths, weights, volume of liquids, and time intervals, students
develop a feeling for measurement and the inherent problem of the inaccu-
racy of the measurements. Later students encounter indirect measurements
such as area, density, or velocity. Students quickly realize that measurement,
by its nature, is not exact. The degree of accuracy depends on the situation.
Although measuring the length of a room with an inaccuracy 1/4 of an inch
may mean very little, certain machining operations require measurement
within a thousandth of an inch. Only in the idealized setting of geometry is
the student dealing with precise quantities.

In high school, students work more with the concept of indirect measure-
ment. For such purposes, a suggested major project might consist of doing a
scale drawing of the school or some building project that the school district is
contemplating or completing.

With international economies interacting with one another on a daily
basis, students must learn to convert between different measuring systems
such as between metric and U.S. Customary units. Indirect measurement
concepts such as knowledge of functions, right-triangle trigonometric rela-
tionships, and application of algebraic techniques such as using proportional
reasoning and solving equations is also important.

The close relationship between geometry and measurement is apparent.
Measurement is more than just reading a ruler and involves concepts of
speed, velocity, acceleration, ohms, temperature, watts, and rates (such as
miles/hour). Assessments at this level should ask students to measure and
then calculate derived attributes from measured attributes.

Such technological instruments as the Calculator-Based Lab (CBL) and
the Calculator-Based Ranger (CBR) make the collection of data relatively
easy and available to all students. The use of these instruments, along with
such things as probes and calipers, make real-time collection of data possible.
Knowing the difference between analog and digital measuring devices is also
essential. Students must be well aware of the limitations of technology by ask-
ing questions such as these: How reliable are the results provided by technol-
ogy? What is it telling us? Is the information reasonable?

Interpretations of results varies. Questions such as these must be ad-
dressed: If one multiplies together three measurements that are accurate to
the nearest tenth, can one obtain an answer that is accurate to the nearest
thousandth? How are accuracies combined?

Students in high school are primarily concerned with refining their basic
measurement skills and learning more about indirect measurement and de-
rived attributes. Additionally, students at this level must be prepared to logi-
cally justify the reasonableness of their answers.

Students in high school
are primarily concerned
with refining their basic
measurement skills and
learning more about
indirect measurement
and derived attributes.

Putting the Standards into Action 4 235



NaUonaD CouncH off Teachers off Mathemat5cs
MeasuremeM Standard, Principles and
Standards for School Mehematics
(Standards 2000 Proiect 2000)
Mathematics instructional programs should include attention to measure-
ment so that all students:

o Understand measurable attributes of objects and the units, systems,
and processes of measurement.

o Apply appropriate techniques, tools, and formulas to determine mea-
surements.

Wisconsin's Model Academic Standards for Mathematics,
Standard D: Measurement
Students in Wisconsin will select and use appropriate tools (including tech-
nology) and techniques to measure things to a specified degree of accuracy.
They will use measurements in problem-solving situations. (Wisconsin De-
partment of Public Instruction 1998,10-11.)
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TABLE 5.21 Wisconsin's Model Academic Standards for Measurement

Wisconsin's performance standards

By the end of grade 12 students will:

D.12.1 Identify; describe, and use de-
rived attributes (e.g., density,
speed, acceleration, pressure) to
represent and solve problem
situations.

D.12.2 Select and use tools with
appropriate degree of precision
to determine measurements
directly within specified
degrees of accuracy and error
(tolerance).

D.12.3 Determine measurements
indirectly, using

o estimation
o proportional reasoning, includ-

ing those involving squaring
and cubing (e.g., reasoning that
areas of circles are proportional
to the squares of their radii)

o techniques of algebra, geome-
try, and right triangle trigonom-
etry

o formulas in applications (e.g.,
for compound interest, distance
formula

o geometric formulas to derive
lengths, areas, or volumes of
shapes and objects, (e.g., cones,
parallelograms, cylinders, pyra-
mids)

o geometric relationships and
properties of circles and poly-
gons (e.g., size of central an-
gles, area of a sector of a circle)

o conversion constants to relate
measures in one system to an-
other (e.g., meters to feet, dol-
lars to Deutschmarks)

Elaboration

It is highly likely that the content described in this standard will be cov-
ered in physical science courses.

While part of this standard might be achieved in mathematics class, it is
probably more appropriately covered in science and technology courses
where the actual tools are more available.

While there is a strong emphasis on geometric techniques (as was the case
also in standard D.8.4), there is no requirement that the requisite geomet-
ric instruction be presented only in a traditional, formal course of study.
Similarly, the mention of use of trigonometric techniques does not neces-
sarily imply a rigorous, formal study of trigonometry for all students. And,
finally, the value of using estimation to obtain useful measurements must
be asserted. Yet, this desirable skill does not come automatically for all
students. It must be encouraged and practiced systematically.

Add-Nona° Standards Dnfforrnardon
Additional support information can be found in the NCTM Curriculum and Evaluation Standards,
157-166, and in the NCTM PSSM, 320-323.
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Sample Problem 1

A horse is secured by a 50-foot-long rope that is tied to a stake. The stake is
placed 10 feet from the corner of a 20-foot-by-40-foot barn. A line from the
stake to the corner makes a 135-degree angle with the sides of the barn.

Under these conditions, how much area does the horse have to graze in?
This problem is explained in more detail under the geometry standard

and illustrates the close relationship between measurement and geometry.
Standards addressed are listed in that section of this document.

Sample Problem 1 can be found in the New Standards Project 1995, pp. 49-51.

Sample Problem 2 with Commentary

This example illustrates that real-world applications involving area consist of
the shapes that are not most commonly studied.

When draining a swamp so the area can be used for some other purpose,
one needs to know how much soil is needed to fill the remaining hole. By
using a measuring stick and small raft, enough random samples can be ob-
tained to estimate the average depth of the swamp to be about four feet. It is
still necessary to know the area that the swamp covers.

Discussion
If the swamp is relatively small, a rope with foot markers could be used with
two people on opposite sides of the swamp to measure the width across at
regular intervals, say twenty-five feet (see Figure 5.54).

If the swamp is too large to use a rope to measure across, then right-
triangle trigonometry can be used to find the length across the swamp at 25-
foot intervals (see Figure 5.55).

By either the rope or right-triangle trigonometry method, dimensions
such as shown in Figure 5.56 can be determined. To find an approximation
for the area using rectangular regions, use the top length as a side of the rec-
tangle (see Figure 5.57), adding the areas of the rectangles to get an approxi-
mation of the required area.

This requires the following calculation for the area: 25(110) + 25(120) +
25(136) + 25(130) + 25(124) + 25(138) + 25(146) + 25(140) + 25(138) +
25(142) = 25(110 + 120 + 136 + 130 + 124 + 138 + 146 + 140 + 138 +
142) = 25(1,324) = 33,100 square feet. Thus, the volume of soil needed
would be approximately (33,100)(4) = 132,400 cubic feet or approximately
4,900 cubic yards (because 27 cubic feet = 1 cubic yard and soil is usually
sold in cubic yards).

Using the same reasoning, we could have used the bottom as the length of
the rectangles to get an approximation for the required area (see Figure 5.58).
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FIGURE 5.54

FIGURE 5.56
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FIGURE 5.58 FIGURE 5.59

The result would require the following calculation for the area:
25(120) + 25(136) + 25(130) + 25(124) + 25(138) + 25(146) + 25(140)

+ 25(138) + 25(142) + 25(116) = 25(120 + 136 + 130 + 124 + 138 + 146
+ 140 + 138 + 142 + 116) = 25(1330) = 33,250 square feet. Thus, the vol-
ume of soil needed would be approximately (33,250)(4) = 133,000 cubic feet,
or 4,925 cubic yards.

The approximations are quite close, only about 25 cubic yards apart, but
some of that closeness could be attributed to the fact that the lengths across
the swamp vary by only 36 feet (146-110) and the choice of spacing, namely
25 feet. A closer approximation of the actual area may be obtained if we used
trapezoidal rather than rectangular areas to calculate the area (see Figure
5.59).

Using the trapezoid area formula

A .1(b b
2

)h
2

where A is the area of the trapezoid, b1 and b2 are the lengths of the bases,
and h is the height of the trapezoid, the calculation for the area would then
be: 1/2(110 + 120)25 + 1/2(120 + 136)25 + 1/2(136 + 130)25 + 1/2(130 +
124)25 + 1/2(124 + 138)25 + 1/2(138 + 146)25 + 1/2(146 + 140)25 +
1/2(140 + 138)25 + 1/2(138-+ 142)25 + 1/2(142 + 116)25 = 12.5(110 +
120 + 120 + 136 + 136 + 130 + 130 +124 + 124 + 138 + 138 + 146 + 146
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+ 140 + 140 + 138 + 138 +142 + 142 + 116) = 12.5(2,654) = 33,175
square feet. Thus, the volume of the soil needed would be approximately
(33,175)(4) = 132,700 cubic feet, or 4,916 cubic yards.

The results of the calculations seem to indicate that the trapezoidal
method may yield an approximation which is closer to the actual area of the
swamp. This is supported by the drawings contained in Figures 5.57, 5.58,
and 5.59. Calculations necessary to perform the trapezoidal method (includ-
ing the area formula) are much more complex. It is not feasible to calculate
the exact area. Some questions to be considered are these: How close an esti-
mate do we need to get to the actual area for our results to be useful? In what
situations is it better to use the trapezoid method rather than the rectangle
method? How could one modify the technique used in order to get an ap-
proximation closer to the actual area?

Some of these ideas will be pursued further when studying such topics as
sequences and series, allowing the number of rectangles to become infinite.
In calculus, the concepts presented lead the student to an understanding of
how to arrive at the area under a curve and ultimately a better understanding,
by using these ideas, and the concept of a limit, of the definite integral. Per-
haps more importantly, it also illustrates that some functions are not capable
of being integrated and that techniques such as the trapezoidal method are
absolutely necessary to get an approximation. Instead of the area of a swamp,
try to estimate the area of the region bounded by x = 1, x = 2, the x-axis, and
the graph of the function y = x2. Students need to realize that the real world
works predominantly with irregular shapes such as the shape of the swamp.
This type of problem not only illustrates the need for estimation or approxi-
mation but also gives every student an opportunity to see examples of where
one cannot get exact answers. It also provides them with ideas as to what
strategies they might employ to obtain such an approximation.

Sample Problem 2 can be found in "Areas of 'different shapes, by J. F. Marty. Wisconsin Teacher of
Mathematics, vol. 48, no. 3 (1997): 23-25.

Sample Problem 3 with Commentary

To determine absorption rate of different brand names of paper towels, con-
duct an experiment. The following items are required: a paper plate, pieces
of paper towels (of several different brand names), an eye dropper, some
food coloring, and a transparency with a graph grid on it. For each brand of
paper towels, put the piece over the paper plate so that the back is not touch-
ing the bottom of the plate. Using the eye dropper, place a drop of food col-
oring on the paper towel and let the towel absorb the food coloring. Then
use the transparency grid to estimate the area it took on the towel to absorb
the food color. The towel that contains the smallest area stained by the food
coloring absorbed the best. This is another excellent example of indirect
measurement. Like the swamp problem, direct measurement is not possible.
By using one brand name of paper towels and applying various numbers of
drops, one can plot the area of the moisture versus number of drops applied.
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The average citizen
today needs to

understand statistics
and probability to stay

informed, properly
interpret reports using

statistics, and
participate in our

society because more
and more of this

information will be
used to sell a product

or to advance a cause.

The slope will represent absorbency per drop. To determine the line of best
fit, the student should try to get the equation of the line by using a ruler and
approximating. Then technology such as using a graphic calculator or soft-
ware such as Data Insights can be used to verify the validity of the approxi-
mation.

Sample Problem 3 was contributed by John Janty, Waunakee High School.

Standards Addressed
This activity addresses Standard D.12.3determine measurements indi-
rectly. It also addresses two statistics and probability standards E.12.2
organize and display data from statistical investigations and E.12.3interpret
and analyze information from organized and displayed data.

Finally, it addresses three Algebraic Relationships Standards. They are
F.12.1 analyze and generalize patterns of change and then represent them
with an algebraic equation, F.12.2use linear functions to describe the rela-
tionship among variable quantities in a problem, and F.12.4model and
solve real-world problems using algebraic equations.

Additional Resources
Additional rich problems such as these can be found in sources such as:

1. The 1989 NCTM Standards and Addenda Series books.
2. Professional Journals:

o Wisconsin Teacher of Mathematics published by the Wisconsin Math-
ematics Council.

o Mathematics Teacher published by NCTM.
3. Problems found in the curricula developed under the auspices of the Na-

tional Science Foundation.

Learning Statistics and Probability
in Secondary School
In today's society newspapers and television bombard us steadily with data of
all kinds, such as employment statistics, medical data from clinical trials, and
school demographics. The average citizen today needs to understand statis-
tics and probability to stay informed, properly interpret reports using statis-
tics, and participate in our society because more and more of this information
will be used to sell a product or to advance a cause. More and more jobs re-
quire employees to use data analysis. Modern technology has made it much
easier to analyze data. As a result the amount of statistical information that in-
dividuals must interpret will continue to increase.

Data analysis is a relatively new subject in schools, but students today
must be educated about data interpretation. Data analysis is best learned by
starting with a hands-on approach, then gradually moving toward more ab-
stract and theoretical approaches.
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Probability and statistics are not new ideas, but they are being used more
to describe the world around us. Thus, a literate person today needs to be
able to understand and do statistics and probability. New and exciting class-
room materials are available for instruction in data analysis. Owing to ad-
vances in technology, a student can now generate data and then do a regres-
sion analysis on that data to find the particular mathematical model that best
fits or describes what is happening with the data. The student is engaged from
the very beginning with the collection of raw data and thus has a vested inter-
est throughout the process.

National Coma of Teachers of Mathematics Data
Anaiysis and Probabiiity Standard, Principles and
Standards for School Mehematics
(Standard Is 2000 Proiect 2000)
Mathematics instructional programs should include attention to data analysis,
statistics, and probability so that all students

o formulate questions that can be addressed with data and collect, orga-
nize, and display relevant data to answer them.

o select and use appropriate statistical methods to analyze data.
o Develop and evaluate inferences, and predictions that are based on

data.
o Understand and apply basic concepts of chance and probability.

Wisconsin's Model Academic Standards for Mathematics,
Standard E: Statistics and Probability
Students in Wisconsin will use data collection and analysis, statistics and
probability in problem-solving situations, employing technology where ap--
propriate. (Wisconsin Department of Public Instruction 1998, 12-13.)

Putting the Standards into Action
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TABLE 5.22 Wisconsin's Model Academic Standards for Statistics and Probability.

Wisconsin's performance standards

By the end of grade 12 students will:

.12.1 Work with data in the context of
real-world situations.

E.12.2 Organize and display data from
statistical investigations.

E.12.3 Interpret and analyze informa-
tion from organized and dis-
played data.

E.12.4 Analyze, evaluate, and critique
the methods and conclusions of
statistical experiments reported
in journals, magazines, news
media, advertising, etc.

E.12.5 Determine the likelihood of
occurrence of complex events.

Elaboration

This standard is the end of a continuum begun in Standard E.4.1 and con-
tinued with Standard E.8.1. Here, the work is more sophisticated, dealing
for the first time with bi-variate data. Also, the notion of using random
samples and control groups is included.

The skills and concepts of visual presentation of data are much more so-
phisticated and complex than those seen in the middle grades. The em-
phasis should not be on mechanical comfiutation. Rather, technology
should be used where applicable. It is the ideas that are most important!

As just mentioned above, it is the concepts which are most important.
Technology should be used rather than memorization of formulas.

This standard speaks to the real-world application of data analysis princi-
ples. Students must become intelligent consumers and interpreters of
data, regardless of the form or medium in which it is presented.

Students expand their techniques of determining probability of events.
Complex events can be compound, consisting of two or more linked
events one of which may or may not be dependent upon the outcome of
the other(s). While theory plays an important part in determining such .
probabilities, one should not lose sight of the practicality (and accessibility
to students) of experiments and simulations.

AddonaD Standards omt©
Additional support information can be found in the NCTM Curriculum and Evaluation Standards, 167-175
and in the NCTM PSSM, 324-333.
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Sample Problem 1

From a child's family history, the probability that the child has a rare re-
cessive gene is 0.02. The child has two siblings. Based on this information,
calculate the following probabilities:

1. The child has the rare gene.
2. The child does not have the rare gene.
3. Exactly one of the three children has the rare gene.
4. All the children have the rare gene.
5. At the most one child has the rare gene.

Some strategies that may employed to solve this problem include making
a table, making a tree diagram, or using Pascal's Triangle.

Answers to the problem:

1. 0.02
2. 0.98
3. 0.0576
4. 0.000008
5. 0.9988

Standards Addressed
E .12.5 Determine the likelihood of occurrence of complex events.

Extension
From a child's family history, the probability that the child has a rare recessive
gene is 0.02. The child has three siblings. Based on this information calculate
the following probabilities:

1. The child has the rare gene.
2. The child does not have the rare gene.
3. None of the children have the rare gene.
4. Exactly one of the children have the rare gene.
5. Exactly two of the children have the rare gene.
6. At least two of the children have the rare gene.
7. At the most two of the children have the rare gene.
8. All of the children have the rare gene.

Discussion
Because there are only two possible outcomes (either you have the rare gene
or you do not) and there are four trials (four siblings), this could be solved by
using a formula and knowing that it is a binomial distribution with n = 4, p =
0.02, and 1p = 0.98.

The formula for finding the probability that x of the four children have
the rare gene is

(0.02)' (0.98)' where C,. =
x! (n x)! .

n!
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The correct answers are:

1. 0.02

2. 0.98

3. 4C0 (0.02)° (0.98)4 = 0.9224

4._ 4C1 (0.02)1 (0.98)3 = 0.0753

5. 4C2 (0.02)2 (0.98)2 = 0.0023

6. 4C2 (0.02)2 (0.98)2 +
4C3 (0.02)3 (0.98)1 +
4C4 (0.02)4 (0.98)° = 0.00233648

7. 4C0 (0.02)° (0.98)4 +
4C1 (0.02)1 (0.98)3 +
4C2 (0.02)2 (0.98)2= 0.99996848

8. 4C4 (0.02)4 (0.98)° = 0.00000016

Sample Problem 1 and its extension was an original contributed by James F. Marty.

Standards Addressed
E.12.1 Work with the context of real-world situations.
E.12.2 Organize and display data from statistical investigations.

This problem illustrates the powerful use of technology to analyze data.

Sample Problem 2 with Commentary

The following dosage chart, see table 5.23, was prepared by a drug com-
pany for doctors who prescribed Tobramycin, a drug that combats serious
bacterial infections such as those in the central nervous system, .for life-
threatening situations.

1. Plot (weight, usual dosage) and draw a best-fit line (figure 5.60).
2. Plot (weight, maximum dosage) on the same axes. Draw a best-fit line.
3. Find the slope for each line. What do they mean, and how do they com-

pare?

4. Write the equations of the two lines.

5. Are the lines parallel? Why or why not?

6. Use a graphing calculator to plot (usual dosage, maximum dosage). Use
the calculator to construct a regression line for this data set. How does
this line compare to the two lines found in 1 and 2?
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FIGURE 5.60
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TABLE 5.23

Weight
(pounds)

Usual dosage
(mg)

Maximum
dosage (mg)

88 40 66
99 45 75

110 50 83
121 55 91
132 60 100
143 65 108
154 70 116
165 75 125
176 80 133
187 85 141
198 90 150
209 95 158

1. and 2. See figure 5.61.

3. The slope for usual dosage is about 0.45, and for maximum
dosage it is about 0.76. For every pound increase in weight,
you can increase the usual dosage by .45 milligrams, compared
to .76 milligrams increase per pound for maximum dosage.

4. The (weight, usual dosage) equation is approximately
y = 0.46x. The (weight, maximum dosage) equation is
approximately y = 0.76x 0.05.

5. The lines are not parallel because they have different slopes.

6. y = 1.67 x 0.46. The ratio of the slopes, the change in
maximum dosage to weight to the change in usual dosage to
weight (0.76/0.46), is the slope of the new line. (Weight factors
out of the ratio.)

85 100 125 150 175 200 225 x

Weight (pounds)

FIGURE 5.61
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This problem about prescription medicine illustrates the importance of
slope and reinforces the notion of rate of change. Students draw median-fit lines,
eyeball lines, or regression lines, depending on the background of the class.

Sample Problem 2 can be found in "Weights and Drug Doses," by G. Burrill, J. C. Burrill, P.
Coffield, G. Davis, J. de Lange, D. Resnick, and M. Siegel. In Data analysis and statistics
across the curriculum: Addenda series, Grades 9-12 (Reston, VA: National Council of Teachers
of Mathematics, 1992) P. 39.

Sample Problem 3

You are working as an actuary for a major auto insurance company. Your com-
pany plans to offer a senior citizen's accident policy, and you must predict the
likelihood of an accident as a function of the driver's age. From previous acci-
dent records, you find the following information:

TABLE 5.24

Age (years)
Accidents/100 Million

Kilometers Driven

20 440
30 280
40 200
50 200
60 280
70 440
80 680

From the data, you notice that the accident rate falls with age, but then
begins to rise again. Based on this observation, you decide the data is not lin-
ear and assume that a quadratic function may serve as a better model.

1. Use your graphing calculator to perform a quadratic regression on this set
of data. Write the equation expressing accidents per 100 million kilome-
ters in terms of age.

2.. How many accidents per 100 million kilometers would you expect for a
75-year-old driver?

3. How many accidents per 100 million kilometers would you expect for an
18-year-old driver?

4. Based on your model, who is safer: a 16-year-old driver or a 72-year-old
driver?

5. What age driver appears to be the safest?
6. Your company decides to insure licensed drivers up to the age where the

accident rate reaches 830 per million kilometers. What, then, is the do-
main of this quadratic function?
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Answers to Sample Problem 3:
1. if x = age and y = accidents per 100 million kilometers driven, then

y = 0.4x2 36x + 1000.
2. 550 accidents/100 million km.
3. 482 accidents/100 million km.
4. 72-year-olds appear to be safer.
5. 45-year-olds appear to be the safest.
6. {x:16 x85}.

Sample Problem 3 can originally be found in Algebra and trigonmnetnj functions and applications,
2nd ed., by P. A. Foerster (Menlo Park, CA: Addison-Wesley Publishing Company, 1990) p. 211. It
has been modified by James F. Marty. Extension 1 can be found in "Try This," by G. Burrill, J. C.
Burrill, P. Coffield, G. Davis, J. de Lange, D. Resnick, and M. Siegel. In Data analysis and statistics
across the curriculum,: Addenda series, Grades 9-12 (Reston, VA: National Council of Teachers of
Mathematics, 1992) p. 41. Extension 2 is an original problem contributed by James F. Marty.

Standards Addressed
E.12.1 Work with the context of real-world situations.
E.12.2 Organize and display data from statistical investigations.

This problem illustrates the powerful use of technology to analyze data.

Extension 1
Most states have a driver's manual that gives a table similar to the following
one, expressing the number of feet required for a car to stop and the speed at
which it is traveling prior to applying the brakes. The manuals also give the
"rule of thumb" of following two car lengths for every 10 miles per hour. Does
the linear "rule of thumb" fit the data in the chart?

TABLE 5.25

Speed (mph) Stopping distance (ft.)

10 15
20 40
30 75
40 120
50 175
60 240
70 315
80 400

Extension 2
If we sketch a graph of the raw data (y versus x) and think it looks like a power
function (y = a %In) we can very easily verify if it truly is a power function by
plotting log y versus log x. If it is a power function then the graph log y versus
log x should be linear.

For example, given the data points in Table 5.26, the graph of y versus x is
shown in Graph 5.1. The graph of log y versus log x is shown next. Notice that
graph 5.2 is linear. This will always be true if the original data forms a power
function.
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TABLE 5.26

X 1 1.5 2.0 2.5

Y 4 13.5 32.0 62.5

GRAPH 5.1

To properly address
the spirit of the

standards, algebraic
ideas need to be

implemented
throughout the

K-12 mathematics
curriculum.

TABLE 5.27

log Y

log X

GRAPH 5.2

From a graph of the original data (y versus x) you suspect that it can be
modeled using an exponential function, (y = a bx). The function can be
tested using logarithms. If the function that models the given data is indeed
an exponential function, then the graph log y versus x is linear.

For example, given the data points in Table 5.27, the graph of y versus x is
shown on the left below. The graph of log y versus x is shown on the right
below. Notice that the graph on the right is linear. This will always be true if
the original data forms an exponential function.

The first set of data is modeled by the function y = 4 . x3.
The second set of data is modeled by the function y = 3 2x.

X 0 1 2 3 4

Y 3 6 12 24 48

X

GRAPH 5.3

log Y

GRAPH 5.4

X
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Engineers and other professionals who frequently need to do data analy-
sis quickly, often use this process to determine the appropriate mathematical
model to use. The need to convert to logarithms can be avoided if they use
what is known as log-log paper or semi-log paper where both or one of the
scales are logarithmic rather than uniform.

Standards Addressed
This is another problem that involves more than one standard. The three
standards used here are: Number Operations and Relationships, Statistics
and Probability, and Algebraic Relationships. The specific standards ad-
dressed are: B.12.2compare real numbers using the logarithmic scale,
E.12.3interpret and analyze information from organized and displayed
data, and F.12.2use linear, exponential, and power functions in a variety of
ways. More information on this type of data analysis can be found under the
Number Operations and Relationships Standard.

Sample Problem 4 with Commentary

A company that produces frozen pizzas has decided to capitalize on the Super
Bowl victory by the Green Bay Packers by including with each one of its piz-
zas a trading card of a player from the championship team. They have pro-
duced six different cards. The company has ordered equal amounts of each
card and has randomly placed them into each type and size of pizza that it
produces so that a customer's chance of getting a certain card are equal with
each pizza purchased.

Q. How many pizzas, on average, would a customer be expected to buy to
get a complete set of all six cards?

Q. Why would the company want to know this?
Q. Why would a model be a more practical way to answer the question (than for

example keeping track of how many pizzas a customer actually purchased)?

Step #1: Identify the Model
1. Explain why a standard die would make an ideal model.
2. Write a calculator statement which would generate the appropriate ran-

dom numbers.

Step #2: Define a Trial
1. How do you know when the trial is complete?

Step #3/4: Repeat and Record 50 Trials.

Step #5: Find the Expected Value.
Q. How many pizzas would a customer need to buy (on average) to collect all

six of the cards?
A. The average number of rolls of a standard, fair die needed to obtain all six

outcomes is 14.7. How is this situation related to this problem AND how
close were you to this number?
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Algebra is often called
the language of

mathematics.

Students need to be
able to translate a real-

world problem into a
mathematical model,

solve the mathematical
problem, and translate
the result back into the

real-world situation.

Sample Problem 4 uses the Monte Carlo Method of finding the probabil-
ity of an event. Using computers has made it much easier to create simula-
tions of such things as natural disasters. Predicting the effects of radioactivity
can be computer simulated without requiring an accident such as Chernobyl
to provide an opportunity for real data collection.

Sample Problem 4 was contributed by John Janty.

Standards Addressed
E.12.5 Determine the likelihood of occurrences of complex events.

Additional Resources
Additional rich problems such as these can be found in sources such as:

1. The 1989 NCTM Standards and Addenda Series books.
2. Professional Journals:

o Wisconsin Teacher of Mathematics published by the Wisconsin Math-
ematics Council.

o Mathematics Teacher published by NCTM.
3. Problems found in the curricula developed under the auspices of the Na-

tional Science Foundation.

Learning Algebraic Relationships
in Secondary School
Algebra is often called the language of mathematics. Patterns that express a
relationship between two or more quantities can be represented using an al-
gebraic equation or inequality. The concepts and terminology of algebra can
be useful in attacking many different problems, and skill with algebraic think-
ing can enable students to be creative problem solvers.

Students need to start experiencing algebraic concepts at a very young
age. In elementary and middle school students learn to represent quantities
with symbols and use equations to relate the symbols (for example, A = lw,
the area of a rectangle is equal to the product of the length and the width).
They also learn the elementary properties of equality (for example, because 2
+ 3 = 5, it is also true that 5 = 2 + 3; or as another example, because 2 + 5
= 7 and 3 + 4 = 7, then 2 + 5 = 3 + 4). Algebra taught more formally in
high school then builds on this base of knowledge.

Algebraic development in high school becomes much more formalized
through the use of an axiomatic system. The applications to the real world
should emphasize modeling, problem solving, and reasoning. Formalization
of vocabulary to describe algebraic relationships is an emphasis of the sec-
ondary program. Students need to be able to translate a real-world problem
into a mathematical model, solve the mathematical problem, and translate
the result back into the real-world situation. See Figure 5.62. Students can
give real-world interpretations of their mathematical results.
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There should be a strong emphasis on being able to work with multiple rep-
resentations of problems. Those representations should include: numeric, geo-
metric, and algebraic. Many of the algebra problems that students encounter
have strong geometric connections. Additionally, problems could relate to
number theory and lead to generalizations. Although students may still be in-
troduced to new concepts at a concrete level, progress must be made to a more
abstract level. Students should feel comfortable with using symbols to repre-
sent quantities and view algebra as the language of mathematics. The language
(syntax) and theorems of algebra need to be used effectively. When appropri-
ate, discovery learning should be fused with recent technology that assists in
collecting, analyzing, and presenting data. Application of algebraic skills to real-
world problems naturally leads to connections between mathematics and other
disciplines (such as business, science, and fine arts) and should be part of the
curriculum. Wisconsin's Model Academic Standards are written to reflect the
mandated two-year high school requirement. Secondary instruction should
challenge many students to advance beyond those standards.

Assessment must reflect instructional practices and should include mas-
tery of algebraic skills and their use in an applications and problem-solving
context. A fine balance should be sought between assessment that employs
technology and assessment that does not involve the use of technology. The
student must understand when the use of technology is appropriate for sim-
plifying expressions or solving a problem and when it is not.

Many concepts that seem quite elementary in algebra, such as slope and
rate of change, appear in a different context in real-life experiences and ad-
vanced mathematical topics. The study of linear functions should involve the
gathering and analyzing of data using a variety of techniques. Instructors are
encouraged to search out rich data-collecting activities that model these im-
portant concepts.

Wisconsin's Model
Academic Standards
are written to reflect
the mandated two-
year high school
requirement; secondary
instruction should
challenge many
students to advance
beyond those standards.
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To properly address the
spirit of the standards,
algebraic ideas need to

be implemented
throughout the K-12

mathematics
curriculum.

83 To properly address the spirit of the standards, algebraic
x 42 ideas need to be implemented throughout the K-12 mathemat-

6 ics curriculum. All secondary teachers should be knowledgeable

160 about the algebra standards outlined for grades K-4 and 5-8 in

120 both the WMAS and the NCTM Principles and Standards for

3200 School Mathematics. Changing curricula at the elementary and
middle levels incorporate more algebraic thinking into the cur-
riculum than ever before. Often the intermediate algorithm for

multiplication of whole numbers illustrated at the left is taught. In expanded
form, the problem looks like this: (80 + 3) (40 + 2) = 3200 + 160 + 120 + 6
= 3486. There are no variables involved in any of these expressions, yet this is
algebra! This process can be used as a springboard to begin the study of multi-
plication of binomials: (x + 2) (x + 1) = x2 + x + 2x + 2 = x2 + 3x + 2. Students
could use algebra tiles to build and enhance their understanding of this multi-
plicative process.

To successfully function in the Twenty-first Century, everyone will find a
need to be capable of algebraic thinking! All students do not need all the top-
ics that have been traditionally taught in high school algebra (such as less
work on rational expressions), but they do need a wide variety of experiences
that generate and enhance algebraic thinking.

3486

Nationai Councii off Teachers of Mathematics
Standard ffor AOgetora (Standards 2000 [Project 2000)
Mathematical instructional programs should include attention to patterns,
functions, symbols, and model so that all students

o Understand patterns, relations, and functions.
o Represent and analyze mathematical situations and structures using

algebraic symbols.
o Use mathematical models to represent and understand quantitative

relationships.
o Analyze change in various contexts.

Wisconsin's Model Academic Standards for Mathematics,
Standard F: Algebraic Relationships
Students in Wisconsin will discover, describe, and generalize simple and com-
plex patterns and 'relationships. In the context of real-world problem situa-
tions, the student will use algebraic techniques to define and describe the
problem to determine and justify appropriate solutions. (Wisconsin Depart-
ment of Public Instruction 1998,14-15).

254
2 75

Putting the Standards into Action



TABLE 5.28 Wisconsin's Model Academic Standards for Algebraic Relatonships

Wisconsin's performance standards

By the end of grade 12 students will:

F.12.1 Analyze and generalize patterns
of change (e.g., direct and inverse
variation) and numerical se-
quences, and then represent
them with algebraic expressions
and equations.

F.12.2 Use mathematical functions (e.g.,
linear, exponential, quadratic,
power) in a variety of ways.

F.12.3 Solve linear and quadratic equa-
tions, linear inequalities, and
systems of linear equations and
inequalities.

F.12.4 Model and solve a variety of
mathematical and real-world
problems by using algebraic
expressions, equations, and
inequalities.

Elaboration

This standard continues the work described in standards F.4.3 and F.8.2.
Here the major difference is the expectation of deeper analysis of patterns
of change along with the recognition that some patterns of change are
nonroutine in nature.

As with standard F.12.1, this standard marks a continuation of conceptual
and skill development begun in earlier grades. At this level the student
wOrks in a more sophisticated way with a wider range of functions, includ-
ing a strong emphasis on use of technology, particularly graphing calcula-
tors. It is important to maintain the link between algebraic skills and con-
cepts and problems from the real-world.

This standard encompasses skills and processes that have appeared in tra-
ditional first-and-second year algebra courses. However, technology
greatly facilitates the integration of numerical and graphical techniques
that produce finer and finer intervals that "approximate" actual solutions.

This statement provides a nice summarization of the rationale for the
study of algebraic relationships. Students who have successfully com-
pleted a K-12 program of instruction in Algebra will certainly have
achieved this standard.

AddiVona0 &andards OnfformaVon
Additional support information can be found in the NCTM Curriculum and Evaluation Standards,
150-156, and in the NCTM PSSM, 296-306.

Sample Problem 1

Stacy wants to buy a cell phone. The Wisconsin Cell Phone Company has
three plans from which to choose:

Plan 1: $9.95/month with no free minutes and $.25/minute
Plan 2: $19.95/month with 30 free minutes and $.10/minute after that
Plan 3: $29.95/month with 120 free minutes and $.05/minute

When is Plan 1 the cheapest?
When is Plan 2 the cheapest?
When is Plan 3 the cheapest?
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Discussion
The problem can be approached by using a variety of methods, including al-
gebra, graphing, or tables. The cost for a specific number of minutes can be
calculated using tables (i.e., every 30 minutes for each of the plans). When it
can be determined which plan is the most economical, an approximation
method can be used to discover the exact number of minutes where the plan
becomes less expensive. Students could also graph the table values and look
for points of intersection. As a result they would have both a numerical and
geometric representation to aid in understanding the problem.

Algebraically the following equations are valid if the point of intersection
is beyond the number of free minutes:

Plan 1: $9.95 + .25x = Yl; x 0
Plan 2: $19.95 + .10 (x 30) = Y2; x 30
Plan 3: $29.95 + .05 (x 120) = Y3; x 120

Setting Y1 = Y2, and solving for x will find the number of minutes where
Plan 2 becomes more economical than Plan 1 (> 46 2/3 min.). Students
can determine where Plan 3 becomes cheaper (> 120 minutes) in a similar
manner.

In determining when Plan 3 is less expensive than Plan 1, the algebraic
solution is 70. But 70 is not in the domain for the formula for Plan 3 so this
answer is not valid. To get the true solution, use the formula Y3 = $29.95
rather than the formula for Y3 given previously.

Sample Problem 1 was contributed by Ann Krause, Blackhawk Technical College, and James F.
Marty, Waukesha North High School.

Extension
Realistically, phone companies charge customers using a modified step-
function (i.e., greatest integer function) rather than a linear function. Solve
this problem using step-functions. Include graphs, a written explanation, and
write equations for the graphs.

Sample Problem 2 with Commentary

Drug Dose Problem: A patient receiving a dose of medicine can be modeled
by adding 16 milliliters of food coloring to a clear glass bowl containing four
cups of water. The assumption that the kidneys remove one quarter of the
medicine from the body in a four-hour period is modeled by removing one
cup of water from the bowl and replacing it with a cup of clear water. How
much medicine remains after eight hours?

Discussion
The procedure described above simulates the patient actually taking medi-
cine, and needs to be followed and repeated. Students need to experience the
problem by working cooperative groups to add the food coloring, scoop the
"blood," replace with "fresh blood," recording the data, calculate concentra-

,
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tion levels, and observe the color changes. Follow-up discussion helps students
to communicate thinking and formalize their observations into mathematical
expressions, functions, and graphical representations. By constructing tables
or graphs, using a calculator or pencil/paper, students can visualize how much
medicine is in the blood after any multiple of four hours. This problem can be
used to introduce recursive notation. If a(n) denotes the amount of medicine
in the blood at the end of n four hour periods, then a(n) = 0.75 a(n-1).

Sample Problem 2 can be found in "Drugs and pollution in the algebra class," by J. T. Sandefur.
Mathematics Teacher, vol. 85, no. 2 (1992): 139-145. Reston, VA: National Council of Teachers of
Mathematics. There the problem was discussed in more detail and suggestions on how to teach it
were given.

Extension 1
Challenge students to find out how many four-hour periods are necessary be-
fore the medicine in the blood is less than 0.0001 times of the original dose.
Students will discover and use the formula a(n) = (0.75)72 a(0). A geometric
approach to the problem will introduce the concept of limit.

Extension 2
Let the student assume that a dose of medicine is given every four hours. The
new question becomes: "How high does the level of medicine eventually
get?" Steps analogous to those in the original problem can be used. This prob-
lem can allow an introduction to matrices.

Sample Problem 3 with Commentary
Sketch a reasonable graph for five of the following relationships:

1. The distance you have gone depends on how long you have been going (at
a constant speed).

2. The number of used aluminum cans you collect and the number of dol-
lars refunded to you are related.

3. The distance required to stop your car depends on how fast you are going
when you apply the brakes.

4. The mass of a person of average build depends on his or her height.
5. Your car is standing on a long, level highway. You start the motor and

floorboard the gas pedal. The speed you are going depends on the num-
ber of seconds that have passed since you stepped on the gas pedal.

6. The altitude of a punted football depends on the number of seconds since
it was kicked.

7. The maximum speed your car will go depends on how steep a hill you are
going up or down.

8. Dan Druff's age and the number of hairs he has growing on his head are
related.

9. The distance you are from the band and how loud it sounds to you are re-
lated.
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10. You fill up your car's gas tank and start driving. The amount of gas you
have left in the tank depends on how far you have driven.

11. Your age and your height are related to one another.
12. You pull the plug out of the bathtub. The amount of water remaining in

the tub and the number of seconds since you pulled the plug are related
to each other.

13. The price you pay for a carton of milk depends on how much milk the
carton holds.

14. Calvin Butterball desires to lose some weight, so he reduces his food in-
take from 8,000 calories per day to 2,000 calories per day. His weight de-
pends on the number of days that have elapsed since he reduced his food
intake.

15. The price you pay for a pizza depends on the diameter of the pizza.
16. The distance you are from the reading lamp and the amount of light it

shines on your book are related.
17. You climb to the top of the 190-meter tall Tower of Americas and drop

your algebra book. The distance the book is above the ground depends on
the number of seconds that have passed since you dropped it.

18. As you blow up a balloon, its diameter and the number of breaths you
have blown into it are related.

19. The temperature of your cup of coffee is related to how long it has been
cooling.

20. You turn on the hot water faucet. As the water runs, its temperature de-
pends on the number of seconds it has been since you turned on the faucet.

21. The time the sun rises depends on the day of the year.
22. As you breathe, the volume of air in your lungs depends upon time.
23. You start running and go as fast as you can for a long period of time. The

number of minutes you have been running and the speed you are going
are related to each other.

24. As you play with a yo-yo, the number of seconds that have passed and the
yo-yo's distance from the floor are related.

25. You run a mile once each day. The length of time it takes you to run it de-
,

pends on the number of times you have run it in practice.
26. When you dive off the three-meter diving board, time and your position

in relation to the water's surface are related to each other.
27. The rate at which you are breathing depends on how long it has been

since you finished running a race.
28. Taryn Feathers catches the bus to work each morning. Busses depart

every 10 minutes. The time she gets to work depends on the time she
leaves home.

29. Milt Famey pitches his famous fast ball to Stan Dupp, who hits it for a
home run. The number of seconds that have elapsed since Milt released
the ball and its distance from the ground are related.

30. The amount of postage you must put on a first-class letter depends on the
weight of the letter.

31. The amount of water you have put on your lawn depends on how long the
sprinkler has been running.
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32. You plant an acorn. The height of the resulting oak tree depends on the
number of years that have elapsed since the planting.

33. A leading soft drink company comes out with a new product, Ms. Phizz
They figure that there is a relationship between how much of the stuff
they sell and how many dollars they spend on advertising.

34. Your car stalls, so you get out and push. The speed at which the car goes
depends on how hard you push.

35. The number of letters in the corner mailbox depends upon the time of
the day.

36. The diameter of a plate and the amount of food you can put on it are re-
lated to each other.

37. The number of cents you pay for a long-distance telephone call depends
on how long you talk.

38. The grade you could make on a particular test depends upon how long
you study for it.

39. You go from the sunlight into a dark room. The diameter of your pupils
and the length of time you have been in the room are related.

40. The grade you could make on a particular test depends on how much
time elapses between the time you study for it and the time you take the
test.

41. You pour some cold water from the refrigerator into a glass but forget to
drink it. As the water sits, its temperature depends on the number of min-
utes that have passed since you poured it.

42. Your efficiency at studying algebra depends on how late at night it is.
43. You pour some popcorn into a popper and turn it on. The numberof pops

per second depends on how long the popper has been turned on.
44. How well you can concentrate on algebra homework and how late at

night it is are related.

This unit on sketching graphs is found in Paul A. Foerster's book entitled Algebra and Trigonometry
Functions and Applications published by Addison-Wesley in 1990 (62-64).

Discussion
Requiring students to explain their strategies and solutions will result in a
very wide variety of answers and explanations. This discussion will prompt
further discussion on domain and range and will lead to such discoveries as
asymptotes and growth/decay. Students relate to the contexts represented
and can find one or more graphed relationships about which they are knowl-
edgeable, thus increasing motivation and involvement. This is a good illustra-
tion of how mathematics permeates our lives. Students start to think about
using mathematical modeling to describe what they observe in the world im-
mediately around them. Students see some of the rich connections between
mathematics and other disciplines and connections within mathematics itself.

When students are introduced to linear functions, they encounter slope-
intercept form, y = mx + b, or function form, f(x) = mx + b, where b repre-
sents the y-intercept and m represents the slope of the line. Although most
students graph quite well, too many have little or no real understanding of
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what the slope really means. The many uses of linear functions in mathemat-
ics and in every day lives make it imperative that every student have an un-
derstanding of exactly what slope really represents.

Slope is referred to as the rate of change. The familiar formula for slope is

171,

or further along in the curriculum,

y2-y1
X2-X1

Thus, the rate of change is the ratio between how much two quantities
change (in our current example the change in y divided by the change in x).
In velocity or speed, we are comparing the change in distance to the change
in time (miles/hour, meters/second). A demographer (one who studies popu-
lations and their characteristics) may compare the change in population to the
change in time. A company executive might compare the change in profits to
the change in time. A department supervisor in a manufacturing plant may
compare the change in costs to the change in the number of items manufac-
tured (total cost divided by the number of units produced). Health field prac-
titioners may analyze the spread of an epidemic by comparing the change in
the number of newly reported cases and the change in time (newly reported
cases/day). Most of the time, the focus is on how fast a variable we cannot
control (the dependent variable) changes compared to how fast a variable that
we can control (the independent variable) is changing. Frequently, the quan-
tity that can be controlled is time.

When examining slope there are two items of concern:

1. Is the rate of change changing?
2. Is the rate increasing or decreasing?

On a linear graph, the slope or rate of change is constant. For any two
points on a nonvertical line, the ratio between the change in quantities will al-
ways be the same. Analysis of the graph of a nonlinear function such as a quad-
ratic function (y = ax2 + bx + c, where a 0 0) shows the ratio between the
change in quantities will not always be the same. To facilitate the discussion, an
average rate of change can be used. To find the average rate of change, select
two points on the graph and calculate the slope of the segment that connects
the two points. In order to compare the rates of change on different parts of the
curve, let the change in the independent variable be constant. For example, in
the case of speed, let the change in time stay constant at one hour or one second
and, in the case of population changes, use one year. Keeping the denominator
fixed at one allows for easier calculations and facilitates easy comparison.

Examine the function y = x2 and y = x2 on various intervals.
The first thing observed is that the slopes in Figures 5.63 and 5.65 are all

positive. In both cases, the values of y are increasing as x increases; therefore,
it can be concluded that the function is increasing. Likewise, the slopes are all
negative in Figures 5.64 and 5.66. In these two cases, the values of the func-
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TABLE 5.29

Function Interval

= x3 0 x 3

= x3 3 x 0

= x3 x 0

Y = 0 x 3

tion (y) are decreasing as x increases; therefore, it can be indicated that the
function is decreasing. Based on observations made of the figures, it can be
conjectured that the sign of the slope can help determine when a function is
increasing or decreasing. The second thing that should be observed is that the
slopes of the lines are increasing as x increases in Figures 5.63 and 5.64. Both
of these curves are part of a curve shaped like the one on the right in Figure
5.67.

FIGURE 5.67

This curve is a concave up. In Figures 5.65 and 5.66, the slopes are de-
creasing. Because they are part of a curve such as the one on the left in Fig-
ure 5.67, those curves are concave down.

Based on the latter observations, a conjecture could be made that the in-
creasing or decreasing of the slopes has an effect on the concavity of a curve.

Next, the same analysis as above could be done using the functions and
intervals given in Table 5.29.

Table 5.30 summarizes possible findings.

TABLE 5.30

Increasing/decreasing Concavity Shape of that portion of the curve

Increasing Up

Decreasing Up

Increasing Down

Decreasing Down

Between the points where increasinWdecreasing changes or a change in
concavity occurs, the curve must assume exactly one of the four shapes given
in Table 5.30.

When a function switches from increasing to decreasing, it has reached a
local maximum (or peak). If the function switches from decreasing to increas-
ing, we say it has reached a local minimum (or valley) (See Figure 5.68). Such
a point is called a local maximum/minimum because it may not be the
largest/smallest value of function (y) on the entire graph; but, it will be the
largest/smallest value of the function in a small interval around that value of x.
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Any point where the concavity changes is known as a point of inflection (IP)
(See Figure 5.69).

local maximum decreasing increasing

increasing decreasing local minimum

FIGURE 5.68

The following is an anecdote about Sam Walton, the founder of Wal-
Mart. The origination and validity of this story has not been fully docu-
mented, but when you drive by any Wal-Mart store, you can observe a satel-
lite dish on the roof. Each store sends its sales and inventory reports to the
main office in Arkansas every night via the satellite dish where Walton and his
staff kept track of the sales of every item in their stores. When the sales of an
item fell one week, it was considered an accident. When the sales of an item
fell two consecutive weeks, it was not considered an accident, and Walton had
his warehouses quit ordering that item. Walton was intelligent enough to re-
alize that sales would continue to increase, but at a slower rate. (See part c of
Figure 5.69). Maintaining less inventory with fewer items in storage undoubt-
edly contributed greatly to making Sam Walton the billionaire he became.
Numerically, Sam Walton was searching for the point of inflection. Mathe-
maticians call this graph a logistics curve.

a) b)
concave up IP

concave down concave down

concave down

concave up IP

concave up

d)
concave down

concave up

FIGURE 5.69

These examples directly address some of the ideas expressed in Wiscon-
sin's Standard F.12.2. They reflect two major themes broughtout in all of the
sets of standards: first, the use of technology should be encouraged when it is
appropriate; and, second, key algebraic ideas can be taught early in the cur-
riculum, but at a more intuitive level.

Sample Problem 3 can be found in Algebra and trigonometry functions and applications, 2nd ed., by
P. A. Foerster (Menlo Park, CA: Addison-Wesley Publishing Company, 1990)pp. 62764. The discus-
sion and follow-up can be found in "Rate of change," by J. F. Marty. Wisconsin Teacher of Mathe-
matics, vol. 49, no. 1 (1998): 24-26.
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Standards Addressed
F.12.2 Use mathematical functions (e.g., linear, exponential, quadratic, power)

in a variety of ways, including recognizing that a variety ofmathematical
and real-world phenomena can be modeled by the same type of function;
translating different forms of representations; describing the relation-
ships among variable quantities in a problem; and using appropriate tech-
nology to interpret properties of their graphical representations (e.g.,
changes in rates of change, maximum and minimum).

Addition& Resources
Additional rich problems such as these can be found in sources such as:

1. The 1989 NCTM Standards and Addenda Series books.
2. Professional Journals:

o Wisconsin Teacher of Mathematics published by the Wisconsin Math-
ematics Council.

o Mathematics Teacher published by NCTM.
3. Problems found in the curricula developed under the auspices of the Na-

tional Science Foundation.

PeKormance Assessment Task
Assessment of conceptual understanding calls for opportunities for students to
take in information, to weigh it, and to respond with explanation. Performance
tasks allow students to "produce an answer from their own knowledge and in
their own words" (Wisconsin Department of Public Instruction, 1995, 2). The
Wisconsin Center for Education Research (WCER) at the University of Wis-
consinMadison, in cooperation with the Department of Public Instruction,
developed several performance assessment items from 1994-1998. The
"Rent-a-Car" task, complete with scoring rubric and student work, follows as
an example of such assessment. It is the kind of item that could be used to
prepare students for the constructed response component of the Wisconsin
Knowledge and Concepts Examination (WKCE). The item is used with per-
mission from the Office for Educational Accountability, Wisconsin Depart-
ment of Public Instruction.

Rent-a-Car
Sally is on vacation and plans to rent a car. Here are her options:

Rent-a-Wreck: $15.95 a day plus 190 a mile
Lemons for Hire: $18.50 a day plus 160 a mile

1. Describe in detail the solution method(s) you would use to solve the fol-
lowing problem:

How many miles would Sally have to drive to make the Lemons for Hire the
more economical choice?

[N.B.: No credit is given for solving the problem. REPEAT! Just describe the
method(s) you would use to solve it.]
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Suppose the rent-a-car conditions were changed as follows:

Rent-a-Wreck: $29.95 a day plus 190 a mile, but the first 100 miles are free.
Lemons for Hire: $28.50 a day plus 160 a mile, but the first 50 miles are free.

2. Would the method(s) you described for the first problem have to be
changed in order to solve this problem?
If you answer NO, then give the reasons why you think that the method(s)

would apply.
If you answer YES, then describe in detail what those changes would be.

Scoring
Potential Elements of a Proficient Response
Question 1

Some possible solutions:

o Construct a table that compares the prices of the two options based on
the number of miles driven.

o Difference in base price is $2.55. Difference in price per mile is $.03.
So, Sally would have to drive more than $2.55/$.03 = 85 miles for the
Lemons for Hire option to be more economical.

o Wreck: cost = $25.95(number of days) + $.19 (total number of miles)
o Lemon: cost = $28.50(number of days) + $.16 (total number ofmiles)

Let cost equations be equal, holding the number of days constant at
one, and solve for the total number of miles. If Sally drives more than
this solution, then the Lemons for Hire option would be more eco-
nomical.

o Graphical representation of the two linear equations or a set of equa-
tions that are representative of the two options. The student must indi-
cate how to interpret the graphs to recognize when the Lemons for
Hire option becomes more economical.

Question 2
o Modify one of the four possible solutions specified above (or alternate

solution) by increasing the price of the two options by the constant
amounts given.

Major Flaws in Response
o Does not argue that after a certain number of miles, the Lemons for

Hire plan becomes more economical.
o Does not sufficiently describe the method to solve the problem.
o Does not specify changes to the original method or does not justify rea-

son for not giving changes.

Minor Flaws in Response
o Does not adequately consider the characteristics that the particular

method chosen highlight (e.g., does not demonstrate understanding
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that the intersection point of the two linear equations in the point at

which the two options cost the same).
o Makes errors in calculations.

Potential Elements of an Advanced Response
o Demonstrates more than one method to solve the problem.

o Discusses linear nature of the two models, and specifies how to solve
system of linear equations (e.g., substitution method).

Student Responses
See Figures 5.70 and 5.71 for an example of an advanced student perfor-

mance.

RENT-A-CAR

Sally is on vacation and plans to rent a car for one day.
Here are her options:

Rent-a-Wreck: $25.95 a day plus 19¢ a mile
Lemons for Hire: $28.50 a day plus 16¢ a mile

1. Describe in detail the solution method(s) you would use to solve the
following problem:

How many miles would Sally have to drive to make the
Lemons for Hire the more economical choice?

No credit is given for solving the problem.
REPEAT! Just describe the method(s) you would use to solve it.
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FORM 372

Suppose the rent-a-car conditions were changed as follows:

Rent-a-Wreck: $25.95 a day plus 190 a mile, but the first 100 miles
are free.

Lemons for Hire: $28.50 a day plus 160 a mile, but the first 50 miles
are free.

2. Would the method(s) you described for the first problem have to be
changed in order to solve this problem?

If you answer NO, then give the reasons why you think that
the method(s) would apply.

If you answer YES, then describe in detail what those changes would be.
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FIGURE 5.71

1Pertinent Periodicals from the National Council of Teachers
of Mathematics
Mathematics Teacher
Published monthly from September through May. Emphasizes practical ways of helping

teachers in grades 8-12 to teach mathematics effectively. Offers special features such
as "Activities" for duplication and classroom use: "Sharing Teaching Ideas," "Technol-
ogy Tips," "Monthly Calendar," and "Media Clips." Reviews of instmctional materials
include computer software.

Special Focus Issues:
"Algebraic Thinking" February 1997
"Connections" November 1993
"Data Analysis" February 1990
"Emerging Programs" November 1995

Mathematics Teaching in the Middle School
Published eight times per yearSeptember, October, NovemberDecember, January,

February, March, April, and May. NCTM's newest journal for grades 5-9 premiered
April 1994. Addresses the learning needs of all middle school students, the demands
these needs place on their teachers, and the issues that capture the vitality of mathe-
matics and the characteristics of the middle-grades student. Focuses on technology in
the classroom, assessment, the use of mathematics in the world around us, professional
development, and product reviews; materials for bulletin boards; and three sections for
students.

Special Focus Issues:
"Algebraic Thinking" February 1997
"Geometry" MarchApril 1998
"Mathematical Connections" MarchApril 1996
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Pertinent Periodicals
from the Wisconsin Mathematics Council
Wisconsin Mathematics Teacher
Published three times yearly, this publication contains articles on current topics in mathe-

matics education along with classroom ideas for PreK-2,3-5,6-8, and 9-12.

Organizations Supporting Mathematics Teachers
in Wisconsin
National Council of Teachers of Mathematics (www.nctm.org)
Wisconsin Mathematics Council (www.wismath.org)
Milwaukee Area Mathematics Council
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Commitment and Adaptability

How Does a District Look
at Mathematics Program Development?

Foundations for Consideration
in Mathematics Program Development

Using Research to Guide Mathematics
Program Development

Putting the Standards into Action

Designing Professional Development
to Promote Understanding

Curriculum, Instruction,
and Assessment

Teaching and Learning
Mathematics

with Understanding

We Are All Learners
of Mathematics

Mathematics
Spring (spring) n. 1. a source; origin; or beginning: a spring into action. 2. elasticity; resilience:
a spring forward with commitment. (Morris, W., ed., 1971. The American Heritage Dictionary
of the English Language. New York: American Heritage Publishing Company, Inc. and Houghton
Mifflin Company, 1250, 2nd definition.)
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Learning Research
n the late 1960s the complexity of understanding how humans learn mathe-
matics became apparent to mathematics education researchers. Mathemat-
ics had begun to play an increasingly important role in society, yet mathe-

matics was widely and erroneously considered to consist only of isolated facts
and skills, rules and procedures, memorization and practice. Mathematical un-
derstanding was neither widely valued nor strongly desired. What use was
there in trying to understand a subject that consisted only of isolated facts and
skills? Mathematics educators were seeking a new perspective on teaching and
learning that would reduce the widespread acceptance of mathematics learn-
ing without understanding. So mathematics educators turned for direction to
the newly created field of cognitive science. Today, after some 30 years of re-
search, there exists a growing body of evidence from cognitive science re-
searchers suggesting there are ways to help almost all students develop a mod-
erately deep understanding of the principles and structure of mathematics.

The recommendations of this guide are based upon this growing body of
evidence, which has given rise to a cognitive coriception of the learning pro-
cess and the development of competent performance. As compared to the
behaviorist perspective that has shaped teaching practices in mathematics for
the past 90 years, the cognitive perspective on learning implies very different
principles for teaching, designing curriculum, and conducting assessment
than is typically found in U.S. schools today. These principles form the basis
for the reform effort currently underway in U.S. mathematics education.

In this section I present an overview of these principles and the learning
research that spawned them. Learning research, however, is not the same as
instructional research; it does not prescribe how teachers should design and
deliver instruction. Rather, it can only suggest principles of instruction that
appear consistent with the way people learn and thus have the potential to
foster learning. Hence, I also present some results from the growing body of
research investigating the effectiveness of reform-based principles of in-
struction.

In a general sense, the view of mathematics learning embodied by the
past 30 years of research is that mathematics students must construct for

After some 30 years of
research, there exists a
growing body of
evidence from cognitive
science researchers
suggesting there are
ways to help almost
all students develop a
moderately deep
understanding of the
principles and structure
of mathematics.

The cognitive
perspectiee on learning
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principles for teaching,
designing curriculum,
and conducting
assessment.

Learning research
is not the same as
instructional research;
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instruction.
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"Effective teachers are
those who can stimulate

students to learn
mathematics."

National Research Council 1989, 58

The more numerous the
connections to existing
knowledge, the greater

the understanding.

themselves new knowledge and understandings based on what they already
know and believe (National Research Council 1999). From this point of view,
no one can teach mathematics. Effective teachers are those who can stimu-

late students to learn mathematics" (National Research Council 1989, 58). In
cognitive learning theory, a common view of understanding is that it occurs as
the result of actively constructing new knowledge that is connected to existing
knowledge (Riebert and Carpenter 1992). The more numerous the connec-
tions to existing knowledge, the greater the understanding.

The cognitive view of learning carries with it many consequent principles
for instruction. For example, one teaching principle that has emerged from
the view that new knowledge must be constructed from existing knowledge is
that teachers need to determine the incomplete understandings and false be-
liefs that their students have brought with them to the learning of mathemat-
ics. Having done so, the teacher must then help students simultaneously clar-
ify their existing knowledge and build new knowledge based upon it. The
result is a more mature knowledge structure that is a modification and expan-
sion of the student's previous one.

This new cognitive view of mathematics learning is in marked contrast to
the older behaviorist view, which assumes that students' minds are blank
slates upon which mathematical knowledge can be imprinted. Because be-
haviorism values only overtly measurable objectives, there is a tendency for
behaviorist-based instruction to emphasize computations and procedures
rather than understanding. Hence, behaviorist-based instruction's primary
method for imprinting mathematical knowledge is through drill and practice.
Partly because it is so difficult to measure, understanding as previously de-
fined is not typically found among the (behavioral) objectives of behaviorist-
based instruction. To the extent that behaviorist theories address the question
of understanding, it is assumed to occur as a by-product of the largely proce-
dural knowledge imprinted by drill and practice.

In the spirit of the reform efforts underway in mathematics education,
the underlying theme of this guide is that understanding should be the most
fundamental goal of mathematics instruction, the goal upon which all others
depend. Mathematics education researchers (e.g., Hiebert et al. 1997; Car-
penter and Lehrer 1999) have hypothesized principles of mathematics in-
struction that promote understanding. Although it is true that these instruc-
tional principles derive logically and intuitively from learning research,
existing instructional research does not provide unassailable proof that imple-
menting these derived principles will promote mathematics understanding in
the majority of students. In fact, within the complex social environment of
schools, so many intervening variables occur simultaneously that some re-
searchers (see Killion 1999) have suggested that it may not be possible to
prove the validity of any instructional principles. However, most researchers
and practitioners agree that it is possible to compile a body of evidence that is
persuasive beyond a reasonable doubt.

In spite of the fact that the existing body of evidence is incomplete and
that there are many unanswered questions related to the large-scale im-
plementation of cognitive-based instructional principles, emerging research
strongly suggests that conscientious implementation of cognitive-based in-
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structional principles can help all students learn and understand mathemat-
ics. Because these principles hold extraordinary promise for success, they
form the basis for the instructional practices advocated in this guide.

A number of researchers and practitioners have identified instructional
variables that are critical for facilitating students' understanding. Hiebert et
al. (1997) have identified five dimensions of instruction that should be con-
sidered when designing mathematics instruction that promotes understand-
ing: (1) nature of classroom tasks, (2) role of the teacher, (3) social culture of
the classroom, (4) mathematical tools as learning supports, and (5) equity and
accessibility. Although there is some variation in the way various sources cat-
egorize the critical variables for instruction, the variables themselves tend to
be fairly consistent. That is, some sources group certain variables together in
a single dimension, whereas others separate them. For example, the National
Council of Teachers of Mathematics (NCTM) (2000) proposes six principles
for school mathematics, corresponding to six dimensions of high-quality
mathematics instruction: equity, curriculum, teaching, learning, assessment,
and technology. These six dimensions are consonant with Hiebert et al.'s five
dimensions and with the three dimensions enumerated by Carpenter and
Lehrer (1999) (reproduced elsewhere in this guide). It has been somewhat
arbitrarily decided to use the Hiebert categorization to organize presentation
of the research and principles upon which the recommendations of this guide
are based.

News of CDso©m Tas[
Choosing worthwhile instructional tasks is one of the most important deci-
sions a teacher makes. "No other decision that teachers make has greater im-
pact on students' opportunity to learn and on their perceptions about what
mathematics is than the selection or creation of the tasks with which the
teacher engages the students in studying mathematics" (Lappan 1993, 524).
Worthwhile mathematical tasks engage students in problem solving using
sound and significant mathematics, elicit a variety of solution methods, and
require mathematical reasoning; such problems also prompt responses that
are rich enough to reveal mathematical understanding (Blume et al. 1998).
The type of tasks students are asked to perform determines the type of learn-
ing that results (Doyle 1983, 1988). For example, drill and practice tasks
teach students how to execute procedures quickly and accurately; listening to
lectures teaches students how to reproduce their teachers' words and actions.
On the other hand, solving problems, reflecting on the solutions, and dis-
cussing them is more likely to promote understanding of mathematical ideas
because it forces students to build relationships between new situations and
their existing knowledge. Cognitive principles derived from cognitive re-
search imply that students develop mathematical understanding as they solve
mathematics problems and reflect on their solutions. Mathematics under-
standing is amplified when the instructional tasks posed by the teachers re-
quire students to use previously learned concepts and techniques in the pro-
cess of discovering new ones (Lappan and Briars 1995). Wood and Sellers
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(1997) have found that on tests of standardized achievement and conceptual
understanding, students receiving two years of problem-centered instruction
outperformed students who lacked such instruction. Similar results on a
larger scale have been reported for the public school students in Puerto Rico
(Coeyman 2000).

The, emphasis on understanding should not be construed as advocating
the elimination of procedural learning from the curriculum. Both conceptual
knowledge and procedural knowledge are required for mathematical exper-
tise. Well-rehearsed procedures allow some aspects of mathematical tasks to
be completed with relatively little mental effort, thus freeing the students'
mental resources to concentrate on other, potentially more important aspects
(Case 1978). A challenge for the design of instructional programs is to strike
the appropriate balance between activities designed to promote understand-
ing and those designed to promote an "automaticity" of skills that allows stu-
dents to perform mathematical tasks without devoting undue attention to
procedural detail. Furthermore, relating procedures to conceptual knowl-
edge enhances students' flexibility in applying and adjusting procedures to fit
a variety of problem-solving situations (Davis and McKnight 1980; Hatano
1988; Hiebert and Lefevere 1986).

Until recently, teachers did not have easy access to a rich set of worth-
while mathematical tasks to use in their daily instruction. The Third Interna-
tional Mathematics and Science Study (TIMSS) (Schmidt, McKnight, and
Raizen 1997) criticized many curricula implemented in the United States as
being "a mile wide and an inch deep" (122). According to the National Coun-
cil of Teachers of Mathematics (2000, 14), "A curriculum is more than a col-
lection of activities [no matter how worthwhile]: it must be coherent, focused
on important mathematics, and well articulated across the grades." In recog-
nition of the shortcomings of U.S. curricula, beginning in the 1990s the Na-
tional Science Foundation (NSF) sponsored the development of 13 problem-
centered "reform" curricula designed to foster understanding in students. At
the elementary level these are Everyday Mathematics; Investigations in
Number, Data, and Space; and Math Trail Blazers; at the middle level they
are Connected Mathematics Project, Mathematics in Context, MathScape,
Middle Grades Math Thematics, and.Middle Mathematics Through Applica-
tions; at the secondary level they are ARISE Program, Core-Plus Mathemat-
ics, Interactive Mathematics Program, MATH Connections, and SIMMS Inte-
grated Mathematics. The American Association for the Advancement of
Science (AAAS) evaluated the four NSF-sponsored middle-level curricula,
together with nine popular commercial middle-level curricula, using 24 in-
structional criteria derived from research on learning and teaching (American
Association for the Advancement of Science 2000). The results of the evalua-
tion are aligned with the findings of Schmidt, McKnight, and Raizen (1997)
in that the AAAS gave satisfactory ratings to the four NSF-sponsored reform
curricula but not to any of the nine popular commercial curricula.

The AAAS evaluation does not address the issue of how well students who
use curricula that implement the principles derived from research on learn-
ing and teaching actually perform in the classroom. The issue is being investi-
gated, however, by a variety of groups and researchers. In one noteworthy
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study, the U.S. Department of Education's Mathematics and Science Expert
Panel (1999) reviewed 61 mathematics programs; 5 of the programs were
rated exemplary, and 5 were rated promising, All 10 top-ratedprograms were
judged to exemplify the mathematics called for in the NCTM's curriculum
and evaluation standards (1989) and the Project 2061's benchmarks for sci-
ence literacy (American Association for the Advancement of Science 1993).
In addition, the five exemplary programs (Cognitive Tutor Algebra, College
Preparatory Mathematics, Connected Mathematics, Core-Plus Mathematics
Project, and Interactive Mathematics Program) provided convincing evidence
of effectiveness in multiple sites with multiple populations. The five promis-
ing programs (Everyday Mathematics, Math Land, Middle-School Mathemat-
ics through Applications Project, Number Power, and The University of
Chicago School Mathematics Project) provided preliminary evidence of effec-
tiveness in one or more sites. Other research is now becoming available (e.g.,
Zawojewski, Robinson, and Hoover 1999; Huntley et al. 2000) that docu-
ments the superiority of the problem-centered approach of reform curricula,
as compared with more traditional curricula, in fostering development of un-
derstanding and problem-solving ability. Furthermore, emerging research
supports the conclusion that students using reform curricula perform at least
as well on computation and skill tasks as do students using traditional curric-
ula (e.g., Fuson, Carroll, and Drueck 2000; Carroll 1997).

Role of the Teacher and the Social Culture
of the Classroom
Good curricula need good teachers to implement them effectively. Even if
teachers use good curricula that provide effective sequences of mathematics
topics and educational tasks, their students will not automatically learn with
understanding. The NCTM's teaching principle states that "effective mathe-
matics teaching requires understanding what students know and need to
learn and then challenging and supporting them to learn it well" (2000, 16).
This principle implies that effective teaching begins with teacher knowledge.
That is, teachers must themselves have a "profound understanding of funda-
mental mathematics (PUFM)" (Ma 1999; Schifter 1999), and they must also
understand their students' thinking (Carpenter and Lehrer 1999; Driscoll
1999; Bell, O'Brien, and Shiu 1980). Both types of understanding are needed
because effective instruction requires that teachers strike a balance between
telling students the mathematics they need to learn and allowing them the
leeway to construct their own mathematical knowledge (Ball 1993; Lampert
1991). Without PUFM, teachers will not be able to direct students' sense-
making activities in productive directions or to help them make connections
to important mathematics they already know. Without understanding their
students' thinking, teachers will not be able to build on what the students al-
ready know or to recognize learning when it occurs.

Beyond mathematics knowledge and knowledge of student thinking,
teachers need yet another type of knowledge. In the terminology of Shulman
(1987), effective teachers need pedagogical content knowledge (knowledge
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about how the organizational and idiosyncratic aspects of a particular aca-
demic discipline affect the way it should be taught). In mathematics, peda-
gogical content knowledge arises from the interactions between teachers'
mathematical knowledge and their knowledge of general teaching methods,
but it is shaped by classroom practice. Mathematics teachers draw upon their
pedagogical content knowledge when they identify goals, choose tasks, antic-
ipate difficulties, ask questions, represent ideas, assess student understand-
ing, and generally implement instructional strategies designed to help their
students understand mathematics concepts.

A reform view of teaching begins with the premise that students are not
passive absorbers of information but rather must take an active part in con-
structing knowledge and understanding. Therefore, a major role for the
teacher is to establish a classroom environment that supports active construc-
tion of knowledge. This role differs dramatically from the more traditional
role in which the teacher's responsibility is to impart information, demon-
strate procedures, oversee student practice, and act as the sole arbiter of
mathematical correctness. This more traditional role is consonant with the
view that understanding can occur by listening and imitating, not with the
view that students must construct understanding for themselves. Recent re-
search has shown that a problem-centered environment that incorporates and
values students' intuitive solution methods and provides opportunities for
student interaction and discussion can foster learning with understanding
(Fennema and Romberg 1999).

The effective teacher makes assessment an integral part of the classroom
environment. Two major uses of assessment need to be distinguished. The
first, formative assessment, involves giving and receiving feedback during a
learning activity for the purpose of improving teaching and learning. The sec-
ond, summative assessment, involves measuring what students have learned
at the end of a learning activity, often for purposes of grading or accountabil-
ity. Opportunities for formative assessment and feedback should occur con-
tinuously as part of instruction. Effective teachers continually attempt to
learn about their students' thinking and understanding (Black and William
1998). In addition, they help students learn and perform self-assessment that
includes seeking and using feedback on one's progress (Schoenfeld 1985; Chi
et al. 1989, 1994). A key principle of assessment is that what is assessed must
be congruent with one's learning goals. Many summative assessments overly
emphasize memory for procedures and facts (Porter et al. 1993) and thus are
not good indicators of the type of learning that is the object of reform class-

rooms (Schoenfeld 1988).
Neither continuous formative assessment nor the development of under-

standing can be achieved without teachers asking questions that challenge
students' thinking. The type of questions that teachers ask is important
(Driscoll 1999). Prichard and Bingaman (1993) found that achievement im-
proves when teachers ask students high-level questions, as compared with
asking low-level questions. Furthermore, when teachers ask students to ex-
plain their answers, they are providing support for student learning at the
same time that they are assessing student understanding. In addition, when
done skillfully, teacher questioning can prompt discussion among students.
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In traditional classrooms, students are often required to work alone. The
reform view is that doing mathematics is a collaborative activity that depends
on communication and social interaction. Accordingly, effective teachers en-
courage classroom discourse and social interaction, and they use it to help
students make connections among ideas and implicit ideas explicit (Lampert
1986; Mack 1990). Research indicates that communication among students
positively influences learning (Dessart and Suydam 1983; Lampert 1989).

Mathematical Tools as Learning Supports
Mathematical tools are used to support leaining byrepresenting mathemati-
cal ideas and problem situations. They include such things as manipulative
materials, pencil and paper, calculators, and computers. Using a somewhat
broadened definition, mathematical tools can even include written symbols
and oral language.

There is general consensus that concrete materials are valuable instruc-
tional tools. Many research studies show that the use of concrete materials
can be effective in increasing student understanding (Suydam and Higgins
1977; Sowell 1989). Lesh (1979) has found that the use of manipulative mate-
rials, when connected to other representations (pictorial, verbal, symbolic,
and real world) lead to a robust understanding of difficult mathematical con-
cepts. However, there are inconsistencies in the body of research on the use
of manipulative materials. This might be expected considering the wide vari-
ety of materials available and the uses to which they can be put. However, re-
sults vary even among similar, carefully-controlled studies using the same con-
crete materials. For example, studies by Resnick and Omanson (1987) and
Labinowicz (1985) show that the use of base-10 blocks had little impact on
student learning. However, studies by Fuson and Briars (1990) and Hiebert
and Wearne (1992) have yielded results that confirmed the value of these ma-
terials in helping students learn place value concepts. These contradictory re-
sults raise a red flag for teachers, warning that manipulative materials must be
used circumspectly. To be effective, students must construct meaning for all
the tools they use, including manipulative materials. This implies that teach-
ers must structure manipulative-based experiences so that students are en-
couraged to construct meaning for the mathematical ideas the materials rep-
resent. Conversely, teachers must not structure manipulative-based tasks in
ways that inadvertently encourage rote manipulation and memorization to
the detriment of thinking and sense making.

The NCTM technology principle states that "technology is essential in
teaching and learning mathematics; it influences the mathematics that is
taught and enhances students' learning" (2000, 24). This principle is in accord
with general research findings that calculators and computers are tools that
amplify problem solving and understanding. Hembree and Dessart (1986)
have conducted a meta-analysis of 79 calculator studies (none of which ana-
lyzed graphing calculator usage). They found (Hembree and Dessart 1986,
1992) that the use of calculators improved student understanding, problem
solving, and attitudes toward mathematics without affecting computational
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skills. Indeed, there is evidence that overemphasis on manual skills can ob-

scure students' recognition of problem situations in which to employ those
same skills (Mathematical Sciences Education Board 1990). Dunham and
Dick (1994) have conducted a survey of graphing calculator research and con-

cluded that the use of graphing calculators can foster problein solving and un-

derstanding of function and graphing concepts. Generally speaking, research
shows that the use of computers in instruction can help students learn math-

ematics more deeply than otherwise (Sheets 1993; Boers-van Oosterum 1990;

Rojano 1996; Mathematical Sciences Education Board 1990).
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Mathematics
Spring (spring) n. 1. a source; origin; or beginning: a spring into action. 2. elasticity; resilience:
a spring forward with commitment. (Morris, W., ed., 1971. The American Heritage Dictionary
of the English Language. New York: American Heritage Publishing Company, Inc. and Houghton
Mifflin Company, 1250, 2nd definition.)
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hen the agency decided, in response to school district requests, to
produce guides for planning curriculum certain principles were
identified that transcended discipline lines and served as founda-

tions for the task force efforts. Among them were: teaching and learning with
understanding; and curriculum, instruction, assessment, and professional de-
velopment and the interrelationships between and among them (in previous
chapters). In addition, tenets upon which agency efforts rested were identi-
fied: equity, enlightened use of technology, and a specific agency thrust, ser-
vice learning (all discussed in this chapter). The mathematics guide task force
felt that foundations of pertinence to mathematics at this time were: open-
ness and time (in this chapter), and commitment and adaptability (final chap-
ter in this document). Collectively, these foundations undergrid all of the en-
deavors undertaken in planning curriculum; indeed, they often weigh heavily
in the success or failure of viable efforts.

Openness
Openness is a term that has gained acceptance to designate a willingness to
learn, a desire to capitalize on the findings of research, and a genuine con-
cern for improvement. So often in the preparation of these materials, previ-
ous efforts of the department, of national and state groups, and of re-
searchers to effect improvements similar to those being called for in the
guide, surfaced. Yet there still seems to be, in some circles, uncertainty, am-
bivalence, and lack of conviction regarding what needs to be done mathe-
matically as we go forward into a new millennium. With mushrooming
knowledge, instantaneous communication, and hard evidence, it would
seem that improvement would come more readily. It is openness to the
realm of possibilities that will make this happen.

Our world has become smaller because of instant communication. Knowl-
edge acquisition has become easier because we can access information on-
line, download it, and instantly put it to use. We have literally at our fingertips
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research on how mathematics is best taught and learned (Schoenfeld, Studies

in Mathematical Thinking and Learning Series), on what kind of mathematics

is worthy of understanding (Romberg and Kaput 1999), on mathematical en-
deavors that yield results in other countries (Wilson and Blank 1999; Ma
1999), on "Learning Mathematics for a New Century" (Burke and Curcio
2000), and so on.

Findings from research have been put to use in classrooms (Fennerna
and Romberg 1999) and have been proven: "The classrooms described
. . . provide existence proofs that classrooms that promote understanding can
and do exist. . . . Students who studied in them did come to understand math-
ematics [worthy of understanding]." Continuing, the authors suggest that "a
critical question remains: In what ways can many more classrooms be devel-
oped so that all students have the opportunity to learn with understanding?"
(Fennema, Sowder, and Carpenter 1999, 185). (See Impact of National Sci-
ence Foundation-funded programs in Appendix A.)

It is clear in an age of continual learning that those who adapt and learn
readily and efficiently are advantaged. The growth of technological endeav-
ors, of multinational industries, of e-commerce, and so on are excellent exam-
ples of knowledge assimilated quickly and used innovatively. Education, as a
rule, does not move quickly to learn or even to capitalize on its own fruits.
The effect of this reluctance is that education is often several years behind
where the "real world" is. Never has this been more true. A current cartoon
suggests, "I don't get it! They make us learn reading, writing, and arithmetic
to prepare us for a world of videotapes, computer terminals, and calculators!"

In the United States, a curriculum that has focused on arithmetic, fol-

lowed by one year of algebra, followed by one year of geometry, often taught
using behaviorist methodology has resulted in a fragmented mathematics and

has often perpetuated content and methodology without regard to current
knowledge. United States mathematics programs are unique in the world in
teaching mathematics as separate entities. Other countries teach "maths,"
using whatever mathematics is needed to solve "realistic" (Fruedenthal 1983)

problems that lead students toward building understanding.
A focus on memorized facts and routine procedures, on a curriculum that

"design[s] each course primarily to meet the prerequisites of the next course"
(Romberg and Kaput 1999, 4); on routine functions that isolate mathematics
as a discipline from other "thinking" 'disciplines; on workbooks, lists of prob-
lems, paper7and-pencil manipulations, and so on, has resulted in "a tedious,
uninteresting path." There are 'many hurdles to clear, such as the layer-cake

approach described by Steena few strands (e.g., arithmetic, algebra, geom-
etry, calculus) arranged horizontally with little opportunity to informally de-
velop intuition along the multiple roots of mathematics (1990, 4). There is un-
acceptably high attrition from the mathematics program, and there is "little
resemblance to what a mathematician or user of mathematics does"
(Romberg and Kaput 1999, 5). Nationally there has been concern about our
general mathematical performance. Mathematics does not "work" for many
citizens. It is not unusual to hear comments such as "Mathematics ... I hated
it ... never did understand it ... thank goodness for calculators!" "Innumer-
acy, an inability to deal comfortably with the fundamental notions of number

288 Foundations for Consideration in Mathematics Program Development

307



and chance, plagues far too many otherwise knowledgeable citizens" (Pau los
1988, 3).

Yet when there is talk about changing the mathematics that is taught to
address identified needs, conversations often devolve into a skills-versus-
problem-solving argument. Wu calls this a "bogus dichotomy in mathematics
education. There is not 'conceptual understanding' and 'problem-solving skill'
on the one hand and 'basic skills' on the other nor can one acquire the former
without the latter." He continues with an illustration that pictures a "violinist
who still worries about fingering positions" and "an opera singer without the
requisite high notes." (Wu 1999, 14).

Schoenfeld, in Mathematical Problem Solving, talks about his revised ex-
pectations for problem solving based on in-depth research via videotaped
analysis of college mathematics students. Students' resources were far weaker
than their performance on standard tests, they had little or no awareness of
mathematical heuristics (general problem-solving techniques), they did not
know how to deploy the resources (basic mathematical knowledge) they had
at their disposal, they were unable to tackle nonstandard problems efficiently,
many had serious misunderstandings about mathematics, and they "did not
perceive their mathematical knowledge as being useful to them, and conse-
quently did not call upon it" (1985, 13). The disconnect between skills and
problem solving was clearly evident.

It is not then a case of teaching skills and procedures or of teaching prob-
lem solving. It is a case of teaching both, of making connections, and of build-
ing conceptual understanding so that retention and transfer are facilitated.
"Learning [with understanding] is generative" (Carpenter and Lehrer 1999,
19). Skills and procedures can be best built when problem-solving situations
call for them. Problem solving can best be accomplished when there is auto-
maticity with skills and procedures. Understanding truly surfaces when non-
routine situations are encountered.

Mathematical progress today is dependent upon using what we know
about mathematics teaching and learning. It requires programs that are predi-
cated on this knowledge. It calls for teachers who continually strive to know
current mathematics techniques congruent with student teaching and learn-
ing, and who possess pedagogical content knowledge in sync with such under-
standings. Assessments need to reflect the content and the manner in which
mathematics is taught. Support for such endeavors needs to be enlightened
and pervasive.

Much of the knowledge that exists today did not exist at the time that
teachers, parents, and community members attended school. Consequently,
"those who are charged with the reform are often those who were most suc-
cessful with 'the old ways (Sparks 1999). Ifwe are to truly make a difference
in mathematical understanding, an openness to using what we know about
mathematics in this time and place is imperative. This often means changing
belief systems ... a Herculean task but one of great importance if progress is
to be made.

"I have a son who is a doctor. As I visited with him the other evening, he
was researching something on his computer. Looking up, he noted, 'You
know, Mother, yesterday's knowledge is not sufficient to treat today's patient.'

'There is not
'conceptual
understanding' and
'problem-solving skill'
on the one hand and
'basic skills' on the
other nor can one
acquire the former
without the latter"
-Wu 1999, 14

Mathematical progress
today is-dependent
upon using what we
know about mathematics
teaching and learning.
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"Thday's children need
to benefit from today's

knowledge."
Grunow 2000

We tend to ignore all we
know [about the time
required for complex

learning] and continue
to overschedule to the

detriment of real
learning.

'The amount of time it
takes to learn materials
is roughly proportional

to the amount of
materials being

learned."
Singley and Anderson 1989, 46

I could not help but think, these are children of a new millennium. We are in
possession of 'how to' knowledge that has not existed before. Today's children
need to benefit from today's knowledge" (Grunow 2000).

Time
All areas of educational endeavor lament the lack of it. Everyone wishes they

had more. Entire studies and books are written about the management of it.
We try to cram more and more into less and less of it. We know that time to
learn, cogitate, and reflect is an important component of the assimilation of
knowledge. We understand that the amount of time needed to learn com-
plex material is roughly proportionate to the complexity of the information.
We know that learning time needs to be more than time on task. But we tend

to ignore all we know and continue to overschedule to the detriment of real

learning.

Meaningful learning requires time. Students who are building under-
standing need time to investigate problems in-depth, discuss conjectures with
classmates, reflect on their learning, and summarize mathematical under-
standing. To realistically accomplish these tasks, schools need to examine the
amount of time allocated to mathematics classes, ensuring that the time is un-
interrupted, and to look at extended timeframe learning opportunities. The
"typical" American schedule assigns "an impartial" 51 minutes for each class
period (no matter how well or poorly students comprehend the material),
spends "only 41 percent of secondary school time on core academic subjects,"
offers about 5.6 hours of classroom time a day, and runs a 180-day schedule.
"Our timebound mentality has fooled us all into believing that schools can ed-
ucate all of the people all of the time in a school year of 180 six-hour
days . . . we ask the impossible of our students. We expect them to learn as
much as their counterparts abroad in only half the time" (National Education
Commission on Time and Learning, 7).

The standards movement in education has called for more demanding
subject matter for all students in all curricular areas. "It is important to be re-
alistic about the amount of time it takes to learn complex subject matter"
(Bransford, Brown, and Cocking 1999, 46). Citing a study of algebra students
in which regular algebra students received an average of 65 hours of instruc-
tion and homework during the year and students in honors algebra received
approximately 250 hours of instruction and homework, Singley and Anderson
conclude, "in all domains of learning, the development of expertise occurs
only with major investments of time, and the amount of lime it takes to learn
materials is roughly proportional to the amount of material being learned"
(Singley and Anderson 1989, 46).

School learning has other unique ramifications. Klausmeier (1985) notes
that learners in school settings are often faced with tasks that do not immedi-
ately have meaning or logic. It takes time to explore underlying concepts and
to contemplate connections to previous learning before learning with under-
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standing occurs. Pacing is extremely important. There needs to be time for
processing information. Pezdek and Miceli (1982) found that third graders
could not mentally integrate information delivered in pictorial and verbal for-
mats in 8 seconds; it took 15 seconds to do so. Coverage of topics requires
time. If topics are covered too quickly, learning and transfer are hindered.
Some students learn only an isolated set of facts and others cannot grasp prin-
ciples because they do not have enough specific knowledge to make them
meaningful. "The implication is that learning cannot be rushed; the complex
cognitive activity- of information integration requires time" (Bransford,
Brown, and Cocking 1999, 46).

There is also a difference in learning and transfer in relation to the way
instructional time is used. Monitoring or using feedback to assess one's
progress is an important component of learning. "Feedback that signals
progress in memorizing facts and formulas is different from feedback that sig-
nals the state of students' understanding" (Chi et al., 1989, 1994). Addition-
ally, students need to know about the degree to which they know "when,
where, and how to use the knowledge they are learning" (Bransford, Brown,
and Cocking 1999, 47). Mere chapter and problem completion can give erro-
neous feedback regarding understanding. Contrasting cases can provide good
feedback about learning for both perceptual and conceptual learning (Gibson
and Gibson 1955; Bransford et al. 1989). Helping students see potential
transfer implications is also useful (Anderson, Reder, and Simon 1996).
"While lime on task is necessary for learning, it is not sufficient for effective
learning. Time spent learning for understanding has different consequences
for transfer than time spent simply memorizing facts or procedures from text-
books or lectures. In order for learners to gain insight into their learning and
their understanding, frequent feedback is critical: students need to monitor
their learning and actively evaluate their strategies and their current levels of
understanding" (Bransford, Brown, and Cocking 1999, 66).

Though volumes have been written about implementing the standards,
there is notably little said about the time required to reap the kind of results
that are sought. In a report called Prisoners of Time (1994), the National Ed-
ucation Commission on Time and Learning calls time "the missing element in
the school reform debate" and the "overlooked solution to the standards
problem" (9). The commission found five unresolved issues that present in-
surmountable barriers to efforts to improve learning that have to be ad-
dressed before adequate progress can be made.

o The fixed clock and calendar is a fundamental design flaw that must be
changed.

o Academic time has been stolen to make room for a host of nonacade-
mic activities.

o Today's school schedule must be modified to respond to the great
changes that have reshaped American life outside the school.

o Educators do not have the lime they need to do their job properly.
o Mastering world-class standards will require more lime for almost all

students.

Monitoring or using
feedback to assess
one's progress is an
important component
of learning.

Time spent learning
for understanding has
different consequences
for transfer than time
spent simply memorizing
facts or procedures
from textbooks or
lectures.

Though volumes !lave
been written about
implementing the
standards, there is
notably little said about
the time required to
reap the kind or results
that are sought.
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The paradox is that the
more the school tries to

be fair in allocating
time, the more unfair

the consequences.

'There is a conviction in
American schools that

the only valid use of
teachers' time is 'in

front of the class,' that
'reading, planning,

collaboration with other
teachers and professional

development are
somehow a waste of

time.' "
NECTL 1994, 17

"We cannot continue to
abandon teachers at

every critical stage of
their development and

then send them into the
classroom with a

mandate to 'teach for
understanding'; this is

dishonest and
irresponsible."

Askey 1999, 49

The commission went on to contend that:

o High-ability students are forced to spend more time than they need on
a curriculum developed for students of moderate ability. Many become
bored, unmotivated, and frustrated. They become prisoners of time.

o Struggling students are forced to move with the class and receive less
time than they need to master the materials. They are pushed on be-
fore they are ready, they fall further and further behind, they are pe-
nalized with poor grades, and they often ultimately drop out. They, too,
are also prisoners of time.

o "Average" students also get caught as teachers try to motivate the
gifted and help those in difficulty. Average students are robbed of qual-
ity focused time. Typical students are also prisoners of time.

"The paradox is that the more the school tries to be fair in allocating time,
the more unfair the consequences. Providing equal time for students who
need more time guarantees unequal results. If we genuinely intend to give
every student an equal opportunity to reach high academic standards, we
must understand that some students will require unequal amounts of time,
i.e., they will need additional time" (National Education Commission on
Time and Learning 1994, 15).

The commission then contends that the other prisoners of time are the
staff. There is a conviction in American schools that the only valid use of
teachers' time is "in front of the class," that "reading, planning, collaboration
with other teachers and professional development are somehow a waste of
time" (17). The National Education Association states, "resolution of the time
issue remains one of the most critical problems confronting educators today"
(National Education Commission on Time and Learning 1994, 19). A repre-
sentative of the American Federation of Teachers at a GOALS 2000 U.S. De-
partment of Education Teacher Forum noted that teachers, principals, and
administrators need timeto come up to speed as academic standards are
overhauled, to come to grips with new assessment systems, to make produc-
tive and effective use of greater professional autonomy. If time is not allotted,
"it sends a powerful message: don't take reform too seriously. Squeeze it in on
your own time" (19).

Some findings regarding teacher changes further illuminate the issue. Ac-
cording to a RAND study (National Education Commission on Teaching and
Learning 1994, 17), new teaching strategies can require as much as 50 hours
of instruction, practice, and coaching before teachers become comfortable
with them. A study of successful urban schools indicates they needed up to 50
days of external technical assistance for coaching and strengthening of staff
skills through professional development. Recent professional development
studies are finding success when there is a combination of introductory study,
learning institutes, and ongoing online follow-up (see exemplary Wisconsin
professional development models in Appendix F of this document).

In an article on knowing and teaching elementary mathematics, Richard
Askey discusses the grounding that is necessary for teachers to facilitate the
development of understanding: "We cannot continue to abandon teachers at
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every critical stage of their development and then send them into the class-
room with a mandate to 'teach for understanding.' This is dishonest and irre-
sponsible. As things stand now, we are asking teachers to do the impossible"
(Askey 1999, 49).

Though we must view international studies cautiously because of the
many differences involved, there may be some things we can consider as we
look at international practices. "For teachers across all countries, time is both
a resource and a constraint" (Continuing to Learn from TIMSS Committee
1999, 65). Cursory examination of "instructional time" places the United
States in the top half of nine countries examined, but core academic time
comparisons show that in the final four years of secondary school, French,
German, and Japanese students receive "more than twice as much core aca-
demic instruction as American students" (24). Additionally, "among U.S.
twelfth-grade advanced mathematics students who were currently taking a
mathematics course, a much lower percentage reported receiving five or
more hours of mathematics instruction per week than the international aver-
age" (National Center for Education Statistics, February 1998, 74). Interest-
ingly enough, other countries do not ignore the co-curricular and extracurric-
ular activities that fill the rest of the school schedule; they offer them at
school or at other sites after the academic day.

Out-of-school learning is also a factor. Japanese students (15 percent in
grade four, rising to 50 percent in grade nine) attend jukusprivate tutorial
services that "enrich instruction, provide remedial help, and prepare students
for university examinations" (National Education Commission on Time and
Learning 1994, 25). fukus exist in conjunction with the Japanese belief that
hard work, not ability or aptitude, is the key to meeting high standards. If
more time is required for mastery, diligence and application are necessary.
German and European students are accustomed to homework, spending two
or more hours on it daily. In the United States, only 29 percent report spend-
ing as much time on homework. Interestingly, however, more U.S. twelfth-
grade advanced mathematics students report being assigned homework three
or more times per week than the international average (90 percent as con-
trasted with 65 percent) (National Center for Education Statistics -1998, 74).

Research on homework indicates that it does yield results. Walberg,
Paschal, and Weinstein, in a synthesis of 15 empirical studies on the effects of
homework on learning by elementary and secondary students, found the re-
sults to be "large and consistent. . . . When homework is merely assigned
without feedback from teachers it appears to raise, on average, the typical stu-
dent at the 50th percentile to the 60th percentile. But, when it is graded or
commented upon, homeWork appears to raise learning from the 50th to the
79th percentile. This graded-homework effect is among the largest ones dis-
covered in educational research literature" (Walberg, Paschal, and Weinstein
1985, 76). In an analysis of instructional practices that contribute to achieve-
ment done by the First in the World Consortium, it was stated, "the data also
indicate that differences exist in how homework is assigned and used. Few
students are more likely than U.S. students to have homework assigned every
day and to discuss their completed homework in class" (National Institute on
Student Achievement, Curriculum, and Assessment 1999, 31).

Research on homework
indicates that it does
yield results.
Walberg, Paschal, and Weinstein 1985
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Teachers work varies
from country to

country, but teachers
everywhere are very

busy and spend much
time outside of school .. .

preparing.

Elementary students
should study

mathematics for at
least an hour a day;

middle-grades and high
school students should

"be required to study
the equivalent of a full
year of mathematics in

each grade."
Standards 2000 Project 2000, 371

An analysis of teacher time is also of interest. Teachers' work differs from
country to country, but teachers everywhere are very busy and spend much
time outside of school preparing and grading tests, reading and grading stu-
dent work, planning lessons, meeting with students and parents, engaging in
professional development, reading, keeping records, and completing admin-
istrative tasks. Studies done in the 1990s are showing that U.S. teachers spent
2.2 hours per week outside of the school day preparing or grading tests, 2.5
hours planning lessons, and 3.5 hours recordkeeping and doing administra-
tive tasks. Japanese teachers spent 2.4 hours on tests, 2.7 hours on lesson
plans, and 4 hours on recordkeeping and administrative tasks outside the
school day. Japanese teachers have an eight- to nine-hour official workday and
a 240-day school year. U.S. teachers have a seven- to eight-hour workday and
an approximately 180-day school year. German teachers have a 5- to 5.5-hour
school day and an approximately 184-day school year. Japanese teachers have
a broad range of in-school responsibilities, "including cleaning of a portion of
the school each day" (Stevenson and Nerison-Low 1997, 127-133).

Japanese teachers generally deal with more students in each classroom,
but teach fewer classesusually four hours a day. The rest of the time is
spent in reviewing the day's lesson, preparing for the next day, and collaborat-
ing with colleagues. Japanese teachers prepare their lessons and teach them
to one another, asking for critiques to improve the lessons. German teachers
teach only 21 to 24 hours a week. Non-classroom time is spent on prepara-
tion, grading, in-service education, and consulting with colleagues, though
German teachers teach in the morning and return to their homes shortly after
midday. In Japan and Germany, "teachers are held to high standards" (Na-
tional Education Commission on Time and Learning 1994, 26).

The National Education Commission on Time and Learning offers eight
recommendations to help put time at the top of the nation's reform agenda:

o Reinvent schools around learning, not time.
o Fix the design flaw: Use time in new and better ways.
o Establish an academic day.
o Keep schools open longer to meet the needs of children and commu-

nities.
o Give teachers the time they need.
o Invest in technology.
o Develop local action plans to transform schools.
o Share the responsibility: Finger pointing and evasion must end. (29)

The National Council of Teachers of Mathematics states in its Principles
and Standards for School Mathematics, "Learning mathematics with under-
standing requires consistent access to high-quality mathematics instruction."
Elementary students should study mathematics for at least an hour a day
"under the guidance of teachers who enjoy mathematics and are prepared to
teach it well." Middle-grades and high school students should "be required to
study the equivalent of a full year of mathematics in each grade" (four years of
high school mathematics). "All middle-grades and high school students
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should be expected to spend a substantial amount of time every day working
on mathematics outside of class, in activities ranging from typical homework
assignments and projects to problem solving in the workplace" (Standards
2000 Project 2000, 371).

The challenge is, of course, for the mathematics to be worthwhile and
challenging, for the delivery to facilitate development of understanding and
be motivating, and for assessment of mathematical endeavors to be aligned
with content and delivery and gleaned from multiple, authentic measures.

Equrity
Mathematical equity is provision of a mathematics education for all students
that: empowers them to function mathematically in our society; helps them
become confident in their abilities to "do" mathematics; leads them to be-
come problem solvers of problems of all natures; and fits them for further
mathematical endeavors. In an era of achievement, "because the great
masses of students need to be educated for thinking for work rather than for
low-skilled tasks, and educational success is a necessity rather than a luxury
for a chosen few . . . schools are now expected to ensure that all students
learn and perform at high levels" (Darling-Hammond, Wise, and Klein
1999, 2). Yet, mathematics as a discipline has been one of the least equitable.
There is more tracking in mathematics than any subject area. Mathematics,
more than any discipline, has been used to sort and separate students, often
removing life choices in accordance with the results. No discipline needs ex-
amine equity more than mathematics!

In 1989, the NCTM Curriculum and Evaluation Standards stated that "eq-
uity has become an economic necessity." Making an impassioned plea for
mathematical literacy for all, the standards characterized mathematics as a
"critical filter for employment and full participation in our society. We cannot
afford to have the majority of our population mathematically illiterate" (Com-
mission on- Standards for School Mathematics 1989, 4). The NCTM Profes-
sional Standards for Teaching Mathematics reemphasized that the "most
compelling goal" is "the comprehensive mathematics education of every
child . . . all students." "Every child" was then identified more specifically
"students who have been denied access in any way to educational opportuni-
ties as well as those who have not; students who are African American, His-
panic, American Indian, and other minorities as well as those who are
considered to be a part of the majority; students who are female as well as
those who are male; and students who have not been successful in school and
in mathematics as well as those who have been successful." It was concluded
that "it is essential that schools and communities accept the goal of mathe-
matical education for every child" (Commission on Teaching Standards for
School Mathematics 1991, 4). Continuing with the theme, the NCTM Assess-
ment Standards for School Mathematics specified an equity standard. "In the
past we wanted all students to learn some mathematics, but we differentiated

Mathematical equity
is provision of a
mathematical education
for all students that
empowers them to
function mathematically
in our society.

'We cannot afford to
have the majority of
our population
mathematically
illiterate."
Commission on Standards for School
Mathematics 1989, 4
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"Equity does not mean
that every student

should receive identical
instruction."

Standards 2000 Project 2000, 12

To acquire mathematical
proficiency, all students
obviously need access to

opportunities that will
help them build
understanding.

among the types of mathematics education different groups of students re-
ceived. Now we have high expectations for all students, envisioning a mathe-
matics education that develops each student's mathematical power to the
fullest." The standards then elucidated, "In an equitable assessment, each
student has an opportunity to demonstrate his or her mathematical power.
Because different students show what they know and can do in different
ways, assessments should allow for multiple approaches" (Assessment Stan-
dards Working Groups 1995, 15).

The NCTM Principles and Standards for School Mathematics offer an
equity principle: "Excellence in mathematics education requires equity
high expectations and strong support for all students" (Standards 2000 Proj-
ect 2000, 11). Contending that "the vision of equity in mathematics education
challenges a pervasive societal belief in North America that only some stu-
dents are capable of learning mathematics," (12) the principles continued:

o Equity requires high expectations and worthwhile opportunities for all.

o Equity requires accommodating differences to help everyone learn
mathematics.

o Equity requires resources and support for all classrooms and all stu-
dents (12-13).

It was carefully explained that "equity does not mean that every student
should receive identical instruction; instead, it demands that reasonable and
appropriate accommodations be made as needed to promote access and at-
tainment for all students" (12).

L. A. Steen, in Why Numbers Count: Quantitative Literacy for Tomor-
row's America, compellingly points out, "The relentless quantification of soci-
ety continues unabated. The tendency to reduce complex information to a
few numbers is overwhelmingin health care, in social policy, in political
analysis, in education. . . . Literacy is about . . . solving problems and using
technology; it is about practices as well as knowledge, procedures as well as
concepts. Numbers count because ideas count" (1997, xxvii). The thrust of
the plea is that to survive successfully in today's world, all citizens need to pos-
sess "numeracy."

To acquire mathematical proficiency, all students obviously need access
to opportunities that will help them build understanding. In the United States
it is common practice to "label" and "sort" students. "The practice of dividing
students into instructional groups on the criterion of assumed similarity in
ability or attainment is widespread . . . from assigning them temporarily to
separate groups within a single classroom to setting up classes in differenti-
ated streams or tracks. Students may be streamed only for various subjects or
for their entire range of school-based learning" (Oakes 1985, ix). Whether this
practice is done to ensure continued challenge for the best and brightest, to
facilitate a reduction in student variability for the management and teaching
of a group, or to bring together students of like dispositions, research contin-
ues to show that the practice is extremely inequitable. Oakes looked at the re-
sults from John Goodland's University of California at Los Angeles study of
thirty-eight schools, "A Study of Schooling," and found that "there were clear
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differences between upper and lower tracks in regard to the content and
quality of instruction, teacher-student and student-student relationships, the
expectations of teachers for their students, the affective climate of class-
rooms, and other elements of the educational enterprise. It appears that
those students for whom the most nurturant learning would appear to be ap-
propriate received the least. Not only do individual schools differ widely in
the quality of education they provide, but also, it appears, quality varies sub-
stantially from track level to track level within individual schools" (1985, xi).

Additionally, minority students were overrepresented in the lower tracks,
as were white children of low-income families. Vocational programs served as
forms of tracking in which poor and minority children were overrepresented.
Surprisingly, gifted and talented students often were "not well provided for in
upper tracks, just as slower students are not well provided for in the lower
tracks" (Oakes 1985, xii). Indeed, gifted mathematics students frequently
handle memorization and procedures so well that it is assumed that they
know the mathematics concepts represented. They are not given time to
"muck about" with the mathematics (Phillips 1987) and to build understand-
ings. They suffer perhaps more than students who are given time and with
whom innovative approaches are used.

"Evidence suggests that teachers themselves are tracked, with those
judged to be the most competent and experienced assigned to the top tracks"
(Darling-Hammond 1997, 269). In a study done in Chicago, "Closing the Di-
vide," Dreeben (1987) found that outcomes among students were explained
not by socioeconomic status, race, or ability levels but by the quality of in-
struction ... having enough time, covering a substantial amount of rich curric-
ular materials, matching instruction appropriately to the ability levels of
groups. Across the board, experimental studies offer strong evidence that
"what students learn is substantially a function of the opportunities they are
provided." Likewise, it has also become clear that "differences in teacherex-
pertise are a major reason for the differences in learning opportunities across
schools and classrooms" (Darling-Hammond 1997, 271).

Additionally, resources matter. In a large-scale study of more than one
thousand school districts, Ferguson (1991) -found that money matters in edu-
cation. Student achievement increases with expenditure levels. The single
most important determinant of student achievement is teacher expertise and
experience. Small studentteacher ratios are statistically significant determi-
nants of students outcomes. "Knowledgeable teachers working in personal-
ized settings are the most important key to learning" (Ferguson 1991, 490).
Where teachers are poorly trained and class sizes are large, students suffer
from worksheets, rote drill, superficial texts, sitting for long periods of the
day, working on boring tasks of low cognitive level, and seldom talking about
what they know or constructing and solving problems that involve higher
thinking skills (Metz 1978). Equalization of resources for school funding is
needed to ensure equity.

Fennema and Leder, in Mathematics and Gender, define equity as equal
opportunity to learn mathematics, equal educational treatment, and equal ed-
ucational outcomes (1990, 3-4). They contend that although justice for both
females and males has been an underlying belief in mathematics education,

There [are] clear
differences between
upper and lower tracks
in regard to the content
and quality of
instruction.
Oakes 1985, m
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studies have been based on the use of a male standard, females' achievement
and beliefs about themselves in comparison with those of males. Female con-
tributions to mathematics are minimized because of attitudes toward females
as mathematicians. Classrooms perpetuate these notions. When students con-
struct knowledge, the mental activity that takes place is as important as overt
behavior. Knowledge that is brought to the activity, confidence in approaching
the task at hand, control felt in doing the activity, interest in the taskall affect
the quality of participation. These autonomous learning behaviors are impor-
tant in working with high-cognitive-level activities. Fennema and Leder sug-
gest that females have less opportunity to develop autonomous learning be-
haviors (ALBs): "Teachers often interact differently with their males and
female students, with males attracting more and qualitatively different interac-
tions" (1990, 17). Females express lower confidence in their ability to do math-
ematics, often suffer negative consequences such as unpopularity when they
achieve mathematical success (Clarkson and Leder 1984), and are uncertain
about the appropriateness of doing mathematics (Boswell 1985); females feel
they have to work harder to attain success in mathematical endeavors (Fen-
nema 1985), and these "attributions of success" often lead to cognitive, moti-
vational, and/or emotional deficits (Weiner 1980). The "practices, values, ex-
pectations, and beliefs of both individuals and society must be examined if the
currently existing gender differences in mathematics participation and perfor-
mance are to be understood and changed" (Fennema and Leder 1990, 21).

Secada and Berman (1999) suggest interestingly that the present emphasis
on teaching for understanding raises some questions. Context is important for
the connections that develop in building understanding. It is important that
those contexts do connect with student backgrounds and match the diversity of
the students who are learners of mathematics. Extension of mathematics into
different domains also needs to reflect domains with which diverse students are
familiar. In classrooms that promote understanding, students are encouraged to
talk about thinking used in solving problems. This opens student thinking to
analysis; differences become clearer. Equitable classrooms work with those dif-
ferences to position them as strengths rather than as unenlightened positions.
Sharing of solution strategies also opens students to scrutiny. In classrooms
where the substance of the solution is valued, widespread participation is val-
ued, appreciation for diversity in thought is expressed, and the merit of the
strategy rests on the mathematics, not the doer of the mathematics, students
feel free to offer their findings and to open them to discussion.

Students are likewise encouraged to question, to assume responsibility
for their own learning, and to share in the "mathematical authority" (Secada
and Berman 1999, 37) afforded by such discourse. If this classroom norm dif-
fers considerably from home behavior expectations, it can create an uncom-
fortable dichotomy for students. Classrooms that honor equity work with au-
tonomous components to make them work for the good of understanding and
the students. Hailing the emphasis on building understanding for each stu-
dent as a noble goal, Secada and Berman suggest that care in implementation
must be taken to make sure that all students do have an opportunity to con-
struct knowledge and that those who facilitate such knowledge building be
cognizant of the possible inequities in application that could arise.
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NCTM carefully points out that rich mathematics for all does not mean
sameness" for all. Cognitively Guided Instruction, a philosophy of mathe-

matical knowledge building, is built on listening to student cognitions to in-
form teacher decision making and curriculum implementation (Fennema,
Carpenter, and Peterson 1989). Some of the outstanding premises of the Pro-

fessional Standards for Teaching Mathematics (Commission on Teaching
Standards for School Mathematics 1991) are the affirmations of teachers as
curriculum decision makers, as selectors of worthwhile mathematical tasks, as
facilitators of discourse for building understanding and for listening to stu-
dents' cognitions, and as creators of environments that foster construction of
knowledge. Thus, teachers listen to students and develop the curriculum in
conjunction with classroom and student readiness, picking up where students
are and moving forward appropriately. What could be more equitable than
continual progress based on expressed understanding?

Building on student understanding also implies differentiation. "Teachers
must be ready to engage students in instruction through different learning
modalities, by appealing to differing interests, and by using varied rates of in-
struction along with varied degrees of complexity" (Tomlinson 1999, 2). Ac-
knowledgement of student learning diversities has prompted Teaching with
the Brain in Mind (Jensen 1998); Frames of Mind: The Theory of Multiple In-
telligences (Gardner 1983); A Different Kind of Classroom: Teaching with Di-
mensions of Learning (Marzano 1992); Cognitive Type Theory and Learning
Style (Mamchur 1996); Concept-Based Curriculum and Instruction: Teaching
beyond the Facts (Erickson 1998); and Discovering and Exploring Habits of
Mind (Costa and Kallick 2000). If knowledge is to be fed into complex weblike
structures and multiple connections, then it would seem logical to address
knowledge building through many "representations" and translations between
and among them (Post et al. 1993). Selection and use of representations was
thought so important that NCTM added it as a fifth process standard PSSM:
"By listening carefully to students' ideas and helping them select and organize
representations that will show their thinking, teachers can help students de-
velop the inclination and skills to model problems effectively, to clarify their
OW11 understanding of a problem, and to-use representations to communicate
effectively with one another" (Standards 2000 Project 2000, 209).

Equity is a goal of all mathematics programs. Consequently, disparity is
cause for concern. In the Council of Chief State School Officers publication
State Indicators of Science and Mathematics Education 1999, this analysis is
given: "All states have a significant disparity between the percent of white
students at or above the Basic level and the percentage for the largest minor-
ity group" (Blank and Langesen 1999, 16). In mathematics disparity, theWis-
consin state difference at the eighth grade level between white and black stu-
dents in percent at or above Mathematics Basic level is 63 percentage points;
between white and Hispanic students, 37 points. The disparity between white
and minority students increased from 1992 to 1996 by 19 points. Still, it needs
to be noted that the trend for all three populations from 1982 to 1994 has
been upward; all populations are making proress.

Attention to closing gaps and to disaggregating data to determine
strengths and weaknesses does seem to be indicating progress on many

What could be more
equitable than
continual progress
based on expressed
understanding?

'Teachers must be
ready to engage
students in instruction
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learning modalities, by
appealing to differing
interests, and by using
varied rates of
instruction along
with varied degrees
of complexity."
Tomlinson 1999, 2
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fronts. On the new main National Assessment of Educational Progress
(NAEP), gender differences on math scores have almost disappeared in ele-
mentary and middle school and, though high school girls continued to lag be-
hind boys on the Third International Mathematics and Science Study
(TIMSS), there is less difference in Grade 12 scores between males and fe-
males than there is on the long-term trend (Education Week on the Web, 21
June 2000; www.edweek.org/ew/ewstory.cfm?slug=41t1.h19). Math scores
are rising across the countiy at a national average rate of about one percentile
point per year, "a pace outstripping that of the previous two decades and sug-
gesting that public education reforms are taking hold ... [though] "progress is
far from uniform" (Rand News Release, 25 July 2000; www.rand.org/publica-
tions/mr/mr92k). Finding Wisconsin to be second in achievement progress by
students from similar families, the factors that seemed to contribute to the
differences were lower pupilteacher ratios, higher participation in public
preldndergarten programs, and a higher percentage of teachers who are satis-
fied with the resources they are provided for teaching. Low teacher turnover
also seemed to contribute.

Another analysis of NAEP data found that rural students show "highly
comparable levels of achievement relative to their nonrural counterparts"
(Lee and McIntire 2000, 3) and, in fact, "outperform nonrural students" on
the most recent testing in 1996. Given that many rural students are poor and
attend schools whose instructional resources and course offerings are limited,
the level of their academic performance relative to their nonrural counter-
parts is encouraging. Indeed, the rural schools can provide a model of
strength worth studying and emulating. The factors that seem to give the
competitive edge are the better social/organizational context that includes
teacher training, safe and orderly climate, and collective support.

Another contributing factor is that more students are taking "tough" math
(Viadero 2000, 8; www.edweek.org; Cole 2000, 5; www.ccsso.org). In math,
63 percent of students took three years of high school mathematics, com-
pared with 49 percent in 1990. The proportion of students taking tough
math courses such as advanced placement calculus, third-level algebra, and
analytical geometry increased from 25.2 percent in 1982 to 41.4 percent in
1998. Nationally, 5 percent of students took advanced placement math exams.
"We're coming back to what is important for students to know," according to
Christopher T. Cross, president of the Council for Basic Education (Viadero
2000, 8).

Noting that "equity is a critical factor in the nation's economic viability,"
Croom, in discussing mathematics for all students, suggests that "eliminating
the social injustices of past schooling practices will require the support of pol-
icymakers, administrators, teachers, parents, and others concerned about ex-
cellence and equity in mathematics education." He continues: "All children
can learn challenging mathematics with appropriate support and an equitable
learning environment" (Croom 1997, 7). This concern and belief have been
evidenced in current legislation. The Improving America's Schools Act
(1994), a reauthorization of the Elementary and Secondary Education Act
(ESEA) of 1965, called for challenging content for all students, for identifica-
tion of students who are not proficient, and for efforts to move those students
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through adequate yearly progress measures to proficiency. Current state as-
sessment measures, the Wisconsin Student Assessment System, has re-
sponded to this national call for such identification, and coupled with state
legislation, 115.38, that asked for identification of schools in need of improve-
ment and assistance to those schools to facilitate growth, Wisconsin continues
to try to assist its school districts in providing an education of excellence for
all Wisconsin students.

Technology
In a discussion of technology-enriched learning of mathematics, Wattenberg
and Zia state, "It is easy to feel like kids in a candy store as each new year
brings new and more exciting technology for doing and learning science and
thathematicspersonal computers, scientific and graphing calculators, cal-
culators and computers with computer algebra systems linked to devices for
collecting scientific data, the World Wide Web, Java applets, and so much
more" (Wattenberg and Zia 2000, 67). There is increasing access to primary
resources, massive arid real-time data sets, and museum-quality collections.
"Mathematics with its tools for analysis and visualization is at the very center
of the best technology-enriched, inquiry-driven learning, and mathematical
modeling is especially important to enable our students to understand and
build the sophisticated and compelling simulations that are becoming so
common and important. Yet, questions remain: What tools have been shown
to improve our students' learning? When and how do we use them?" (68).

In the foreword to Standards for Technological Literacy: Content for the
Study of Technology (Technology for All Americans Project 2000), the con-
tention is made that "we are a nation increasingly dependent on technology.
Yet, in spite of this dependence, U.S. society is largely ignorant of the history
and fundamental nature of the technology that sustains it" (v). Technology is
defined (broadly speaking) as "how people modify the natural world to suit
their-own purposes." An analysis of the technology content standards indicates
that study of the various components could certainly enhance understanding
of the role of educational technology in mathematical learning and could en-
lighten debate regarding the use of technological tools in mathematics.

The technology content standards are:

o Students will develop an understanding of The Nature of Technology.
This includes acquiring knowledge of: (1) the characteristics and scope
of technology; (2) the core concepts of technology; and (3) the rela-
tionships among technologies and the connections between technology
and other fields.

o Students will develop an understanding of Technology and Society.
This includes learning about: (4) the cultural, social, economic, and po-
litical effects of technology; (5) the effects of technology on the envi-
ronment; (6) the role of society in the development and use of technol-
ogy; and (7) the influence of technology on history.

"Mathematics with its
tools for analysis and
visualization is at the
very center of the best
technology-enriched,
inquiry-driven
learning."
Wattenberg and Zia 2000, 68

Technology is defined
(broadly speaking) as
"how people modify the
natural world to suit
their own puposes."
Technology for All Americans
Project 2000, v
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o Students will develop an understanding of Design. This includes
knowing about: (8) the attributes of design; (9) engineering design; and
(10) the role of troubleshooting, research and development, invention
and innovation, and experimentation in problem solving.

o Students will develop Abilities for a Technological World. This in-
cludes being able to: (11) apply the design process; (12) use and main-
tain technological products and systems; and (13) assess the impact of
products and systems.

o Students will develop an understanding of The Designed World. This
includes selecting and using: (14) medical technologies; (15) agricul-
tural and related biotechnologies; (16) energy and power technologies;
(17) information and communication technologies; (18) transportation
technologies; (19) manufacturing technologies; and (20) construction
technologies.

Mathematics and technology are closely intertwined. Many of the tech-
nological inventions of today rest heavily on mathematical inception, mathe-
matics for development, and mathematics for implementation. But the inter-
action is reciprocal. Much of the mathematical change that has taken place
has occurred in response to technological advances. "Technology is an impor-
tant resource for teaching and learning mathematics. Calculators, computers,
and the World Wide Web are invaluable for students and teachers in the
classroom. Technology allows students to visualize and experience mathemat-
ics in heretofore impossible ways, engage in real-world (rather than con-
trived) problem solving, perform rapid and complex computations, and gen-
erate their own representations of their own learning. Furthermore,
technology allows students to undertake projects that connect with global
communities, integrate mathematics with other subjects, and fit students' in-
dividual needs and interests" (International Society for Technology in Educa-
tion, 2000, p. 96).

Principles and Standards for School Mathematics calls electronic tech-
nologiescalculators and computersessential tools for teaching, learning,
and doing mathematics. Research on the appropriate use of technology shows
that students can expand mathematical knowledge and conceptual under-
standings with the use of technology (Boers-van Oosterum 1990; Sheets
1993; Groves 1994; Dunham and Dick 1994). Noting that "technology should
not be used as a replacement for basic understanding and intuitions," but to
"foster those understandings and intuitions," the standards urge "responsi-
ble" use of technology to further mathematical understanding. Three points
are then made: (1) technology enhances mathematics learning, (2) technology
supports effective mathematics teaching, and (3) technology influences what
mathematics is taught (Standards 2000 Project 2000, 24-27).

Hembree and Dessart, in a meta-analysis of 79 non-graphing calculator
studies, found "improvement in students' understanding of arithmetical con-
cepts and in their problem-solving skills . . . students using calculators tended
to have better attitudes toward mathematics . . . better self-concepts . . . and
there was no loss in student ability to perform paper-and-pencil computa-
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tional skills when calculators were used as part of mathematics instruction"
(Hembree and Dessart 1992, 129). Research on the use of scientific calcula-
tors with graphing capabilities "also has shown positive effects on student
achievement." The positive effects were many: improvements in graphing
ability, conceptual understanding of graphs, the ability to relate graphical
representations to other representations, function concepts, spatial visualiza-
tion, problem solving, flexibility in thinking, perseverance, and focus on con-
ceptual understanding. Students who work with graphing calculators are
more likely to solve problems graphically than use other methods such as al-
gebra. "Studies of graphing calculators have found no negative effect on
basic skills, factual knowledge, or computational skills" (Hembree and
Dessart 1992, 129).

In a report of a study done by the Policy Information Center, Research Di-
vision, for the Educational Testing Service, some caveats regarding the posi-
tive results of technological use are offered. The national study of the relation-
sliip between different uses of educational technology and various educational
outcomes drew data from the 1996 National Assessment of Educational
Progress (NAEP) in mathematics and used samples from 6,227 fourth-graders
and 7,146 eighth-graders. The study examined information on frequency of
computer use for mathematics in the school, access to computers and fre-
quency of computer use in the home, professional development of mathemat-
ics teachers in computer use, and kinds of instructional uses of computers by
mathematics teachers and their students. The results found that technology is
a factor in academic achievement, but that results depend on how it is used.
"When computers are used to perform certain tasks, namely applying higher
order concepts, and when teachers are proficient enough in computer use to
direct students toward productive uses more generally, computers do seem to
be associated with significant gains in mathematics achievement, as well as an
improved social environment in the school" (Policy Information Center, Re-
search Division, Educational Testing Service 1998, 32).

The technology standards contend that technology is not always under-
stood by an accessing public. Waits and Demana, who have pioneered the use
of-technology in the-classroom, share some of their reflections regarding the
use of calculators in mathematics. They learned: (1) change can occur if we
put the potential for change in the hands of eveiyone (the handheld calcula-
tor); (2) it takes practiced teachers to change the practice of teachers (teach-
ers need to learn how to use technology); (3) calculators cause changes in the
mathematics we teach; and (4) calculators cause changes in the way we teach
and in the way students learn (Waits and Demana 2000). Elaborating, Henry
Pollak, regarding the effect of technology, is quoted:

o Some mathematics becomes less important (paper-and-pencil calcula-
tion and symbol-manipulation techniques).

o Some mathematics becomes more important (discrete mathematics,
data analysis, parametric representations, and nonlinear mathematics).

o Some mathematics becomes possible (fractal geometry, predictive sta-
tistics) (Pollak 1986).

Research on the use
of scientific calculators
with graphing
capabilities "also
has shown positive
effects on students
achievement."
Hembree and Dessart 1992, 129

Technology is a factor in
academic achievement,
but the results depend
on how it is used.
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Additionally, Waits and Demana found:

o Calculators reduce the drudgery of applying arithmetic and algebraic
procedures when those procedures are not the focus of the lesson.

o Calculators with computer interactive geometry allow for investiga-
tions that lead to a much better understanding of geometry (Vonder
Embse and Engebretsen 1996).

o Calculators help students see that mathematics has value, interest, and
excitement (Bruneningsen and Krawiec 1998).

o Calculators make possible a "linked multiple-representation" approach
to instruction.

o "Before calculators we studied calculus to learn how to obtain accurate
graphs. Today we use accurate graphs to help us study the concepts of
calculus" (Waits and Demana 2000, 57).

Waits and Demana believe that the best use of technology balances the
use of paper-and-pencil techniques and technology. There are "appropriate
uses" for both; the two can complement one another. A good balance can be
effected by having students:

1. Solve problems using paper and pencil and then support the results using
technology.

2. Solve problems using technology and then confirm the results using
paper-and-pencil techniques.

3. Solve problems for which they choose whether it is most appropriate to
use paper-and-pencil techniques, technology, or a combination of both.

"These approaches help students understand the proper use of technol-
ogy" (Waits and Demana 2000, 59). (Appropriate use of manipulatives was
also urged by Waits and Demana.)

The National Council of Teachers of Mathematics has offered two position
statements titled "Calculators and the Education of Youth" and "The Use of
Technology in the Learning and Teaching of Mathematics" (see Appendix G).

Bransford, Brown, and Cocking believe that technology has a broad role
to play in education. "What has not yet been fully understood is that computer-
based technologies can be powerful pedagogical tools . . . extensions of
human capabilities and contexts for social interactions supporting learning"
(Bransford, Brown, and Cocking 1999, 218). As such, technology resources
for education function in a social environment, "mediated by learning conver-
sations with peers and teachers." Kozma and Schank (1998) concur, "empha-
sis in U.S. schools [has been] on individual learning and performancewhat
students can do by themselves" (Kozma and Schank 1998, 3). The twenty-first
century, they continue, will make much different demands. "Symbolic ana-
lysts (Reich 1991)problem identifiers, problem solvers, strategic brokers"
will be needed. They will need a much different set of skills. "They will need
to be able to use a variety of tools to search and sort vast amounts of informa-
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tion, generate new data, analyze them, interpret their meaning, and trans-
form them into something new." Communities of learning will be needed to
support development of such skills. "In our vision of communities of under-
standing, digital technologies are used to interweave schools, homes, work-
places, libraries, museums, and social services to integrate education into the
fabric of the community" (Kozma and Schank 1998, 5).

Service Learning
Service Learning is a method by which young people learn and develop
through active participation in thoughtfully organized service _experiences.
These services meet actual community needs; are coordinated in collabora-
tion with the school and community; are integratd into each young person's
academic curriculum; provide structured time for young people to think,
talk, and write about what they did and said during the service project; pro-
vide young people with opportunities to use newly acquired academic skills
and knowledge in real life situations in their own communities; enhance
what is taught in the school by extending student learning beyond the class-

room; and help foster the development of a sense of caring for others (Al-
liance for Service-Learning in Education Reform (ASLER) 1998). Mathe-
matics is best learned in meaningful contexts. Certainly the situations
proposed in service learning have potential for meaningful mathematics ex-
plorations.

The Wisconsin Department of Public Instruction Strategic Plan (2000)
identifies among its goals:

GOAL 3. HELP ALL STUDENTS BECOME CARING, CONTRIBUTING,

RESPONSIBLE CITIZENS.

3.5 Classroom instruction is enhanced by offering students a variety of op-
portunities for meaningful participation such as student clubs, service
learning, music, athletics and drama.

3.6 Schools will infuse citizenship knowledge and skills across the curricu-
lum.

The U.S. Department of Labor (Wisconsin Department of Public In-
struction 1998a, 4) lists the following characteristics that employers look for
in teens: listening-to-learn skills; listening and communication; adaptability:
creative thinking and problem solving, especially in response to barriers/ob-
stacles; personal management: self-esteem, goal-settinWself-motivation, per-
sonal career development/goals, pride in work accomplished; group effective-
ness: interpersonal skills, negotiation, teamwork; organizational effectiveness
and leadership; making a contribution; and competence in reading, writing,
and computation.

"In our vision of
communities of
understanding, digital
technologies are used
to interweave schools,
homes, workplaces,
libraries, museums,
and social services to
integrate education
into the fabric of the
community."
Kozina and Schank 1998, 5
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mathematics
explorations.
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The Wisconsin Department of Public Instruction citizenship guide, Citi-
zenship Building a World of Good, A Tool Kit for Schools and Communities
lists seven characteristics of successful schools in developing caring, con-
tributing, productive, and responsible citizens:

o Core values
o Safe and orderly places
o Family and community involvement
o Addressing of societal values
o Positive relationships
o Engagement of students' minds
o High expectations

In an attempt to capitalize on one of the most valuable resources of
schoolsits own studentsservice learning has become an important thrust.
Kielsmeier defines service learning as "a way of teaching and learning that
engages students in active service tied to curriculum" (Kielsmeier 2000, 652).
Service learning, he continues, "can transform the idealism of youth into a
powerful force for educational change and democratic renewal." Fitting well
with Wisconsin's identified goal of caring, contributing, and responsible citi-
zens, service learning is a consideration for all disciplines. How, then, can
mathematics capitalize on service learning? How can service learning use
mathematics as a resource?

The National Service-Learning Cooperative (1998) lists Essential Ele-
ments of Service-Learning. It is interesting to note that these elements care-
fully parallel many of the components necessary for the construction of math-
ematical knowledge.

1. In effective service learning, there are clear educational goals that require
the application of concepts, content, and skills from the academic disci-
plines and involve students in the construction of their own knowledge.
Principles and Standards for School Mathematics (Standards 2000 Proj-

ect 2000, 20) states, "research on the learning of complex subjects such as
mathematics has solidly established the important role of conceptual under-
standing in the knowledge and activity of persons who are proficient ... along
with factual knowledge and procedural facility (Bransford, Brown, and Cock-
ing 1999).

Effective mathematics learning is facilitated by identification of concepts
that need to be developed at specific stages and by alignment of curricula
with the envisioned goals. Conceptual development is a focus of effective
mathematics programs (Erickson 1998). Students need to be able to identify
the mathematics content that is being addressed in explorations in which they
engage. Skills need to be developed in conjunction with meaningful problem
solving. Construction of mathematical understanding is the thrust of the
mathematics program.
2. In effective service learning, students are engaged in tasks that challenge

and stretch them cognitively and developmentally.
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Mathematics is best learned when the context in which a problem is situ-
ated is meaningful and pertinent, when the task at hand is engaging and mo-
tivating, when the cognitive level is demanding, when the task calls for the
use of previous knowledge in building new understandings, and when the
problem moves the student to new, deeper, or broader understandings.

At a National Service-Learning Leader School, Malcolm Shabbaz, an al-
ternative high school located in Madison, Wisconsin, more than half of the
2,600 students participate in activities that combine academic learning and
service (Riley and Wofford 2000, 670). Working for local service projects such
as raising funds for a respite center for children caught in situations of family
violence, students use their talents and skills to benefit others. Students also
travel to communities in Appalachia, the Mississippi Delta, and Native Amer-
ican reservations to gain in-depth knowledge of the history and culture of the
peoples living there, along with opportunities to repair the homes of senior
citizens and work with Head Start classes in those locales.

Noting that "many children from all backgrounds do not understand
mathematics enough to use it or cannot even do many tasks accurately," To-
ward a Mathematics Equity Pedagogy (TMEP), an approach based on re-
search on children's thinking and the best from traditional pedagogy and pow-
erful elements of reformed teaching, was developed, has been used, and is
reaping successes (Fuson, LaCruz, Smith, LoCicero, Hudson, Ron, and
Steeby 2000). There are six aspects of TMEP:

1. Start where children are and keep learning meaningful. Use many
meaning-focused classroom activities.

2. Set high-level mathematical goals and expectations for all. Bring chil-
dren up to the higher mathematics.

3. Develop a collaborative math talk culture of understanding, explain-
ing, and helping.

4. Build on the best of traditional instruction.
5. Facilitate the learning of general school competencies. Increase self-

regulatory actions so that children become more organized, under-
stand what they do not understand, are involved in setting some
learning goals, and are helped to reflect on their own progress.

6. Mobilize learning help in the home.

3. In effective service learning, assessment is used as a way to enhance stu-
dent learning as well as to document and evaluate how well students have
met content and skill standards.
The diverse purposes for which mathematics assessments are used are

characterized in the Assessment Standards for School Mathematics (Commis-
sion on Teaching Standards for School Mathematics 1995, 25) as monitoring
students' progress to promote growth, making instructional decisions to im-
prove instruction, evaluating students' achievement to recognize accomplish-
ments, and evaluating programs to modify them.

In good mathematics programs, assessment is used to determine where
students are in understanding of the topic at hand in order to make curricular

In effective service
learning, students are
engaged in tasks that
challenge and stretch
them cognitively and
developmentally.
Mathematics is best
learned when the
cognitive level is
demanding.

In effective service
learning, assessment is
used as a way to
enhance student
learning. In good
mathematics programs,
assessment is used to
determine where
students are in
understanding of the
topic at hand in order
to make curricular
decisions regarding the
next mathematical tasks
to be introduced.
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decisions regarding the next mathematical tasks to be introduced. Good
mathematics assessments identify what students know (as opposed to what
they don't know!) individually and as a class. "Assessment occurs at the inter-
section of the important mathematics that is taught with how it is taught, what
is learned and how it is learned" (Assessment Standards Presentation Package
1995).
4. In effective service learning, students are engaged in service tasks that

have clear goals, meet genuine needs in the school or community, and
have significant consequences for themselves and others.
The Professional Standards for Teaching Mathematics (1991, 25) offer as

Standard 1, Worthwhile Mathematical Tasks. Those tasks should be based on:

o sound and significant mathematics;
o knowledge of students' understandings, interests, and experiences;
o knowledge of the range of ways that diverse students learn mathe-

matics;
and should
o engage students' intellect;
o develop students' mathematical understandings and skills;
o stimulate students to make connections and develop a coherent

framework for mathematical ideas;
o call for problem formulation, problem solving, and mathematical rea-

soning;
o promote communication about mathematics;
o represent mathematics as an ongoing human activity;
o display sensitivity to, and draw on, students' diverse background ex-

periences and dispositions;
o promote the development of all students' dispositions to do mathe-

matics.

Service-learning tasks, because of the rich contexts in which they are situ-
ated, challenge students to employ unique thinking, first of all, in recognizing
important problems, and then in formulating solution plans and in analyzing
how solution steps should be taken. The mathematics that is demanded in
service-learning tasks often involves higher-level thinking skills such as statis-
tical analyses and projections. When solution strategies have been employed,
reflection on results is important. Often, service-learning tasks require an-
other componentthe need to convince others of a possible best solution.
Such tasks are indeed worthwhile mathematical tasks.
5. In effective service learning, formative and summative evaluation are

employed in a systematic evaluation of the service effort and its out-
come.
The Assessment Standards for School Mathematics (1995, 4) suggests that

the assessment process can be thought of as four interrelated phases that
highlight principal points at which critical decisions need to be made: plan as-
sessment, gather evidence, interpret evidence, and use results. The standards
suggest that these phases are not necessarily sequential and that each phase
has decisions and actions that occur within the phase.
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Rich mathematical tasks ask students to formulate a plan for solving the
problem. Execution then often involves reconsidering the approach to the
problem, a sifting and winnowing so as to speak of solution strategies. When
the problem is solved, checking of the solution for reasonableness against ex-
pected results is necessary. The impact of the solution is evaluated. If there is
a discrepancy in the result and the expected outcome, reexamination of ap-
proach and of the solution is in order. Likewise, the result often requires ex-
planation and defense of result.
6. In effective service learning, student voice is maximized in selecting, de-

signing, implementing, and evaluating the service project.
Standard 3 of the Professional Teaching Standards (1991, 45) is the Stu-

dent's Role in Discourse. It proposes that classroom discourse should be pro-
moted so that students:

o listen to, respond to, and question the teacher and one another;
o use a variety of tools to reason, make connections, solve problems,

and communicate;
o initiate problems and questions;
o make conjectures and present solutions;
o explore examples and counterexamples to investigate a conjecture;
o try to convince themselves and one another of the validity of particu-

lar representations, solutions, conjectures, and answers; and
o rely on mathematical evidence and argument to determine validity.

The Wisconsin Model Academic Standards, (1998, 5) in "Standard A.
Mathematical Processes" ask students to "develop effective oral and written
presentations employing correct mathematical terminology, notation, sym-
bols, and conventions for mathematical arguments and display of data ...
[and] to organize work and present mathematical procedures and results
clearly, systematically, succinctly, and correctly."
7. In effective service-learning, diversity is valued as demonstrated by its

participants, its practice, and its outcomes.
In a discussion of developing mathematical reasoning, Malloy states, "effec-

tive mathematics instruction of students with diverse cultural backgrounds
challenges the notion that one culture or one method of reasoning dominates
the learning process. In order for all children to become mathematically liter-
ate, mathematics educators must be poised to use varied instructional strategies
that address the needs of the diverse populations of children who will live and
become productive in the twenty-first century" (Stiff and Curcio 1999, 13).

A meta-analysis of research on the learning of mathematics (Grouws and
Cebulla 1999, 124) indicates that the use of small groups of students to work
on tasks that deal with important mathematical concepts and ideas can in-
crease student mathematics achievement. There is a richness and diversity of
input of solution strategies, there is clarification of the problem itself, individ-
ual members can work on various parts of the solution, and evaluation of so-
lutions is quite automatic; students check conclusions with one another. Con-
clusions are more valid because of the diversity of input. By the same token,
focus on the task minimizes differentness of approach.

In effective service
learning, student voice
is maximized. In the
mathematics classroom,
student discourse is
used to socially
construct mathematical
understanding.

In effective service
learning, diversity is
valued. Mathematics
educators need to be
poised to use varied
instructional strategies
that address the needs
of the diverse
populations of children
in today's classrooms.
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8. In effective service-learning, communication and interaction with the com-

munity are promoted and partnerships and collaboration are encouraged.
Children are constructors of their own mathematical knowledge (von

Glasersfeld 1995); learning is a social process (Vygotsky 1978), and writing
and talking are tools for reflecting thought as well as generating new thoughts
(Murray 1968; Vygotsky 1978). Mathematics classrooms that engage students
in formulating and testing hypotheses, discussing various approaches to
problem-solving, keeping explorations open-ended so students feel free to
contribute a diversity of responses, sharing personal mathematical connec-
tions so they develop mathematical ownership, and questioning solutions so
students can learn to consider and defend their work (Whitin and Whitin
2000, 213-214), help students gain confidence in their mathematical abilities.

Certainly, taking those learnings one step further by seeking and giving
community input can only strengthen such efforts. It can also serve as a per-
formance measure of effectiveness of such classroom efforts. It is important
that many classroom experiences precede actual community interaction so
that confidence levels run high and tactics are many and varied.
9. In effective service-learning, students are prepared for all aspects of their

service work. They possess a clear understanding of tasks and roles, as
well as the skills and information required by the tasks; awareness of
safety precautions; and knowledge about and sensitivity to the people
with whom they will be working.
In a discussion of perspectives on mathematics education, Willoughby

(2000, 9-10) analyzed that all people should have the following:

o A solid understanding of the significance and use of numbers
o Proficiency in the basic operations
o Ability to use thinking to solve problems (as opposed to tedious algo-

rithms)
o Ability to decide which operations, arguments, or other mathematical

thinking are appropriate to a real solution
o Ability to decide when approximations or estimates are appropriate
o Ability to use technology intelligently, including when to use tech-

nology
o Ability to collect, organize, and interpret data intelligently, to extrap-

olate or interpolate from the data, and to recognize unsound statisti-
cal procedures

o An understanding of probability concepts
o An understanding of the role of functions in modeling the real world
o A knowledge of the various geometric relationships
o A knowledge of and ability to use simple useful trigonometric infor-

mation
o An intuitive understanding of the foundations of calculus

The ability to recognize situations in which mathematical thinking is
likely to be helpful, to formulate problems in mathematical terms, and to in-
terpret the results of mathematical analysis so that others can understand
them, is useful in service-learning situations.
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Classrooms in which problem-solving discourse is usual, where mathe-
matical conjectures are posed and checked as a matter of course, and where
solutions are explained and defended help students become in-depth
thinkers. Not only do the classroom endeavors build mathematical under-
standing, but they also build norms for social interaction, problem investiga-
tion, and solution interpretation. With practice, these techniques would lend
themselves well to broader venues.
10. In effective service learning, student reflection takes place before, dur-

ing, and after service; uses multiple methods that encourage critical
thinking; and is a central force in the design and fulfillment of curricular
objectives.
When students become aware of themselves as learners, they can develop

the ability to monitor their learning strategies and resources and can assess
their readiness for particular performances (Bransford, Brown, and Cocking
1999, 55).

1) Metacognition can help students "analyze what they did and why . . .

highlight the generalizable feature of the critical decisions and ac-
tions and focus on strategic levels rather than on specific solutions.

2) Building on previous experiences and identifying connections be-
tween the old learning and the new helps students increase transfer.

3) Students need to move pieces of knowledge to the conceptual level to
increase understanding. "Conceptual understanding requires a higher-
level, integrative thinking ability that needs to be taught systematically
through all levels of schooling. Drawing patterns and connections be-
tween related facts, ideas, and examples leads to synthesizing informa-
tion at a conceptual level" (Erickson 1998, 8). Critical content needs to
correlate to disciplinary concepts and conceptual ideas.

If we can produce students who think critically, they will be able to han-
dle not only academic tasks but life challenges. Well-taught mathematics car-
ries students forward in knowing how to identify critical components of tasks,
formulate -solutions and execute them step-by-step, and evaluate results.
These pieces lend themselves well to the broader curriculum and ultimately
to the community.
11.. In effective service learning, multiple methods are designed to acknowl-

edge, celebrate, and further validate students' service work.
"Learners of all ages are more motivated when they can see the useful-

ness of what they are learning and when they can use that information to do
something that has an impact on othersespecially their local community"
(McCombs, 1996; Pintrich and Schunk, 1996). Social opportunities affect
motivation.

"Although extrinsic rewards and punishments clearly affect behavior,
people work hard for intrinsic reasons as well" (Bransford, Brown, and Cock-
ing, 1999, p. 48). "Humans are motivated to develop competence and to solve
problems" (White, 1959, in Bransford, Brown, and Cocking, 1999, p. 48).

And, does service learning work? A decade of research on service learning
is yielding interesting results. Though mUch of the research used self-reports

In effective service
learning, student
reflection takes place.
Well-taught mathematics
carries students
forward in knowing
how to evaluate results.

In effective service
learning, multiple
methods are designed
to validate students'
service work. "Humans
are motivated to
develop competence
and to solve problems."
White, 1959, in Bransford, Brown,
and Cocking 1999, 48
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contributors to society.

or information from surveys administered before and after a service experi-
ence, some used qualitative methods and case studies. The major findings of
the research are (Billig 2000, 658-664):

1) Service learning has a positive effect on the personal development of
public school youths.

2) Students who participate in service learning are less likely to 'engage
in "risk" behaviors.

3) Service learning has a positive effect on students' interpersonal devel-
opment and the ability to relate to culturally diverse groups.

4) Service learning helps develop students' sense of civic and social re-
sponsibility and their citizenship skills.

5) Service learning provides an avenue for students to become active,
positive contributors to society.

6) Service learning helps students acquire academic skills and knowl-
edge.

7) Students who participate in service learning are more engaged in
their studies and more motivated to learn.

8) Service learning is associated with increased student attendance.
9) Service learning helps students to become more knowledgeable and

realistic about careers.
10) Service learning results in greater mutual respect between teachers

and students.
11) Service learning improves the overall school climate.
12) Engaging in service learning leads to discussions of teaching and

learning and of the best ways for students to learn.
13) Service learning leads to more positive perceptions of schools and

youths on the part of community members.
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Mathematics
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a spring forward with commitment. (Morris, W., ed., 1971. The American Heritage Dictionary
of the English Language. New York: American Heritage Publishing Company, Inc. and Houghton
Mifflin Company, 1250, 2nd definition.)
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A rapidly changing society precipitates curricular change. The change in
mathematics that has occurred as a result of the technological explosion, re-
search on teaching and learning for understanding, international comparisons,

the standards movement, and the emphasis on assessment and accountability
has impacted mathematics teachers and curriculum planners heavily. aisting
programs must be evaluated to see if they are meeting students' present re-
quirements and anticipating future potentialitiesand everything is operating
under time constraints. The Wisconsin State Journal, September 6, 2000
reads, "The internet has become a much greater tool than was ever antici-
pated. Internet access is now available in about half of the homes in the United

States and is used daily by half of the workforce." Teachers who have just re-
tooled to teach AP computer science find that another shift in language is an- _

ticipated. Schools have to develop mechanisms to address continual change. A

curriculum review every five years is no longer sufficient. Continual evalua-
tion, adaptation, refitting, and retooling need to be part of the school mecha-
nism. This is particularly true for mathematics. Because of technology, there is
probably no other discipline that is changing so much.

e need to assess what is needed in mathematics programs. "Better
schooling will _result in the futureas it has in the past and does
nowchiefly from the steady, reflective efforts of the practitioners

who work in schools and from the contributions of the parents and citizens
who support . . . public education" (Tyack and Cuban 1995, 135). Contending
that a new millennium offers educational opportunities to rethink the way our
schools will work in the twenty-first century, Marsh (1999) suggests that we
need to redefine the common purposes of schools: to help students participate
in a democratic society, experience a productive work life, and engage in life-
long learning. In an information age, schools for the democratic society will be
expected "for the first time in history" (Marsh, 2) to educate all ofour youth to
a high level, to help students understand the social problems of a world "char-
acterized by increasing specialization of knowledge and complexity of effects,"
(Marsh, 2) and to address the complexities of increasing diversity. Participation
in the world of work will be challenging; "if thinking for a living is the new re-
ality in the world of work, will thinking for an education become the norm
in our schools?" (Marsh, 3). The skills of self-monitoring and teamwork will

Continual evaluation,
adaptation, refitting,
and retooling need to
be part of the school
mechanism.

"If thinking for a living
is the new reality in the
world of work, will
thinking for an education
become the norm in our
schools?"
M arsh, 3
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If lifelong learning is to
occur, then skills in

research, critical
analysis, and selection

of task become
extremely important.

"Perhaps the saddest
outcome of this situation

is that each year a
signficant percentage of
children come to believe
that they are incapable

of doing math."
Zemelman, Daniels, and Hyde

1998, 83

When we come to an
examination of

mathematics
programs, we need to

be very aware of what
is, what needs to be,

and the difference
between the two.

become paramount with the work of the future being done in small and rapidly
shifting organizations, under tight deadlines, using strong teamwork, with new
attention to quality and results indicators, and in frequent partnership with ex-
ternal groups. If lifelong learning is to occur, then skills in research, critical
analysis, and selection of task become extremely important. In all instances,
problem solvingthe stuff of which mathematics is maderises to the fore.

[Yet], many adults believe they have a clear sense of what mathematics is and

why they despise it. These thoughts and feelings have been slam-dunked
into them by their years in school, struggling with textbooks and teachers liv-
ing a kind of mathematical mythology of memorizing math facts (orally and
with flashcards); computing page after page of sums, differences, products,
and quotients (with and without remainders); going to the chalkboard to
work out the answer; trying to remember the rules and procedures such as
"write down the 2 and carry the 1" and "invert and multiply"; and developing
careful, step-by-step proofs (beyond a shadow of a doubt). Common myths
about mathematics include "math is only for a few good men; most mere
mortals are not good at it" [and] 1) doing math means getting the one right
answer; 2) mathematics is a collection of rules, theorems, and procedures to

be memorized; 3) mathematics is really just arithmetic, working with bigger
and more complicated numbers. Teaching math involves steadily working
through the textbook, page by page, assigning sheets of drill exercises from

the workbooks or worksheets for practice.
Perhaps the saddest outcome of this situation is that each year a signifi-

cant percentage of children come to believe that they are incapable of doing
math. (Zemelman, Daniels, and Hyde 1998, 83)

These comments from a book called Best Practice: New Standards for
Teaching and Learning in America's Schools (2nd Ed.), in a chapter called,
"The Way It Used to Be," unfortunately do not describe only mathematics
classrooms that used to be, but some classrooms that still are. When we come
to an examination of mathematics programs, we need to be very aware of
what is, what needs to be, and the difference between the two. There is a
great deal of interest in improving mathematics programs in the schools. This

concern has been prompted by a change in mathematics itself, by a society
that is highly mathematized, and by an economy that demands mathematical
understanding. It has also been fueled by international comparisons of math-
ematical expertise that are not necessarily flattering, by high attrition rates of
students from mathematics courses, and by state assessments that find a high
proportion of our students not sufficiently proficient in mathematics.

How Does a School District Go About
Examining Its Mathematics Program?
IF5rrst Steps

Select a Broad-Based Committee
Because mathematics is a K-12 venture situated in a broad school culture
and because mathematics, possibly more than any other discipline, is under-
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going epistemological shifts in expectations, it is necessary to involve repre-
sentatives of the concerned stakeholders in the study. The study group
should include mathematics teacher representatives from PK-2, 3-5, 6-8,
and 9-12; a principal from each level, the curriculum coordinator, a member
of the school board, a parent, and members of other equally concerned con-
stituencies.

Envision the Place of Mathematics in Society and Research
Its Mission in the Schools
In order to examine the mathematics program, it is necessary for all partici-
pants to be familiar with where mathematics has been and where it is today.
They need to recognize the contributions that mathematics makes to society
and think about the needed inputs of mathematics in this era. They should
contemplate what will develop in the new millennium and anticipate the kind
of mathematics that will contribute positively to continued growth. There is a
strong demand on the schools from the publicparents, professional organi-
zations, employers, governments, and so forthfor teaching and le-arning
with understanding. Research has produced an ever-growing body of knowl-
edge about teaching and learning mathematics that can provide direction for
addressing the building of understanding.

Examination of the schOol mathematics program must rest on a shared vi-
sion of what effective mathematics education is. An analysis of mathematics
education belief structures should be part of the initial efforts. Then, knowl-
edge of exemplary mathematics programs can be built by examining research
and literature. Romberg and Kaput (1999), discussing mathematics worth
teaching and mathematics worth understanding, suggest that a shift in expec-
tations of school mathematics has occurred. They identify areas to be exam-
ined: "(a) traditional school mathematics, to clarify what the shift is away
from; (b) mathematics as a human activity, to portray the direction the shift is
toward; (c) mathematics worth teaching, to provide an overview to the . . . ini-
tial question 'What is it that students are expected to understand?'; and
(d) speculations about school mathematics in the future" (3-17).

Additionally, those participating in the mathematics evaluation need to
contemplate the implications of current brain research, recent economic de-
velopments, and international comparisons; the effect of the standards, as-
sessments, and accountability components; the impact of diversity and acces-
sibility; the contributions of school financial structure; and the ramifications
of state and national interventions. Cook (1995,7-37) offers an excellent list-
ing of considerations for Strategic Planning for America's Schools that could
provide a basis for "big picture" discussions, including:

Demographics
The aging population
The restructuring of the family
The emergence of minorities

Redefining "Public" Education
Economic transitions

In order to examine the
mathematics program,
it is necessary for all
participants to be
familiar with where
mathematics has been
and where it is today.

Examination of the
school mathematics
program must rest on
a shared vision of what
effective mathematics
education is.
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In considering internal
strengths, "only those
strengths that directly

relate to the stated
mission should be
considered here."

Cook 1995, 53

To focus appropriately
on the "strengths" of the
current program, actual

data needs to be
assembled.

Affective measures need
to be gathered also.

Beyond Economic Transitions
The management of information
The polarizing of society
System obsolescence
The transformation of mainstream values as we move from an age of informa-

tion age of biogenetics

Competition
When participants have dealt with these foundations, then contemplation of

the mathematics program can ensue.

IhnIernaD AnaDvsiis

Identify Strengths in the Existing Program
Defining strengths as "those internal qualities, circumstances, or conditions
that contribute to the [program's] ability to achieve its mission," Cook contin-
ues, "only those strengths that directly relate to the stated mission should be
considered here" (Cook 1995, 53).

An excellent starting tool for districts is a joint publication from the Na-
tional Council of Teachers of Mathematics and the Association for Supervi-
sion and Curriculum Development called A Guide for Reviewing School
Mathematics Programs (Blume and Nicely 1991). The guide reflects critical
elements in the areas of goals, curriculum, instruction, evaluation, and
teacher and administrator responsibility. The authors of the guide suggest it
can be effectively used in several formats, such as with committees ofteach-
ers and administrators at grade levels K-4, 5-8, and 9-12 who meet together,
respond to the questions together, and then analyze responses collectively.
While the questions could well provide good information to individual teach-
ers, the authors encourage group dialogue and consensus building.

To focus appropriately on the "strengths" of the current program, actual
data needs to be assembled (Council of Chief State School Officers May
2000; Wisconsin Department of Public Instruction 1999). That data needs to
include: (1) the number of students in mathematics courses as a percentage
of the total school population; (2) the number of students who continue in
mathematics programs throughout the entire grade school and high school
experience; (3) test data, both standardized and classroom-based; (4) longitu-
dinal data regarding individual achievement over time and program measure-
ment over time (the fourth grade, two years running, etc.); and (5) student
success in mathematics programs at technical schools, colleges, and universi-
ties and on the job. Affective measures need to be gathered also: (1) the mo-
tivation and enthusiasm of mathematics students based on student question-
naires; (2) the attendance of students in mathematics classes as weighed
against attendance in other classes; (3) teacher attitude measures; and (4) par-
ent and community evaluations as expressed in documents seeldng input.

Analysis of data and inputs should yield indicators of programs that seem
to be especially effective and of practices that seem to yield results. It is then
important to study those programs and practices in depth to determine what
works and pinpoint effective elements. It is important that those items be
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defined in relation to the context in which they are generated because the
context may contribute to their effectiveness. The next step is to decontextu-
alize the effective components. With those items isolated, it might then be
possible to conceive of a study of those pieces to determine generalizability.

Pinpoint Needed Improvements
Defining "weaknesses" as "internal characteristics, conditions, or circum-
stances that restrict or prevent the realization of the mission," Cook notes, "all
[programs] have them; the trick is to distinguish between those weaknesses
that are tolerable and those that are critical" (Cook 1995, 54).

In identifying strengths, areas in need of improvement will undoubtedly
surface. It is important that those elements be identified and then decontex-
tualized so they can be studied impartially and intensely to determine under-
lying implications. Just as with strengths, it is useful to have the weaknesses
backed by quantifiable data, if possible.

Prioritization of needs is a next step. The identified needed improvements
should be considered in light of greatest effect and importance of impact.
Cook's suggestion might be helpful: Identify the tolerable and the critical.

ExterrnaD Anadysrm

Characterizing the external analysis as the "most exciting part of the planning
discipline because it is futuristic," Cook states, "The purpose of the external
analysis is to prevent surprises that may negatively affect the [program's] abil-
ity or opportunity to accomplish its mission" (Cook, 57).

Gather Information
Once needs have been identified, isolated, and prioritized, information must
be gathered about all aspects of the pinpointed improvements. Outside assis-
tance is often helpful at this stage. In the first place, knowledgeable outside
evaluation of self-study data may isolate additional needs, help in analyzing
priorities, or negate an identified need (it may not be a problem at all). Also,

-the-outside "expert" may be able to-help identify additional resources.
It is at this point that districts often choose to visit other schools to see

what takes place in other classrooms. They may decide they need to look at
different materials. They may realize that professional development is
needed. Again, much information needs to be gleaned and considered. Vari-
ous subgroups could be assigned to research each of the components to be
addressed. Expert assistance may be sought in building the information base.
The subcommittees should then report back to the whole study group with
the information they have gathered.

Formulate an Action Plan
Cook continues, "each strategy will be developed by several such plans, all
containing step-by-step directions, time lines, assignments of responsibilities,
and cost-benefit analyses" (Cook, 65). He cautions, "action plans that are long
on process and short on getting things done are nothing more than a means of
postponing dedicated effort and, hence, a denial of accountability[!]."

In considering
weaknesses, "the trick is
to distinguish between
those weaknesses that
are tolerable and those
that are critical."
Cook 1995, 54

'The purpose of the
external analysis is to
prevent surprises that
may negatively affect
the [program's] ability
or opportunity to
accomplish its mission."
Cook, 57
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It is extremely
important that this first

step is taken, that
resources are allocated

so the first step is
effective, and that

analysis of that first
step is undertaken to

determine effectiveness.

It is also important that
the first step be

successful.

Wisconsin's Model
Academic Standards

"specify what students
should know and be

able to do, what they
might be asked to do to
give evidence of having

met the intent of the
standards, and how

well they must petform.
They include content,

poformance and
proficiency standards."

Wisconsin Department of Public
Instruction 1998, ix

Prioritization of the next steps is based on the information gathered. Ac-
tion plans need to be formulated, as well as timelines for the execution of the

plans.

Implement
Once the action plan has been formulated and the timeline designed, the first
step needs to be taken. It is extremely important that this first step is taken,
that resources are allocated so the first step is effective, and that analysis of
that first step is undertaken to determine effectiveness. So many times all
of the above procedures are performed, the study group meets and talks and
researches and plans, but nothing happens. Inaction is deadly. The study
group becomes discouraged because they wasted their time, the other staff
loses faith in the group because they were expecting results, and the process
loses any credibility for future endeavors.

It is also important that the first step be successful. Often, too many ob-
jectives are identified, efforts are fragmented, resources are inadequate, par-
ticipants don't know which investigation to pursue, and results are few or in-
conclusive. Instead, as the action plan is formulated, the objective must be
clearly identified, commitment must be sought from each of the participants,
specific tasks must be identified and assigned, sufficient resources must be al-
located, and unity of purpose must be asserted. If the first step yields results,
the group gains confidence to move forward. If the task undertaken is limited
in scope, it stands a greater chance of success.

The first step having been taken, the next step needs to be actualized in
the same manner. It is vital that each step be clearly identified, that resources
be sufficient to support it, that a commitment be made to making it work, and
that results be carefully analyzed. Success with each subsequent step will
build confidence for the next endeavors. Though various subgroups may pur-
sue various avenues, it is important that the process be small enough to be
controlled so that meaningful results can be obtained. Fragmentation of pur-
pose can sabotage the best efforts.

Some Sample "First Steps"
One of the first steps that many Wisconsin school districts are taking is the
alignment of their curricula with Wisconsin's Model Academic Standards
(WMAS) (1998). Since WMAS "reflects the collective values of the citizens,"
[is] "tailored to prepare young people for economic opportunities that exist in
Wisconsin, the, nation, and the world," (ix), and is in alignment with the Na-
tional Council of Teachers of Mathematics Principals and Standards for
School Mathematics, the document reflects mathematics worth teaching and
mathematics worth understanding (Romberg and Kaput 1999). Wisconsin's
Model Academic Standards "specify what students should know and be able
to do, what they might be asked to do to give evidence of having met the in-
tent of the standards, and how well they must perform. They include content,
performance, and proficiency standards" (ix). Because the WMAS are "a
model to be met or exceeded," because "in the future, mastery of subject
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matter will be objectively measured against these new standards at grades
four, eight, and twelve," and because "assessment, including high school
graduation exams, [will be] based on standards" (v), it is to a district's advan-
tage to have its curriculum in alignment with the WMAS.

Districts that have undertaken this task have used several methods: con-
cept mapping, the standards-based model, curriculum mapping, curriculum
evaluation, examination of curricular materials, implementation of selected
materials, bringing all components on board, and ongoing program support.

Unroaddng the atandards through Concept Mapp
One of the first steps in doing an alignment is to understand the intent of the
standard. An effective identified method for this is the use of a concept map
(Grunow 1999).

In worldng with a group of elementary teachers one afternoon, a question
was raised about the meaning of Performance Standard F.4.4, Algebraic
Reasoning: Recognize variability in simple functional relationships by de-
scribing how a change in one quantity can produce a change in another (e.g.,
number of bicycles and the total number of wheels) (14). I suggested use of
a concept map to help develop meaning. Our first task was to put in circles
the important components. The group identified one quantity and another
quantity to be put in circles. Then it was felt that change (in another circle)
needed to be placed above the first quantity and that a downward arrow
needed to show that change was affecting the first quantity. Then, an arrow
from that quantity to the second quantity needed to be drawn. A new
arrow then needed to emanate from the second quantity to change (in an-
other circle) below the second quantity. Having seen what was really hap-
pening, the group then decided to identify the process (in another circle
above the whole group) as functional relationships (see Figure 8.1). An in-
teresting discussion ensued regarding whether the arrows could also be re-
versed . . . would a change in the second quantity impact the first in a recip-
rocal-fashion? To-illuminate the discussion, one of the teachefs suggested
consideration of the "barnyard problem" that deals with the number of ani-
mals and number of feet for the animals. Based on that problem, it was de-
cided that the relationships probably were reciprocal . . . that a change in
one would affect the other no matter which change came first.

Use of the concept map proved to be a revelation. In identifying the im-
portant components, the participants found the meaning of the statement.
In visualizing relationships between and among the components, they devel-
oped an understanding of the function process. In selecting a task that fit the
picture, they discovered how to teach the standard. Discussion of direction
of functionality helped participants develop understanding of the concept
(Erickson 1998). The participants began discussion of additional examples to
teach to the standard . . . extensions. Finally, they talked about how they
could assess student understanding of the concept! This one activity had un-
packed the standard, helped teachers identify how to teach to develop un-
derstanding of the standard, led to consideration of extension activities, and

Because "assessment,
including high school
graduation exams [will
be] based on standards"
(v), it is to a district's
advantage to have its
curriculum in alignment
with the WMAS.

One of the first steps in
doing an alignment is to
understand the intent of
the standard.
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Recognizing that the
"opportunity to learn"

has been provided and
verification that

material has been
taught are major

components of the
assessment process.

FIGURE 8.1 Using Concept Mapping to "Unpack" a Wisconsin's Model Aca-
demic Standards Item

had culminated in discussions of how to informally and formally assess un-
derstanding! One of the participants concluded triumphantly, "Now I know
how to go back and help my colleagues as we address curriculum alignment.
Understanding the standard is a first step!"

The Standards- ased Modell
The Standards-Based Model (Grunow, Kniess, and Mortel 1998) is another
piece developed to help teachers and school districts ensure that the stan-
dards are being addressed in the curriculum. (See Appendix D for examples
of use.) Developed for the Mathematics for the New Millennium professional
development project, the complete model was much sought, has been made
available on disc, and is posted on the DPI mathematics Web site
(www. dpi. s tate .wi . us/dpikllsis/cal/caltmtm2. htrnl) .

Emphasizing connectedness, the model could be used in many ways. Rec-
ognizing that the "opportunity to learn" has been provided and verification that
material has been taught are major components of the assessment process,
teachers use the model to keep track of each major investigation done by their
classes. In some instances, the teacher records the activity upon its completion.
In other cases, the teacher uses the Standards-Based Model for planning for an
activity, a unit, and so forth. When the task is age-appropriate, some teachers
use the form with their classes to reflect on an investigation, with students and
teachers filling in the form as the reflective discussion ensues. Some teachers
use the form as a record of ongoing activities addressing a specific standard.

A compendium of completed Standards-Based Models (or similar forms)
has several advantages: (1) it urges consideration of curriculum/instruction/
assessment as the performance standard is contemplated; (2) it looks at con-
nections within the discipline and with other disciplines; (3) it facilitates
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recordkeeping; and (4) faithfully kept, it gives a good picture of coverage of
the standards. Whether the form is used to plan or record completed activi-
ties, the amount of attention devoted to the standard can be determined. Ifa
standard is being neglected, that omission can also be identified.

Curricukilm Mapping
As it was originally conceived, "mapping is a technique for recording time on
task data and then analyzing this data to determine the 'fit' to the officially
adopted curriculum and the assessment/testing programs" (English 1983,
13). Jacobs suggests that today, with computers available to all, "it is possible
for teachers to easily complete maps, compile them, share them with col-
leagues, and communicate with educators in other buildings" (Jacobs 1997,
8). She then describes the process in a series of phases.

Phase 1: Collecting the Data
Each teacher describes three major elements that comprise the curriculum
on the curriculum map and the approximate time spent on each of the con-
cepts and topics:

1. The processes and skills emphasized
2. The content in terms of essential concepts and topics, or the content as

examined in essential questions (and/or the content as reflected in Wis-
consin's Model Academic Standards)

3. The products and performances that are the assessments of learning
(and/or the Wisconsin State Assessment System results)

Phase 2: The First Read-Through
Teachers read through one another's maps for a grade level or grade-level
span. In consensus groups, they identify areas in which they gained informa-
tion, places where they located gaps or repetitions, potential areas for inte-
gration, mismatches between outcomes and curriculum, and meaningful and
nonmeaningful assessments. "They are red-flagging areas that need atten-
tionnot rewriting the curriculum" (Jacobs 1997, 12).

Phase 3: Mixed-Group Review Session
Groups of teachers that do not work together in grade level teams or as part-
ners share results from small-team synthesis. The collection of information by
a facilitator at this stage is helpful.

Phase 4: Large-Group Review
The entire mathematics staff meets. A compendium of results from the
Mixed-Group Review Session is offered. The group studies the results to
identify emerging patterns. The process is still nonjudgmental.

Phase 5: Determine Those Points
That Can Be Revised Immediately
Things such as repetitions can often be easily negotiated in this session.

"Mapping is a technique
for recording time on
task data and then
analyzing this data to
determine the fit' to the
officially adopted
curriculum and the
assessment/testing
programs."
English 1983, 13
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Phase 6: Determine Those Points That Will Require Long-
Term Research and Development
Task forces with specific thrusts can be appointed to pursue each of the iden-
tified components. Because of the process used to isolate the points, "people
like these groups. They feel that they are real and purposeful" (15).

Phase 7: The Review Cycle Continues
"Curriculum review should be active and ongoing" (15). It is no longer suffi-
cient to review the curriculum every five years. Too much is happening from
year to year. The curriculum document should be a continual work in progress.

Representative Next Steps
When all sought information is gathered, the information is conveyed to the
group. It is then up to the group to prioritize once again. Next steps need to be
determined. Resources and personnel should be sought to actualize the plan.

Often at this point it is decided that curricula that reflect teaching for un-
derstanding should be found and examined, examples of teaching for under-
standing should be seen and experienced, and ways of assessing for under-
standing should be investigated.

CurrticuDum Evelua.Uon
In an article on the role of curriculum materials in teacher learning and in-
structional reform, Ball and Cohen (December 1996) make the case that "the
enacted curriculum" is actually jointly constructed by teachers, students, and
materials in particular contexts. The curriculum is important, but so are the
teacher's decision making based on listening to student cognitions, the devel-
opment of understanding facilitated by the teacher and articulated by the stu-
dents in classroom discourse, the environment in the classroom that fosters
mathematical thinking, pacing, and so forth. Curriculum evaluation needs to
proceed in light of those understandings.

The Association of State Supervisors of Mathematics and the National
Council of Supervisors of Mathematics published a Guide to Selecting In-
structional Materials for Mathematics Education (Fall 1993), which offers
succinct criteria for materials evaluation. More recently, the Education De-
velopment Center (Goldsmith, Mark, and Kantrov 1998) offered Choosing a
Standards-Based Mathematics Curriculum, an excellent resource to serve as
a basis for curricula evaluation.

Following the publication of the national standards and the development
of the state standards for mathematics, the question was often asked, "Where
are the curricula that build the understanding called for in the-standards?" In
response to those queries, textbook companies instituted massive curricular-
changes to reflect the standards.

Also, the National Science Foundation offered funding to curriculum con-
sortiums interested in developing total mathematics curricula at the elemental);
middle school, and high school levels. Several such projects were funded, with
the stipulation that the developed materials reflect the vision of the standards
and help students build the conceptual understanding called for in the stan-
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dards. Consequently, the projects had to have student research components and
had to demonstrate gains in student understanding resulting from the use of the
curricula. The resulting curricula are now published and are finding use in class-
rooms (see NSF-funded curricula in Appendix A . The strong research compo-
nent continues; documentation of student gains in sites where the materials are
used is continually sought (See Appendix A for Impact Data).

For the first time in history, scientific evaluations of curricula are being
done to facilitate materials selection. The American Association for the Ad-
vancement of Science (AAAS), through its Project 2061, has developed ex-
tensive, well-researched criteria for evaluation and has used them to examine
middle school mathematics, algebra, and biology materials. The results of
their analyses can be seen on their Web site (www.project2061.org/matheval).
The U.S. government established an expert panel to identify exemplary and
promising mathematics programs. The results of that examination can be or-
dered through a toll-free number(877) 433-7827and can be found on
their Web site (www.enc.org).

ExamilnaVon of Currricular NilateolaDs
After the informational groundwork has been laid and curricular alignment
has been pursued, districts often decide that the district or grade level com-
ponents need to update curricula. Sample materials are ordered from pub-
lishers and from the National Science Foundation-funded curricula for exam-
ination, the goal being to narrow the field to two or three selections to be
examined in-depth. Reviewing curricular materials, many of which are
packed in glitzy packages, is a difficult task. The following process has worked
well with many school districts.

Teachers identify the unit that is their greatest strength. They then exam-
ine a series in its entirety, looking at that unit to see if it does as good a job as
they do and to see if it is something with which they feel they could work.
Next, the teachers identify a unit that is a weakness at their grade level, a unit
that they, as teachers, are not fond of, or with which students seem to experi-
ence difficulty. The teachers then look through the series, focusing on that
unit to see how it is addressed. This is a good unit to pilot teach because it
may prove to offer a better way to develop understanding of a difficult topic
or it may introduce an approach that is preferred by the teachers.

After the initial examination phase, many schools opt to pilot two or three
of the curricula that appear promising. Pilot programs, when carefully
planned and executed, can yield good information about curricula. There are
many variables to be considered in developing a pilot program:

1. Funding. Enough investment needs to be made in materials, manipula-
tives, and so forth, to result in a viable picture regarding the effectiveness
of the curricula. But since an adoption will ultimately ensue, huge invest-
ments in series that may not be adopted would be counterproductive.

2. Participants. Some members of the staff may be interested in working
with a pilot project; others may not be. Piloting is not easy and needs to
be carefully done from an action research perspective. While interested

The projects had to
have student research
components and had to
demonstrate gains in
student understanding
resulting from the use
of the curricula. The
resulting curricula are
now published and are
finding use in
classrooms.

Pilot programs, when
carefully planned and
executed, can yield good
information about
curricula.
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A fair trial of the
materials will find

teachers trying one or
two of the sets and

analyzing the strengths
and weaknesses of each.

All potential users need
to weigh in on the final
decision for ownership

purposes.

parties will probably provide the best trial, total staff participation will

strengthen ownership and give everyone a better understanding of the is-
sues being addressed. On the other hand, mandatory participation may
not give materials a fair trial on all counts.

3. Scope. The traditional pilot program of a few years ago was a full year's
trial of a single curriculum (often with the materials provided by the com-
pany). A more current approach is trial of a replacement unit or two from
a couple of sources (often from sample materials). Regardless of ap-
proach, it is important that the concepts identified to be taught at the
grade level are addressed so that students do not lose out in the process.
If a full year is instituted, it is important that the concepts embodied in
the series reflect the district curriculum for that grade level. If infusion
units are chosen, it is again important that those units mesh with the
grade-level curriculum in a meaningful sequence.

If there are two or three sets of materials under consideration, pilot
teachers should try components of each set. After investing time in the trial of
a curriculum unit, it is natural for teachers to become attached to that set of
materials. A fair trial of the materials will find teachers trying one or two of
the sets and analyzing the strengths and weaknesses of each. When the pilot is
finished, the pilot teachers then need to meet either with each other or with
the entire staff who will be using the materials to discuss their findings. A very
effective method of sharing ideas is to actually teach a segment to the group
in the manner in which the materials indicatea sample lesson (see Appen-
dix D for some forms developed for reflection during the pilot process in the
Muskego-Norway School District).

At this point, it often helpful to bring in representatives from each of the
publishing companies to discuss what support the companies will provide to
users. It is also helpful to hear from teachers who are using the materials.
During the pilot process, it is wise to have pilot teachers travel to school dis-
tricts where the materials are being used to see them in action. All of this in-
formation should be shared and evaluated. Many districts have textbook se-
lection criteria. Final selections need to be weighed against these standards.
Financial considerations regarding contrasting costs of the selected series
may be part of the selection equation also. All potential users need to weigh in
on the final decision for ownership purposes.

DrarpDementaUon of ScMected MateElads
A committee may be necessary to present the selection and the rationale for
the selection to the board of education for their approval. An implementation
-plan should be drawn up including timelines, costs, and accompanying pro-
fessional development experiences. Teaching for understanding requires a fa-
cilitative posture rather than a "stand and deliver" approach. Teachers need
to see methodologies for building understanding in action, to experience
knowledge development under those conditions, and to collaborate on strate-
gies for effectively teaching the new curriculum. Materials, manipulatives,
software, hardware, professional development opportunities, and assessment
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plans should be part of the presentation for the board and must be part of the
implementation plan. It is imperative that all parties understand that ade-
quate resources need to be allocated to properly implement the curriculum.
Effective results are dependent on teachers having the necessary training,
good materials and accompanying resources, and district support!

Another extremely important component of the plan is a strategy for the
assessment of the program results. The implementation should begin with
good baseline data, obtained on an identified assessment instrument that will
be used at the beginning of the year, perhaps mid-year, and at the end of the
year (preferably with different forms). This is an extremely important compo-
nent. Many districts get into a curriculum implementation, realize that they
want to evaluate the results they are obtaining, and have no baseline data
from which to work. Data on affective responses also needs to be accumu-
lated through attitude surveys, student journals, teacher reports, etc.

[tingling All Components on oard
If the group process as outlined in this piece has taken place, there has been
continuous involvement of all interested stakeholders in the process. When
curricular change has been identified, it is important to continue to work with
the focus group to develop a plan for the dissemination of information. The
rest of the staff, the parents, and the community need to be aware of the cur-
ricular change and its ramifications. They need to be prepared to discuss:

o Why were the new materials chosen?
o What are the hoped-for results from adoption of the series?
o What do the various components of the series look like?
o Will there be homework?
o What will the homework look like?
o If the mathematics looks different, how can parents help their children

with their homework?
o If a child does not appear to understand, how can parents help the

child formulate- a good question to ask the -next day to help clarify
thinking?

o How will the materials address the mathematical needs of all children?
o What will the mathematics classroom look like?
o How can parents make arrangements to come see the materials in use

in the classroom?
o How will student progress be reported?
o What can parents do to support the implementation?
o How can the teacher be contacted when questions arise?

Several extremely effective vehicles have been developed by school dis-
tricts to facilitate the curricular change process.

A classroom newsletter that tells about the material that will be covered
in an upcoming unit, that shares especially meaningful mathematical devel-
opments, and that addresses questions can be an excellent communication
device. A tear-off component the size of a postcard that can be returned to

Materials,
manipulatives, software,
hardware, professional
development
opportunities, and
assessment plans must
be part of the
implementation plan.

Another extremely
important component of
the plan is a strategy
for the assessment of
the program results.
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the classroom with comments, kudos, suggestions, or questions is a helpful
addition to a classroom newsletter.

Sharing resources with parents is an appreciated gesture. An informative
publication from the U.S. Department of Education, Helping Your Child
Learn Math (Kanter and Darby 1999), can be reproduced and distributed to
parents. Family Math (Equals 1989) has good problems and suggestions for
doing mathematics at home. The following Web sites for parents can also be
quite useful: www.ed.gov/pubs/parents/Math; www.enc.org/focus/topics/farn-
ily/index.htm; and www. forum .swarthmore .edulparents . citizens .html .

Scheduling parent visits so that they can come and participate in an actual
mathematics lesson has been well received. Parents have an opportunity to
experience the building of understanding themselves, they have advanced no-
tice so the visit can be scheduled, and they have an opportunity to talk with
the teacher and the students on a one-to-one basis.

Placing assignments and other pertinent information on a classroom Web
site not only allows parents access to what is happening in the classroom, but
also helps absent students keep up. Such features as problems of the week
and challenges of the day are also useful on a classroom Web site.

One school offered night sessions for interested parents to come in and
actually work with the same materials that their children were using. Results
were overwhelmingly positive, inspiring such remarks as, "Boy, I wish I'd
learned math that way!"

Parent math nights where general information is conveyed and where
students share their experiences with an investigation are well received. Par-
ents are pleased to hear about the program. They especially like hearing their
children tell about the mathematics they are learning.

Open-door classrooms, where standing invitations to parents are ex-
tended, let parents know that their presence is desired, that their opinions are
valued, and that the mathematical learning taking place in the classroom is
worthy.

Ortgohn IProgrram Support
"Schools need critical financial, technical, and political support from external
sources" (Newmann and Wehlage 1995). Those external sources help schools
focus on student learning and enhance organizational strategies by setting
high standards for learning, supporting extensive sustained, schoolwide staff
development, and increasing school autonomy. In studies of successful
schools, the authors found progress when there is a concentration on the in-
tellectual quality of student work, when schoolwide capacity is built for au-
thentic pedagogy, and when there is support from the external environment.
The Department of Public Instruction has an excellent resource to help di-
rect district support efforts. Targeting high academic standards, leadership,
vision, evidence of success, professional development, family, school, and
community partnerships, and standards of the heart (see Figure 8.2.), the
resource is available from:
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Goals 2000
Wisconsin Department of Public Instruction
125 South Webster Street
Madison, WI 53707-7841
(800) 243-8782
www.dpi.state.wi.us/dpikUsis/edop/g2.html
Bulletin No. 01001

Family School &
Community
Partnerships

FIGURE 8.2 Characteristics of Successful Schools
From Wisconsin Department of Public Instruction (July, 2000). (www.dpi.state.wi.us/dpi/dlsis/edop
/g2.html)

!Improvement: Dristrict LeveD
District improvement is, of course, an ongoing story. Please find "Getting

Started at Improving Your Math Education Program: One District's Ongoing
Story" in Appendix E: Readings. This district has done an outstanding job of

-evolving a process for improving their mathematics program, a task not easily
accomplished. Our sincere thanks go to the district and to the curriculum co-
ordinator for this interesting account.

District improvement is,
of course, an ongoing
story.
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Foundations for Consideration
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Using Research to Guide Mathematics
Program Development

Putting the Standards into Action

Designing Professional Development
to Promote Understanding

Curriculum, Instruction,
and Assessment

Teaching and Learning
Mathematics

with Understanding

We Are All Learners
of Mathematics

Mathematics
Spring (spring) n. 1. a source; origin; or beginning: a spring into action. 2. elasticity; resilience:
a spring forward with commitment. (Morris, W., ed., 1971. The American Heritage Dictionary
of the English Language. New York: American Heritage Publishing Company, Inc. and Houghton
Mifflin Company, 1250, 2nd definition.)
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Comnlytmecrn end
Adap)-fteb)_Ky

'he more things change, the more they stay the same." We live in
a moving and changing society, yet we often hear the same old
educational arguments that have persisted for years. We have ex-

tensive research regarding the teaching and learning of mathematics for un-
derstanding, but that research is slow to permeate mathematics programs at
the classroom level. Excellent curricula have been developed that reflect that
research and that show effectiveness with students, but there is hesitation in
adopting them. It is imperative that students know how to use technology in
the work-a-day world, but a fear persists, despite research to the contrary,
that skills will erode. It is not a time when ambivalence can prevail. We need
to use what we know. We need to commit to programs that reflect that knowl-
edge. We need to continually assess to inform next moves. Living in an age of
change, we need especially to be adaptable.

In 1980, in An Agenda for Action: Recommendations for School Mathe-
matics of the 1980s, the National Council of Teachers of Mathematics offered
Recommendation 8: Public support for mathematics instruction must be
raised to a level commensurate with the importance of mathematical under-
standing to individuals and society. It offered recommended actions:

8.1 Society must provide the incentives that Will attract and retain compe-
tent, fully prepared, qualified mathematics teachers.
o School districts must provide compensation commensurate with the

professionalism arid qualifications necessary to achieve our educa-
tional goals in mathematics.

o School districts should investigate a variety of incentives and condi-
tions that will stop the drain of qualified mathematics teachers to
other, more highly compensated fields of work.

o School districts should assure mathematics teachers a classroom envi-
ronment and conditions conducive to effective teaching, including a
reasonable class size.

o School districts should provide teaching conditions and incentives
that will attract dedicated and competent people into the mathemat-
ics teaching profession.

Public support for
mathematics instruction
must be raised to a level
commensurate with
the importance of
mathematical
understanding to
individuals and
society.
National Council of Teachers
of Mathematics 1980
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Parents should help
guide students to an

understanding of their
critical need to learn

mathematics.

Legislation concerning
accountability should
take into account the
multiple factors that

determine school
achievement.

8.2 Parents, teachers, and school administrators must establish new and
higher standards of cooperation and teamwork toward the common goal
of educating each student to his or her highest potential.
o Professionals must respond to calls for maintaining educational stan-

dards and must work cooperatively with parents to specify these stan-
dards.

o Parents must support the maintenance of agreed on standards of
achievement and discipline.

o Programs in mathematics that take full advantage of home and school
cooperation should be systematically developed.

o Parents should enter the process of determining educational goals as
partners, with shared participation and responsibility for the accom-
plishment of those goals.

o Parents should support the teacher's assignment of homework when it
is reasonable and clearly related to the educational objectives.

o Parents should help guide students to an understanding of their critical
need to learn mathematics.

o Parents should help students understand that they have the ultimate
responsibility for their own learning and must be active and coopera-
tive participants in the process.

o Parents and teachers should cooperate in a mutually supportive attack
on the erosion of respect for authority in the classroom.

o Parents and teachers should cooperate in a mutually supportive attack
on the erosion of motivation toward academic achievement.

8.3 Government at all levels should operate to facilitate, not dictate, the at-
tainment of goals agreed on cooperatively by the public's representatives
and the professionals.
o Government funding agencies should support an emphasis on research

and development in applying mathematics to problem solving.
o Teachers should have advisory roles in all decisions of policy and sup-

port.
o When legislation affecting education is required, it should be entered

into with caution and only after the involvement of educational profes-
sionals in formulating and reviewing the mathematical and pedagogical
aspects of such legislation.

o Legislation concerning accountability should take into account the
multiple factors that determine school achievement.

o Legislators should avoid tendencies to mandate testing as the sole cri-
terion for the evaluation of educational success.

o Mandates for the achievement of minimal competencies should not
limit the school mathematics program in its broader range of essential
goals.

o Legislation should not determine educational goals but when neces-
sary should facilitate the achievement of cooperatively agreed on ob-
jectives.

o Dual respect and effective articulation must become commonplace be-
tween the civic leaders who appropriately call for educational account-
ability and the educational professionals who must formulate responses.
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These recommendations have been recounted in their entirety because it
is interesting to note, first of all, that we have known for a long time-20
years!what needs to be done to improve mathematics education, and, sec-
ondly, because it is edifying to see how many of the suggestions have come to
fruition in those 20 years. Additionally, it is enlightening to see what was sug-
gested in 1980 and to reflect on the several struggles that have taken place in
recent years regarding the very components that NCTM addressed. On the
other hand, it is disturbing to think how long it might take for some of the
suggestions to be recognized and implemented!

Through its several landmark standards documents, NCTM has continued
to call for actions that will facilitate mathematical progress. Stating that "decid-
ing on the content of school mathematics is an initial step in the necessary
change process" (251), the Curriculum and Evaluation Standards (1989) pre-
sents those content standards and suggests that necessary next steps are curricu-
lum development, the production of standards-based teaching materials and
textbooks, development of standards-based tests, instruction consistent with the
underlying philosophy of the standards, standards-based teacher preservice and
inservice programs, incorporation of technology into mathematics instruction, a
focus on students with different needs and interests, equity in the study of math-
ematics, working conditions that facilitate standards-based explorations, and re-
search on not only what is, but what ought to be, in school mathematics.

The Professional Standards for Teaching Mathematics (1991) offers an
entire section of standards for the support and development of mathematics
teachers and teaching, including, responsibilities of policymakers in govern-
ment, business, and industry as well as responsibilities of schools, colleges,
universities, and professional organizations. "Next Steps" addresses profes-
sionalism, school structure, entry into the profession, school mathematics as
part of mathematics, the collegiate curriculum, collaboration between schools
and universities, expectations, accrediting and certificating agencies, net-
working with other disciplines, and research about the "much we need to
know that cannot be determined from current practice" (193).

Suggesting that the Assessment Standards for School Mathematics (1995)
could-be used-by classroom teachers, curriculum directors, and department
chairs to guide classroom, school, and district assessment practices; by policy-
makers and administrators to generate and support needed improvements in
mathematical assessments; and by state or provincial and commercial test
publishers to align their assessment systems with those of schools or districts
in order to provide more useful data to students, teachers, parents, and the
public at large, the standards reflected the learning standard, the equity stan-
dard, the openness standard, the inferences standard, and the coherence
standard. In looking at next steps, it was suggested that the ideas in the stan-
dards needed to be "discussed, thought about, and assimilated" (81), that they
needed to be personalized for each involved party, that users needed to re-
flect on the vision of alternative assessment practices, and that the assessment
process is a shared responsibility in which everyone needs to participate.

The Principles and Standards for School Mathematics (2000) asks readers
to envision a classroom in which the principles and standards have come to
life and asks questions important to mathematics education:
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At this time, under the
guidance of the

Mathematical
Association of America,
mathematicians around

the country are
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Mathematically
speaking, we have

well-conceived national
and state standards.

How can all students have access to high-quality mathematics education?
Are good instructional materials chosen, used, and accepted?
How can teachers learn what they need to know?
Do all students have time and the opportunity to learn?
Are assessments aligned with instructional goals?
Is technology supporting learning?

Responsibilities are then assigned to mathematics teachers, students,
mathematics teacher-leaders, school, district, and state or province adminis-
trators, higher-education faculty, families, other caregivers, community mem-
bers, and professional organizations and policymakers.

At this time, under the guidance of the Mathematical Association of
America, mathematicians around the country are conducting a major review
of the undergraduate curriculum. Their recommendations, which are sched-
uled to emerge in 2001, "could form the basis for the biggest change in math-
ematics since calculus reform" (www.chronicle.com). Contributing to the
effort are the Mathematical Association of America, the American Mathemat-
ical Society, and the Society of Industrial and Applied Mathematics. A con-
sortium of 12 universities that have a $2 million grant from the National Sci-
ence Foundation to make stronger connections between math and other
disciplines, Mathematical Sciences and Their Applications Throughout the
Curriculum, is actively evolving a new look at college mathematics that sees
mathematical modeling and inquiry, a focus on the application of mathemat-
ics to solve real-life problems, as predominate over calculus serving as the
umbrella" under which college-level mathematics is organized and much

more significant than the ability to differentiate formulas (Wilson 2000).
There are many efforts afoot to address facilitation of change. There is a

huge body of knowledge regarding educational change (see, Senge 1990; Ful-
lan 1993, 1999; Fullan with Stiegelbauer 1991, Newmann and Wehlage 1.995;
Schmoker 1996; Hargreaves 1997; Caine and Caine 1997; Marsh 1999). Best
practices have been identified (Zemelman, Daniels, and Hyde 1998). "Bold
plans" for school restructuring have been developed, implemented, and as-
sessed (Stringfield, Ross, and Smith 1996). Successful schools' "winning
strategies" (Richardson 2000) have been pinpointed. Successful school re-
form efforts have been studied and documented (Downs 2000). From these
studies, we know that change is difficult but "do-able," that there are plans
and effective practices that work, and what the characteristics of "winning
schools" are.

Mathematically speaking, we have well-conceived national and state stan-
dards. Standards-based curricula have been developed, implemented, and
evaluated, with very promising results. Standardized assessments are begin-
ning to address understanding and the concepts represented in the standards
(WINSS 2000, www.dpi.state.wi.us). There are some outstanding profes-
sional development efforts that have been developed to help teachers learn
how to teach for understanding (see Professional Development, chapter four
of this document). Teacher evaluation systems are beginning to reflect knowl-
edge of standards-based teaching (Danielson and McGreal 2000). Attention
to performance and proficiency-based preservice education and teacher ad-
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vancement systems is being given as a result of new legislation (Chapter PI
34, legislatively approved 2/17/00 to take effect 7/1/00, tcert@dpi.state.wi.us).
The revamping of college mathematics programs is under way (Wilson 2000).
Various technologies are being made available to schools (TEACH, www.dpi
.state.wi.us/dltcl/pld/teratk12.html). Our educational systems are gradually
awakening to the richness of diversity and the value of equitable approaches.
Data is being used to drive decision making (CESA Standards and Assess-
ment Center 2000). So, where do we go from here?

Schmoker suggests that results are the key to continuous school improve-
ment (1996). We need to continue to set goals, work together toward those
goals, look at performance data, assess findings, research and find research,
redefine aims, collaborate, and lead based on our findings. Minneapolis (Pas-
copella 2000) has developed an encompassing set of measurement indicators
worthy of consideration:

°What was the growth in test scores from year to year?
What are the graduation rates at the school?
What are the students' attendance rates? What is the change in attendance

rates from one year to the next?
How safe did both students and staff report feeling in their school and class-

room?
Do students and staff report feeling respected by one another?
How many students were suspended for behavior that threatened the safety

of others? What is the change in the number of suspensions of this be-
havior from one year to the next?

How many students of color were enrolled in advanced courses? What is the
change in the number of students enrolled in those courses from one year
to the next school year?

How are gifted and talented services delivered?

Newmann and Wehlage (1995) offer a model for school restructuring that
includes, first of all, student learning and authentic pedagogy, but is then sup-
ported...by strong school organizational capacity and positive external support
(see Figure 9.1). In Education on the Edge of Possibility (1997), Caine and
Caine offer a theory to address the paradigm shift that an information society
on the verge of a new millennium requires:

1. Disequilibrium is everywhere, and we need to understand that.
2. The brain is equipped to deal with a turbulent world. But to understand

this, we first need to come to terms with how the brain learns and to see
how this knowledge translates into our everyday lives.

3. The change process is intrinsically transformational.
4. To function best in this new environment, we need to embrace a funda-

mentally different world view or perceptual orientation (10-11).

In a wonderful book entitled Who Moved My Cheese" Johnson (1998)
discusses the times in which we live in terms of continual change. "Living in
constant white water with the changes occurring all the time at work or in life

Results are the key
to continuous school
improvement.
Schmoker 1996
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"While in the past we
may have wanted loyal

employees, today we
need flexible people

who are not possessive
about 'the way things

are done around here. "
Blanchard in Johnson 1998, 16

FIGURE 9.1 Circles of SupportThe Context for Successful School Restruc-
turing
From F. M. Newmann and G. G. Wehlage, 1995, Successful School Restructuring. Copyright by Wis-

consin Center for Education Research. Used with permission of the Center.

can be stressful, unless people have a way of looking at change that helps
them understand it:" Using the metaphor of cheese as life's goals and mice as
"parts of all of us," "the simple and the complex," he presents "the little peo-
ple." "Sniff" sniffs out change early. "Scurry" scurries into action. "Hem" de-
nies and resists change as he fears it will lead to something worse. "Haw"

learns to adapt in time when he sees changing leads to something better.
"Whatever parts of us we choose to use, we all share something in common; a
need to find our way in the maze and find success in changing times." Ken
Blanchard, who co-authored with Johnson The One Minute Manager, sug-
gests, "They keep moving our cheese [our goals]. While in the past we may
have wanted loyal employees, today we need flexible people who are not pos-
sessive about 'the way things are done around here,' because, like every com-
pany that wants to not only survive in the future, but stay competitive," [we
need to envision and move toward the future]. The chapter titles help point
the way:

The Handwriting on the Wall
Change Happens
They Keep Moving Our Cheese
Anticipate Change
Get Ready for the Cheese to Move
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Monitor Change
Smell the Cheese Often So You Know When It Is Getting Old
Adapt to Change Quickly
The Quicker You Let Go of Old Cheese, the Sooner You Can Enjoy New

Cheese
Change
Move with the Cheese
Enjoy Change!
Savor the Adventure and the Taste of New Cheese!
Be Ready to Quickly Change Again and Again
They Keep Moving the Cheese

Adaptabty
The American Heritage Dictionary of the English Language defines

adaptability as "possessing the attribute of being able to adjust or become ad-
justed to new or different conditions" (1980, 8).

Adaptability in this era is the name of the game. We have much knowledge
about what must be done to keep mathematics education viable and about how
to make it a motive force for the future. If we Hem and Haw too long and ig-
nore what we do know, our Cheese will move and we will have even greater
gaps to close. We do need to Sniff out what mathematics for the future looks
like, we do need to be cognizant of mathematical history, and we must learn
about indicators toward which research would point us. We must be willing to
make informed change. When we have all parameters in view, then, for the sake
of our children, we need to "Scurry" into action. To ignore what we know, to
"Hem," is irresponsible. We cheat worthy students of a right to a challenging
and meaningful mathematics education. To leap blindly without carefully con-
sidering all parameters is also irresponsible. In a Knowledge Age, to be ignorant
is unconscionable. Moves that are taken need to be informed and carefully con-
sidered, extensively planned for, and carefully executed. The nice thing is that
we live in an age where we recognize the strength of group collaboration-and
decision making. We can work together for the mathematical good.

Commitment
The American Heritage Dictionary of the English Language defines com-

mitment as [the state of] pledging oneself to a position; of doing, performing,
or perpetuating; of consigning; entrusting (1980, 145).

When a considered action is taken, it is imperative that we stay the
course, carefully monitor what is taking place, and continually assess our find-
ings so we can make informed decisions about our "next steps." So many edu-
cational endeavors are begun and abandoned as a new innovation appears.
Continual change of approach leaves children bewildered and unsure. Keep-
ing the goal of a mathematical education that produces students who are con-
fident in their mathematical abilities, who are able to use their knowledge to

Adaptability in this era
is the name of the game.

In a Knowledge Age,
to be ignorant is
unconscionable.

Continual change
of approach leaves
children bewildered
and unsure.

Commitment and Adaptability 347

362



Commitment calls for
us to set worthy, viable

mathematical goals.

Adaptability allows us
to achieve those goals

by making whatever
changes are necessary
to realize those goals.

solve problems of many varieties, and who are mathematical thinkers capable
of envisioning mathematics to come, we need to remain committed to our
course. We need to have sufficient knowledge to understand why we are
doing what we are doing and abundant faith that, if we keep students and
their mathematical power in mind, we will make appropriate decisions. Com-
mitment calls for us to set worthy, viable mathematical goals. Adaptability al-
lows us to achieve those goals by making whatever changes are necessary to
realize those goals.
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Ap nedx

fter release of the Curriculum and Evaluation Standards for School
Mathematics (Commission on Standards for School Mathematics
1989), there were many requests for curricula to "teach to the vision

of the standards." Consequently, the National Science Foundation issued a
request for proposals (RFP) for interested researchers to submit proposals to
write comprehensive standards and research-based curricula at the elemen-
tary, middle, and high school levels. These projects had to reflect the vision of
the standards and needed to show success with students. There was a heavy
research component involved in development of the materials. When the ma-
terials had been developed and student tested, the projectswere to find pub-
lishers for their materials.

The resulting curricula are listed in this appendix along with the specific
research projects that have addressed their effectiveness. The list is partial. As
the materials are implemented in school districts across the nation, additional
research studies are being done to continue to assess efficacy.

Additional information is available on several Web sites:

The K-12 Mathematics Curriculum Center: http://www.edc.org/mcc
Alternatives for Rebuilding Curricula (ARC) (Elementary Curricula):

http://www.comap.comlelementary/projects/arc/
Show-Me Center (Middle Grades Curricula): http://showmecenter.mis-

souri.edu
Curricular Options in Mathematics Programs for All Secondary Students

(COMPASS): http://www.ithaca.edu/compass

NSF-Funded Standards-Based
Curriculum Projects
Ellementary

Everyday Mathematics, K-6
Everyday Learning Corporation
2 Prudential Plaza, Suite 1200
Chicago, IL 60601
Ph. (800) 382-7670

These projects had to
reflect the vision of the
standards and needed
to show success with
students.
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Investigations in Number, Data,
and Space, K-5

Globe Fearon/Prentice Hall
P.O. Box 182819
Columbus, OH 43272-5286
Ph. (800) 848-9500
http://www.globefearon.com
http://www.phschool.com

Math Trailblazers, K-5
Kendall/Hunt Publishing Co.
4050 Westmark Drive
Dubuque, IA 52004-1840
Ph. (800) 542-6657

Rfilddlle Grades
Connected Math Project, Grades 6-8
Globe Fearon/Prentice Hall
P.O. Box 182819
Columbus, OH 43272-5286
Ph. (800) 848-9500
http://www.globefearon.com
http://www.phschool. corn

Mathematics in Context, Grades 5-8
Encyclopaedia Britannica
310 S. Michigan Avenue
Chicago, IL 60604
Ph. (800) 554-9862

Middle-School Math Through
Applications Project (MMAP)
Most modules available through self-publishing.
Commercial publisher pending.
Ph. (650) 687-7918

MathScape, Grades 6-8
Creative Publications
1300 Villa Street
Mountain View, CA 94041
Ph. (800) 624-0822

Middle Grade MathThematics, Grades 6-8
McDougal Littell
1560 Sherman Avenue
Evanston, IL 60201
Ph. (800) 323-4068, ext. 3206
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Secondary
Contemporary Mathematics in Context
Everyday Learning Corporation
P.O. Box 812960
Chicago, IL 60681
Ph. (800) 382-7670

Interactive Mathematics Program
Key Curriculum Press
1150 65th Street
Emeryville, CA 94608
Ph. (800) 995-MATH (6284)

MATH Connections
It's About Time, Inc.
84 Business Park Dr., Suite 307
Armonk, NY 10504
Ph. (888) 698-TIME (8463)

Mathematics: Modeling Our World
South-Western Educational Publishing
7625 Empire Drive
Florence, KY 41042
Ph. (800) 865-5840

SIMMS Integrated Mathematics
Simon & Schuster Custom Publishing
2055 South Gessner, Suite 200
Houston, TX 77063
Ph. (888) 339-0529

Evidence of Impact Related
to Student Outcomes
(NOTE: This listing was compiled for the NCTM NSF Implementation Cen-
ters session based on available information in 1998. Research listings may
have been inadvertently omitted. For up-to-date information on research re-
lated to student outcomes for a particular curriculum, contact the appropriate
NSF Center or the individual curriculum development Web site at
www.nsf gov/nsb/search.htm.)

EDementary Curricada
Everyday Mathematics
http://www.everydaylearning.uchicago.edu.index.html.
Impact data: http://everydaylearning.com/Pages/results.html.
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"Student Achievement Studies." A booklet from Everyday LearningCorpora-
lion presenting results of seven studies and reports on districts using

Everyday Mathematics.
"Everyday Mathematics Success Stories." Cases provided by Everyday

Learning Corporation about districts' results from using Everyday Math-

ematics.
Carroll, W. M. 1996a. Mental Computation of Students in a Reform-Based

Mathematics Curriculum. School Science and Mathematics 96(6): 305-311.

. 1996b. Students in a Reform Mathematics Curriculum: Performance
on the 1993 Third-Grade IGAP. Illinois School Research and Develop-
ment Journal 33 (1): 11-14.

. 1996c. Use of Invented Algorithms by Second Graders in a Reform
Mathematics Curriculum. Journal of Mathematical Behavior 14(3):
349-362.

. 1997a. Mental and Written Computation: Abilities of Students in a
Reform-Based Curriculum. The Mathematics Educator 2(1): 18-32.

. 1997b. Results of Third-Grade Students in a Reform Curriculum on
the Illinois State Mathematics Test. Journal for Research in Mathematics
Education 28(2): 237-242.

Fuson, K., W. M. Carroll, and J. Landis. 1996. Levels in Conceptualizing and
Solving Addition and Subtraction Compare Word Problems. Cognition
and Instruction 14 (3): 345-371

Porter, D., and W. Carroll. 1995. Invented Algorithms: Some Examples from

Primary Classrooms. Illinois Mathematics Teacher (April): 6-12.
Woodward, J., and J. Baxter. 1997. The Effects of an Innovative Approach to

Mathematics on Academically Low-Achieving Students in Inclusive Set-
tings. Exceptional Children 63(3): 373-388.

Math Trail Blazers (TIMS)
Web site: www.math.uic.edu/IM SE .mtb.html
Three studies have been conducted:

1. A study of standardized test scores (Illinois State mathematics assess-
mentIllinois Goal Assessment Program (IGAP)) of Math Trailblazers
(MTB) and comparison group.

2. A study comparing acquisition of math facts.
3. A longitudinal study of six first grade classrooms using MTB.

Investigations in Number, Data, and Space
Mokros, J., M. Berle-Carman, A. Rubin, and K. O'Neil. 1996. Learning Op-

erations: Invented Strategies That Work. Paper presented at the Annual

Meeting of the American Educational Research Association, New York,

April.
Mokros, J., M. Berle-Carman, A. Rubin, and T. Wright. 1994. Full-Year Pilot

Grades 3 and 4: Investigations in Number, Data, and Space®. Cam-
bridge, MA: TERC.
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Midas Grades Cativrticuda
Connected Mathematics Project (CMP)
http://www.math.msu.edu/cmp
Impact data and information: http://www.Math.msu.edulcmp/RepStu-Stu-

Achieve.htm
Ben-Chaim, D., J. T. Fey, W. M. Fitzgerald, C. Benedetto, and J. Miller. 1997.

A Study of Proportional Reasoning Among Seventh and Eighth-Grade
Students. Unpublished paper. Weizman Institute.

Hoover, M. N., J. S. Zawojewski, and J. Ridgway. 1997. Effects of the Con-
nected Mathematics Project on Student Attainment. Paper presented at
the annual meeting of the American Educational Research Association,
Chicago, April.

Lappan, R. T., D. E. Barnes, B. J. Reys, and R. E. Reys. 1998. Standards-
Based Middle Grade Mathematics Curricula: Impact on Student
Achievement. Paper presented at the annual meeting of the American
Educational Research Association, San Diego, April.

Mathematics in Context (MiC)
http://www.showmecentermissouri.edulshowme/mic/shtml
The impact of the mathematics in context curriculum. Impact data, shared

with the MiC project staff, from three districts that used the curriculum
for at least two years (available from MiC staff ).

Romberg, T. A. 1997. Mathematics in Context: Impact on teachers. In Math-
ematics Teachers in Transition, edited by E. Fennema and B. S. Nelson.
Mahwah, NJ: Lawrence Erlbaum Associates.

Middle School Mathematics through Applications Program
(MMAP)
http://mmap/wested.org.
Institute for Research on Learning (IRL) has impact databut not compiled

in any formal report to date. Web 'site: http://www.irl.org.

MathScape
Web site: www2.edu.org/MathscapeSTM/
Research report for MathScape: Seeing and Thinking Mathematically (avail-

able from Education Development Center, Inc. (EDC) http://www.edc
.orWmcc and http://www.edc.orWmcc/materials/htm).

MathThematics (STEM)
Web site: http://www.showmecenter.missouri.edulstem/shtml.
A middle school curriculum for grades 6 through 8, developed by the STEM

Project: Six Through Eight Mathematics.
Field test and materials evaluation results are available from McDougall Littell.
Lappan, R. T., D. E. Barnes, B. J. Reys, and R. E. Reys. 1998. Standards-

Based Middle Grade Mathematics Curricula: Impact on Student
Achievement. Paper presented at the annual meeting of the American
Educational Research Association, San Diego.
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Secondagy Curoiculla
MATH Connections
The MATH Connections web site (http://www.mathconnections.com) has

student results on standardized tests, data about student confidence in
learning mathematics, student perception of usefulness of mathematics,
and an external evaluation of cognitive discourse in the classroom.

"Evidence of Effectiveness and Success" is available from the MATH Con-
nections Implementation Center.

SIMMS Integrated Mathematics
Hirstein. 1997. "Systemic Initiative for Montana Mathematics arid Science

(SIMMS) Project: Student Assessment in the Pilot Study." University of
Montana. Preprinted in November 1997 from Monograph 4.

"SIMMS Monograph 4: Assessment Report 1." A collection of articles sum-
marizing research pertaining to SIMMS, including the article mentioned
above.

SIMMS Monograph 5: Assessment Report II can be found at http://www
.ithaca.edulcompass/frames.htm.

Applications Reform
In Secondary Education (ARISE) Program
(Contact ARISE staff for information at http://comap.com/highschool/proj-

ects/arise.html.)

Interactive Mathematics Program (IMP)
IMP Evaluation Updates. (Available from the IMPlementation Center, Box

2891, Sausalito, CA 95966): No. 1: Spring 1995; No. 2: Fall 1996; No. 3:
Fall 1997.

Evaluation reports on IMP. (Available from Dr. Norman Webb, Wisconsin
Center for Education Research, 1025 West Johnson Street, Madison, WI
53706):
a Impact of the Interactive Mathematics Program on the Retention of

Underrepresented Students: Cross-School Analysis of Transcripts for
the Class of 1 993 for Three High Schools

o Comparison of IMP Students with Students Enrolled in Traditional
Courses on Probability, Statistics, Problem Solving, and Reasoning

o Replication Study of the Comparison of IMP Students with Students
Enrolled in Traditional Courses on Probability, Statistics, Problem
Solving, and Reasoning

Study of IMP in Philadelphia. (Available from Dr. Edward Wolff, Mathematics
Department, Beaver College, 450 S. Easton Road, Glenside, PA 19038):
o Edward Wolff. Summary of Matched-Sample Analysis Comparing

IMP and Traditional Students at Philadelphia High School for Girls
on Mathematics Portion of Stanford-9 Test
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o Edward Wolff. Summary of Matched-Sample Stanford-9 Analysis
Comparing IMP and Traditional Students at Central High School,
Philadelphia, PA

Study of NSF Projects. (Available from Dr. Norman Webb, Wisconsin Center
for Education Research, 1025 West Johnson Street, Madison, WI 53706):
o Hal Schoen. Impact Study of Mathematics Education Projects

Funded by the National Science Foundation, 1983-91.
Summary of IMP evaluation. (Available from the IMPlementation Center,

P.O. Box 2891, Sausalito, CA 95966):
o Diane Resek. Evaluation of the Interactive Mathematics Program. A

paper edition presented at the 1998 annual meeting of the American
Educational Research Association (AERA). www.mathimp.org/re-
search/AERA-paper.html.

Alper, L., D. Fendel, S. Fraser, and D. Resek. 1997. Designing a High School
Mathematics Program for All Students. American Journal of Education
106(1): 148-178.

Clark, D., M. Wallbridge, and S. Fraser. 1992. The Other Consequences ofa
Problem-Based Mathematics Curriculum. Research report no. 3. Victoria,
Australia: Mathematics Teaching and Learning Centre, Australian
Catholic University, Christ Campus.

White, P., A. Gamoran, and J. Smithson. 1995. Math Innovations and Student
Achievement in Seven High Schools in California and New York. Consor-
tium for Policy Research in Education and the Wisconsin Center for Ed-
ucation Research, University of WisconsinMadison, January.

Core-Plus Mathematics
http://wmichiedu/cpmp.
Coxford, A. F., and C. F. Hirsch. 1996. A Common Core of Math for Ali. Ed-

ucational Leadership 53(8): 22-25.
Hirsch, C. R., and A. F. Coxford. 1997. Mathematics for All: Perspectives and

Promising Practices. School Science and Mathematics 97(5): 232-241.
Hirsch, C. R., and M. L. W. Weinhold. 1999. Everybody CountsIncluding

the Mathematically Promising. In-Developing Mathematically Promising
Students, edited by L. Sheffield. Reston, VA: National Council of Teach-
ers of Mathematics.

Schoen, H. L., D. L. Bean, and S. W. Ziebarth. 1996. Embedding Communi-
cation Throughout the Curriculum. In Communication in Mathematics:
K-12 and Beyond, 1996 Yearbook of the National Council of Teachers of
Mathematics, edited by P. C. Elliott and M. J. Kenney. Reston, VA: The
National Council of Teachers of Mathematics.

Schoen, H. L., and S. W. Ziebarth. 1997a. A Progress Report on Student
Achievement in the Core-Plus Mathematics Project Field Test. Unpub-
lished manuscript, University of Iowa.

. 1997b. A Progress Report on Student Achievement in the Core-Plus
Mathematics Project Field Test. NCSM Journal of Mathematics Educa-
tion Leadership 1(3): 15-23.
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. 1998. High School Mathematics Curriculum Reform: Rationale, Re-
search, and Recent Developments. In Annual Revietu of Research for
School Leaders, edited by P. S. Hlebowitsh and W. G. Wraga. New York:
Macmillan.

Tyson, V. 1995. An Analysis of the Differential Performance of Girls on Stan-
dardized Multiple-Choice Mathematics Achievement Tests Compared to
Constructed Response Tests of Reasoning and Problem Solving. Unpub-
lished Ph.D diss., University of Iowa.
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AppandlIK 18

hange in certification requirements (Chapter 34, July 1, 2000) called
for identification of content consistent with the Wisconsin Standards
for Teacher Development and Licensure, Standard 1: Teachers know

the subjects they are teaching.

PI 34 Standard 1 Mathematics Content
Development Committee
Henry Kepner, University of WisconsinMilwaukee
J. Marshall Osborn, University of WisconsinMadison
Jack Moyer, Marquette University
Billie Sparks, University of WisconsinEau Claire
Phil Makurat, University of WisconsinWhitewater
Ann Krause, Blackhawk Technical College
Jim Marty, Waukesha North High School
John Janty, Waunakee High School
Jim Moser, Mathematics Consultant, Department of Public Instruction (Re-

tired)
Jodean Grunow, Mathematics Consultant, Department of Public Instruction
Kathryn Lind; Teacher Education and Licensing Consultant, Department of

Public Instruction (Group Advisor)

Proposed Mathematics Program Approval
Guidelines for PI 34 Standard 1
Standard Teachers Know the Subrjects
They Are TeacHng.
The teacher understands the central concepts, tools of inquiry, and structures
of the disciplines he or she teaches and can create learning experiences that
make these aspects of subject matter meaningful for students.

Teachers responsible for mathematics instruction at any level under-
stand the key concepts and procedures of mathematics and have a broad un-
derstanding of the K-12 mathematics curriculum. They understand the
structures within the discipline, the historical roots and evolving nature of

The teacher understands
the central concepts,
toots of inquiry, and
structures of the
discipline he or she
teaches and can create
learning experiences
that make these aspects
of subject matter
meaningful for students.
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Mathematics teachers
are able to formulate
and pose worthwhile

mathematical tasks,
solve problems using

several strategies,
evaluate results,

generalize solutions, use
problem-solving

approaches effectively,
and apply mathematical

modeling to real-world
situations.

Teachers of
mathematics are able to

connect the concepts
and procedures of

mathematics and to
draw connections

between mathematical
strands, between

mathematics and other
disciplines, and with

daily life.

mathematics, and the interaction between technology and the discipline.
Using content-appropriate methodologies, they facilitate the building of stu-
dent conceptual and procedural understanding. They listen to student cogni-
tions and use their gleanings to inform their instructional decision making.
They understand the importance of helping all students build understanding
of the discipline, and they help students build confidence in their abilities to
utilize mathematical knowledge. They help students build awareness of the
usefulness of mathematics and of the economic implications of fine mathe-
matical preparation.

"The very essence of studying mathematics is itself an exercise in explor-
ing, conjecturing, examining and testingall aspects of problem solving"
(Commission on Teaching Standards for School Mathematics 1991, 95).
Teachers need to experience "struggling to create mathematical understand-
ings" (Interstate New Teacher Assessment and Support Consortium 2000,
28) so that they can create learning experiences that will help students be-
come problem solvers. Mathematics teachers are able to formulate and pose
worthwhile mathematical tasks, solve problems using several strategies, eval-
uate results, generalize solutions, use problem-solving approaches effectively,
and apply mathematical modeling to real-world situations.

Mathematical reasoning is an indicator of the depth of mathematical un-
derstanding. Teachers of mathematics need to be able to make convincing
mathematical arguments, frame mathematical questions and conjectures, for-
mulate counterexamples, construct and evaluate arguments, and use intu-
itive, informal exploration and formal proof. Mathematical discourse is criti-
cal to learning mathematics and to communicating about what is being
learned. Teachers of mathematics need to be able to express ideas orally, in
writing, and visually; to be able to use mathematical language, notation, and
symbolism; and to be able to translate mathematical ideas between and
among contexts. Teachers of mathematics are able to connect the concepts
and procedures of mathematics and to draw connections between mathemat-
ical strands, between mathematics and other disciplines, and with daily life.
Teachers of mathematics are decision makers charged with selecting appro-
priate representations to facilitate mathematical problem solving and are re-
sponsible for translating between and among representations to explicate
problem-solving situations.

MathemaVcaD Processes
All teachers of mathematics develop knowledge of mathematics through the
following critical processes:

o Problem solving
o Communication
o Reasoning and formal and informal argument
o Mathematical connections
o Representations
o Technology
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Number OperaVons and RellaUonships
All teachers of mathematics understand number operations and relationships
from both abstract and concrete perspectives and are able to identify real-
world applications. They know and represent the following mathematical
concepts and procedures and the connections among them:

o Number sense
o Set theory
13 Number and operation
o Composition and decomposition of numbers, including place value,

primes, factors, multiples, inverses, and the extension of these con-
cepts throughout mathematics

o Number systems through the real numbers, their properties and relations
o Computational procedures
o Proportional reasoning
o Number theory

Teachers of upper-level mathematics know and represent the following
additional mathematical concepts and procedures and the connections
among them:

o Advanced counting procedures, including union and intersection of
sets and parenthetical operations

o Algebraic and transcendental numbers
o The complex number system, including polar coordinates
o Approximation techniques as a basis for numerical integration, fractals,

and numerical-based proofs
o Situations in which numerical arguments presented in a variety of

classroom and real-world situations (e.g., political, economic, scien-
tific, social) can be created and critically evaluated

o Opportunities in which acceptable limits of error can be assessed (e.g.,
evaluating strategies, testing the reasonableness of results, and using

technology to carry out computations)

Geometry and Measurement
All teachers of mathematics understand and represent geometry and mea-
surement from both abstract and concrete perspectives and are able to iden-
tify real-world applications. They know the following mathematical concepts
and procedures and the connections among them:

o Formal and informal argument
o Names, properties, and relationships of two- and three-dimensional

shapes
o Spatial sense
o Spatial reasoning and the use of geometric models to represent, visual-

ize, and solve problems
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o Transformations and the ways in which rotation, reflection, and
translation of shapes can illustrate concepts, properties, and relation-
ships

o Coordinate geometry systems, including relations between coordinate
and synthetic geometry and generalizing geometric principles from a
two-dimensional system to a three-dimensional system

o Concepts of measurement, including measurable attributes, standard
and nonstandard units, precision and accuracy, and use of appropriate
tools

o The structure of systems of measurement, including the development
and use of measurement systems and the relationships among differ-
ent systems

o Measurement, including length, area, volume, size of angles, weight
and mass, time, temperature, and money

o Measuring, estimating, and using measurement to describe and com-
pare geometric phenomena

o Indirect measurement and its uses, including developing formulas and
procedures for determining measures to solve problems

Teachers of upper-level mathematics know the following additional math-
ematical concepts and procedures and the connections among them:

o Systems of geometry, including Euclidean, non-Euclidean, coordinate,
transformational, and projective geometry

o Transformations, coordinates, and vectors and their use in problem
solving

o Three-dimensional geometry and its generalization to other dimen-
sions

o Topology, including topological properties and transformations
o Opportunities to present convincing arguments by means of demon-

stration, informal proof, counterexamples, or other logical means to
show the truth of statements or generalizations

Statistdcs and ProbablOfty
All teachers of mathematics understand statistics and probability from both
abstract and concrete perspectives and are able to identify real-world applica-
tions. They know the following mathematical concepts and procedures and
the connections among them:

o Use of data to explore real-world issues
o The process of investigation, including formulation of a problem, de-

signing a data collection plan, and collecting, recording, and organizing
data

o Data representation through graphs, tables, and summary statistics to
describe data distributions, central tendency, and variance

o Analysis and interpretation of data
o Randomness, sampling, and inference
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o Probability as a way to describe chances or risk in simple and com-
pound events

o Outcome prediction based on experimentation or theoretical probabil-
ities

Teachers of upper-level mathematics must also understand the following
additional mathematical concepts and procedures and the connections
among them:

o Use of the random variable in the generation and interpretation of
probability distributions

o Descriptive and inferential statistics, measures of disbursement, in-
cluding validity and reliability and correlation

o Probability theory and its link to inferential statistics
o Discrete and continuous probability distributions as bases for infer-

ence
o Situations in which students can analyze, evaluate, and critique the

methods and conclusions of statistical experiments reported in jour-
nals, magazines, news media, advertising, and so on

Ranctions, AOgebra, and Concepts of CaDcanOus
All teachers of mathematics understand functions, algebra, and basic con-
cepts underlying calculus from both abstract and concrete perspectives and
are able to provide real-world applications. They know the following mathe-
matical concepts and procedures and the connections among them:

o Patterns
o Functions as used to describe relations and to model real-world situa-

tions

o Representations of situations that involve variable quantities with ex-
pressions, equations, and inequalities and that include algebraic and
geometric relationships

o Multiple representations of relations, the strengths and limitations of
each representation, and conversion from one representation to another

o Attributes of polynomial, rational, trigonometric, algebraic, and expo-
nential functions

o Operations on expressions and solution of equations, systems of equa-
tions, and inequalities using concrete, informal, and formal methods

o Underlying concepts of calculus, including rate of change, limits, and
approximations for irregular areas

All teachers of upper-level mathematics must also understand the follow-
ing additional mathematical concepts and procedures and the connections
among them:

o Concepts of calculus, including limits (epsilon-delta) and tangents, de-
rivatives, integrals, and sequences and series
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o Modeling to solve problems
o Calculus techniques, including finding limits, derivatives, and integrals

and using special rules
o Calculus applications, including modeling, optimization, velocity and

acceleration, area, volume, and center of mass
o Numerical and approximation techniques including Simpson's rule,

trapezoidal rule, Newton's approximatiOn, and linerization
o Multivariate calculus
o Differential equations

Discrete hillathematics (the study of mathematicai
properties of sets and systems that have
a finite number of eiements)
All teachers of mathematics understand discrete processes from both abstract
and concrete perspectives and are able to identify real-world applications.
They know the following mathematical concepts and procedures and the con-
nections among them:

o Counting techniques
o Representation and analysis of discrete mathematics problems using

sequences, graph theory, arrays, and networks
o Iteration and recursion

Teachers of upper-level mathematics must also understand the following
additional mathematical concepts and procedures and the connections
among them:

o Topics, including symbolic logic, induction, linear programming, and
finite graphs

o Matrices as a mathematical system and matrices and matrix operations
as tools for recording information and for solving problems

o Developing and analyzing algorithms

Wisconsin Standards
for Teacher Development and Licensure
1. Teachers know the subj]ects they are teaching.
The teacher understands the central concepts, tools of inquiry, and structures
of the discipline(s) he or she teaches and can create learning experiences that
make these aspects of subject matter meaningful for students.

2. Teachers know how chiidren grow.
The teacher understands how children learn and develop and can provide
learning opportunities that support their intellectual, social, and personal de-
velopment.
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3. Teachers understand that chiidren iearn
differently.
The teacher understands how students differ in their approaches to learning
and creates instructional opportunities that are adapted to diverse learners.

4. Teachers know how to teach.
The teacher understands and uses a variety of instructional strategies to en-
courage students' development of critical-thinking, problem-solving, and per-
formance skills.

5. Teachers know how to manage a (classroom.
The teacher uses an understanding of individual and group motivation and
behavior to create a learning environment that encourages positive social in-
teraction, active engagement in learning, and self-motivation.

6. Teachers communicate weii.
The teacher uses knowledge of effective verbal, nonverbal, and media com-
munication techniques to foster active inquiry, collaboration, and supportive
interaction in the classroom.

7. Teachers are abie to pian different kinds of
iessons.
The teacher plans instruction based upon knowledge of subject matter, stu-
dents, the community, and curriculum goals.

8. Teachers know how to test for student progress.
The teacher understands and uses formal and informal assessment strategies
to evaluate and ensure the continuous intellectual, social, and physical devel-
opment of the learner.

9. Teachers are abie to evaivate themselves.
The teacher is a reflective practitioner who continually evaluates the effects
of his or her choices and actions on others (students, parents, and other pro-
fessionals in the learning community) and who actively seeks out opportuni-
ties to grow professionally.

W. Teachers are connected with other teachers and
the commomity.
The teacher fosters relationships with school colleagues, parents, and agen-
cies in the larger community to support students' learning and well-being.
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Appenca C

isconsin's Model Academic Standards for Mathematics (1998)
were developed to reflect performances to be anticipated at the
end of grades 4, 8, and 12. This was done for two reasons. First of

all, it was felt that learning occurs over time. There should be target skills, but
students will reach them via different paths in different timeframes. Like-
wise, schools need to have the autonomy to decide when and where they will
address specific standards.

As districts have aligned curricula with WMAS, they often do wish to pin-
point specific performance standards at specific grade levels. James M.
Moser, Ph.D., DPI mathematics consultant (retired), has assisted several dis-
tricts in this process. Working with those districts and with the WMAS, he has
developed Suggested School District Mathematics Standards Levels to be
Compatible with State of Wisconsin Model Academic Standards. The entire
list of these expectations is attached.

This list is not meant to be prescriptive but only to provide a possible
model for specification of standards. It is important to remember that al-
though grade-specific standards are useful guideposts, it is in development of
the entire concept that understanding occurs.

Thanks to Dr. Moser for this extremely useful guide.
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Suggested School District Mathematics Standards Levels
to be Compatible with State of Wisconsin Model
Academic Standards

TABLE C.1 Number

WI Model Academic Standards

By the end of Grade 4, students will:

B.4.1 Represent and explain whole num-
bers, decimals, and fractions with:

o Physical materials
o Number lines and other pictorial

models
o Verbal descriptions
o Place value concepts and notation
o Symbolic renaming (e.g., 43 = 40

+ 3 = 30 + 13)

School District Levels

Level B.4.1.1
o Represent whole numbers up to 12 with physical objects and with

pictures.

Leve/ 13.4.1.2
o Represent and explain whole numbers up to 100 with:

Physical objects
Pictures
Number lines

o Represent and explain fractions with denominators of 2, 3, and 4
by using pictorial and physical models of parts of a whole object.

Level 13.4.1.3
o Represent and explain whole numbers up to 1,000 with:

Grouped physical objects
Pictures and number lines
Place value concepts and notation

o Represent and explain simple fractions by using pictorial and phys-
ical models of :

Parts of whole objects
Parts of sets

Level B.4.1.4
o Represent a.nd explain whole numbers up to 10,000 with:

Grouped physical objects
Pictures and number lines
Place value concepts and notation

o Represent and explain fractions by using pictorial and physical
models of

Parts of whole objects
Parts of sets

Level B.4.1.5
o Represent and explain decimals (to hundredths) with:

Physical objects
Pictures
Place value concepts and notation

Special Note: Particular numerical levels within a given cell are not necessarily of the same degree of difficulty or sophistication as a similarly

numbered level in another cell. For example, Level B.4.6.1 is much more sophisticated than Level B.4.1.1; the latter should probably occur

much earlier in a program of instruction for all children.
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TABLE C.1 Number (continued)

WI Model Academic Standards School District Levels

By the end of Grade 4, students will

Level B.4.1.6
o Represent and explain whole numbers and.decimals (to hun-

dredths) with:
Physical and pictorial models
Place value concepts and notation
Verbal explanations
Symbolic renaming

Level B.4.1.7
o Identify and represent equivalent fractions for halves, fourths,

eighths, tenths, and sixteenths.

B.4.2 Determine the number of things Level B.4.2.1
in a set by: o Count with meaning sets with up to 12 objects.

o Grouping and counting (e.g., by
3s, 5s, and 100s) Level B.4.2.2

o Combining and arranging (e.g., all o Determine the number of things in a set with up to 100 objects by:
possible coin combinations Counting
amounting to 30 cents) Grouping by 2s, 5s, and lOs

o Estimation, including rounding
Level B.4.2.3
o Deterinine the number of things in a set with up to 1000 objects by:

Counting
Grouping by 2s, 5s, lOs and 100s
Estimating
Rounding to the nearest 10 or 100

Level B.4.2.4
o Determine the number of things in a set with up to 10,000 objects by:

Counting
Grouping
Estimating
Rounding to the nearest 10 or 100

Level B.4.2.5
o Determine the number of things in a set by:

Counting
Grouping, combining, and arranging
Estimating
Rounding

(continued)
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TABLE C.1 Number (continued)

WI Model Academic Standards

By the end of Grade 4, students will:

B.4.3 Read, write, and order whole
numbers, simple fractions (e.g.,
halves, fourths, tenths, unit frac-
lions) and commonly used deci-
mals (monetary units).

B.4.4 Identify and represent equivalent
fractions for halves, fourths,
eighths, tenths, and sixteenths.

B .4.5 In problem-solving situations in-
volving whole numbers, select and
efficiently use appropriate compu-
tational procedures such as:

o Recalling the basic facts of addi-
tion, subtraction, multiplication
and division

o Using mental math (e.g., 37 + 25,
40 x 7)

o Estimation
o Selecting and applying algorithms

for addition, subtraction, multipli-
cation, and division

o Using a calculator

School District Levels

Level B.4.3.1
o Read, write, and order whole numbers up to 12.

Level B.4.3.2
o Read, write, and order whole numbers up to 100.

Level B.4.3.3
o Read, write, and order whole numbers up to 1,000.

Level B.4.3.4
o Read, write, and order:

Whole numbers up to 10,000
Decimals with one place
Fractions with denominators of 2, 3, or 4

Level B.4.3.5
o Read, write, and order:

Whole numbers
Simple fractions (e.g., halves, fourths, tenths, and unit frac-
tions)
Commonly used decimals (monetary units)

Level B.4.5.1
o Determine solutions for simple addition and subtraction problems

involving whole numbers up to 12 by using manipulative materials
or various counting strategies.

Level B.4.5.2
o Recall basic addition facts.

Level B.4.5.3
o Recall basic addition and subtraction facts.

Level B.4.5.4
o In problem situations involving whole numbers, select and effi-

ciently use the following appropriate solution procedures:
Modeling with objects, tally marks, pictures
Counting forward and back from a number different from 1
Using the basic facts for addition and subtraction
Estimating
Adding and subtracting two-digit numbers without regrouping
Using mental math

Level B.4.5.5
o In problem situations involving whole numbers, select and effi-

ciently use the following appropriate solution procedures:
Counting forward and back from a number different from 1
Using the basic facts for addition and subtraction
Estimating
Adding and subtracting two- and three-digit numbers
Using mental math
Using a calculator
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TABLE C.1 Number (continued)

WI Model Academic Standards

By the end of Grade 4, students will:

B.4.6 Add and subtract fractions with
like denominators.

B.4.7 In problem-solving situations in-
volving money, add and subtract
decimals.

School District Levels

Level B.4.5.6
a Recall basic multiplication facts.

Level B.4.5.7
a Recall basic multipliCation and division facts.

Level B.4.5.8
a In problem situations involving whole numbers, select and effi-

ciently use the following appropriate solution procedures:
Modeling
Using the basic facts for multiplication
Estimating
Using addition and subtraction algorithms
Using mental math, including counting strategies
Using a calculator

Level B.4.5.9
o In problem situations involving whole numbers, select and effi-

ciently use the following appropriate solution procedures:
Using the basic facts of addition, subtraction, multiplication,
and division
Using mental math, including counting strategies
Estimating
Selecting and applying algorithms for addition, subtraction,
multiplication, and division
Using a calculator

Level B.4.6.1
CI Add and subtract fractions with like denominators in problem solv-

ing situations.

Level B.4.6.2
o In,problem-solving situations involving money, add and-subtract

decimals.

(continued)
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TABLE C.1 Number (continued)

WI Model Academic Standards

By the end of Grade 8, students will

B.8.1 Read, represent, and interpret ra-
tional numbers (whole numbers,
integers, decimals, fractions, and
percents) with verbal descriptions,
geometric models, and mathemati-
cal notation (e.g., expanded, scien-
tific, exponential).

B.8.4 Express order relationships among
rational numbers using appropri-
ate symbols (>, <, 0).

B.8.5 Apply proportional thinking in a
variety of problem situations that
include but are not limited to:

o Ratios and proportions (e.g., rates,
scale drawings, similarity)

o Percents, including those greater
than 100 and less than 1 (e.g., dis-
counts, rate of increase or de-
crease, sales tax)

B.8.2 Perform and explain operations on
rational numbers (add, subtract,
multiply, divide, raise to a power,
extract a root, take opposites and
reciprocals, determine absolute
value).

B.8.3 Generate and explain equivalen-
cies among fractions, decimals,
and percents.

School District Levels

Level 5
o Represent whole numbers and decimals in expanded notation.
o Represent directed quantities with positive and negative numbers.

Level 6
o Give verbal and symbolic explanations for the meaning of percent.
o Explain the various interpretations for fractions (e.g., part[s] of a

whole object or set, indicated division, ratio comparison).
o Count, read, and write fractions and mixed numbers and decimals.
o Express order relationships among rational numbers using appro-

priate symbols (>, <, 0).
o Use exponential notation to represent repeated use of a given factor.

Level 7
o Solve simple problem situations involving whole-number percents

between 0 and 100.

Level 8
o Represent any number in scientific notation.
o Apply proportional thinking in a variety of problem situations that

include but are not limited to:
Ratios and proportions (e.g., rates, scale drawings, similarity)
Percents, including those greater than 100 and less than 1

Level 5
o Add, subtract, and multiply decimals and fractions, excluding

mixed numbers.
o Add integers.
o Generate and explain equivalencies for fractions, excluding mixed

numbers.

Level 6
o Demonstrate proficiency of all four operations on whole numbers,

decimals, and fractions, including mixed nuinbers.
o Multiply integers.
o Determine opposites and reciprocals of whole numbers and frac-

tions.
o Generate and explain equivalencies between decimals and frac-

tions, including mixed numbers.

Level 7
o Add, subtract, multiply, and divide integers.
o Generate and explain equivalencies between decimals and percents.
o Raise any rational number to a given (whole number) power.
o Determine absolute value of any rational number.

Level 8
o Add, subtract, multiply, and divide positive and negative rational

numbers.
o Generate and explain equivalencies among percents, decimals, and

fractions, including mixed numbers.
a Determine the square root of any positive whole number.
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TABLE C.1 Number (continued)

WI Model Academic Standards

By the end of Grade 8, students will:

B.8.6 Model and solve problems in-
volving number-theory concepts
such as

o Prime and composite numbers
o Divisibility and remainders
o Greatest common factors
o Least common multiples

B.8.7 In problem-solving situations, se-
lect and use appropriate computa-
tional procedures with rational
numbers such as

o Calculating mentally
o Estimating
o Creating, using, and explaining al-

gorithms
o Using technology (e.g., scientific

calculators, spreadsheets)

School District Levels

Level 5
o Determine factors and divisors of whole numbers.
o List multiples of a whole number.

Level 6
o Determine the least common multiple and greatest common factor

of two given numbers.

Level 7
o Give the prime factorization of any number.
o Determine the least common multiple and greatest common factor

of three given numbers.
o Express the prime factorization of any number using exponential

notation.

Level 5
o In problem-solving situations suitable for this grade level, select

and use the following appropriate computational procedures with
rational numbers:

Modeling
Calculating mentally
Estimating
Creating, using, and explaining algorithms
Using technology (e.g., calculators, computers, database)

Level 6
o In problem-solving situations suitable for this grade level, select

and use the following appropriate computational procedures with
rational numbers:

Modeling
Calculating mentally
Estimating
Creatingusing, and explaining algorithms
Using technology (e.g., calculators, computers, database)

Level 7
o In problem-solving situations suitable for this grade level, select

and use appropriate computational procedures with rational num-
bers such as:

Calculating mentally
Estimating
Creating, using, and explaining algorithms
Using technology (e.g., scientific calculators, spreadsheets)

Level 8
o In problem-solving situations, select and use appropriate computa-

tional procedures with rational numbers such as:
Calculating mentally
Estimating
Creating, using, and explaining algorithms
Using technology (e.g., scientific calculators, spreadsheets)

(continued)
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TABLE C.i Number (continued)

WI Model Academic Standards

By the end of Grade 12, students will

B.12.1 Use complex counting procedures
such as union and intersection of
sets and arrangements (permuta-
tions and combinations) to solve
problems.

B.12.2 Compare real numbers using
o Order relations (>, <) and transi-

tivity
o Ordinal scales including logarith-

mic (e.g., Richter, pH ratings)
o Arithmetic differences.
o Ratios, proportions, percents, rates

of change.

B .12.3 Perform and explain operations on
real numbers (add, subtract, multi-
ply, divide, raise to a power, extract
a root, take opposites and recipro-
cals, determine absolute value).

B.12.4 In problem-solving situations in-
volving the applications of differ-
ent number systems (natural, inte-
gers, rational, real), select and use
appropriate

o Computational procedures
o Properties (e.g., commutativity, as-

sociativity, inverses)
o Modes of representation (e.g., ra-

tionals as repeating decimals, indi-
cated roots as fractional expo-
nents)

B.12.6 Routinely assess the acceptable
limits of error when

o Evaluating strategies
o Testing the reasonableness of re-

sults
o Using technology to carry out

computations

B.12.5 Create and critically evaluate nu-
merical arguments presented in a
variety of classroom and real-world
situations (e.g., political, eco-
nomic, scientific, social).

School District Levels

Level 10
o Use complex counting procedures such as union and intersection

of sets and arrangements (permutations and combinations) to solve
problems.

Level 9
o Compare real numbers using:

order relations (>, <) and transitivity
arithmetic differences

Level 10
o Compare real numbers using:

ordinal scales including logarithmic (e.g., Richter, pH ratings)
o Ratios, proportions, percents, rates of change.

Level 9
o Perform and explain operations on real numbers (add, subtract,

multiply, divide, raise to a power, extract a root, take opposites and
reciprocals, determine absolute value).

Level 10
o Perform and explain operations involving fractional and negative

exponents.
o Explain and use rules for exponents when multiplying or dividing

numbers with like bases.
o Generate and explain equivalencies between rational numbers and

repeating decimals.
o Routinely assess the acceptable limits of error when:

Evaluating strategies
Testing the reasonableness of results
Using technology to carry out computations

Level 10
o Create and critically evaluate numerical arguments presented in a

variety of classroom and real-world situations (e.g., political, eco-
nomic, scientific, social).
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TABLE C.2 Geometry

WI Model Academic Standards

By the end of Grade 4, students will:

C.4.1 Describe two- and three-
dimensional figures (e.g., circles,
polygons, trapezoids, prisms,
spheres) by:

o Naming them
o Comparing, sorting, and classify-

ing them
o Drawing and constructing physical

models to specifications
o Identifying their properties (e.g.,

number of sides or faces, two- or
three-dimensionality, equal sides,
number of right angles)

o Predicting the results of combin-
ing or subdividing two-dimen-
sional figures

o Explaining how these figures are
related to objects in the environ-
ment

C.4.2 Use physical materials and motion
geometry (such as slides, flips, and
turns) to identify properties and
relationships, including but not
limited to:

o symmetry
o congruence
o similarity

C.4.3 Identify and use relationships
among figures, including but not
limited to:

o location (e.g., between, adjacent
to, interior of)

o position (e.g., parallel, perpendi-
cular)

o intersection (of two-dimensional
figures)

School District Levels

Level C.4.1.1
o Identify and name simple two- and three-dimensional figures in

the real world.

Level C.4.1.2
o Describe simple figures by identifying obvious properties (e.g.,

number of sides or corners; do they roll, stack, slide?).

Level C.4.1.3
o Name, compare, sort, and classify two- and three-dimensional fig-

ures.

Level C.4.1.4
o Draw and construct physical models of figures to given specifica-

tions.
o Give real-world examples of two- and three-dimensional figures.

Level C.4.1.5
o Give the correct mathematical name and describe the properties

of relatively complex figures (e.g., trapezoid, cylinder, prism).
o Predict the results of combining or subdividing two-dimensional

figures.

Level C.4.2.1
o Describe the location of a figure with respect to one or more other

figures (e.g., adjacent to, between, interior of).

Level C.4.2.2
o Identify congruent figures.

Level C.4.2.3
o Describe the intersection of 2 two-dimensional figures.

Level C.4.2.4
o Use physical materials and drawings to carry out slides, flips, and

turns of simple two-dimensional figures.
o Identify figures that have line symmetry.

Level C.4.2.5
o Identify parallel and perpendicular:

Lines, segments
Sides of simple two-dimensional figures
Faces of simple three-dimensional figures

Level C.4.2.6
o Use physical materials to identify similar figures.

(continued)

Special Note: Particular numerical levels within a given cell are not necessarily of the same degree of difficulty or sophistication as a similarly
numbered level in another cell. For example, Level C.4.4.1 is much more sophisticated than Level C.4.1.1; the latter should probably occur
much earlier in a program of instruction for all children.
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TABLE C.2 Geometry (continued)

WI Model Academic Standards

By the end of Grade 4, students will:

C .4.4 Use simple two-dimensional coor-
dinate systems to find locations on
maps and to represent points and
simple figures

By the end of Grade 8, students will:

C.8.1 Describe special and complex two-
and three-dimensional figures
(e.g., rhombus, polyhedron, cylin-
der) and their component parts
(e.g., base, altitude, and slant
height) by

o Naming, defining, and giving ex-
amples

o Comparing, sorting, and classify-
ing them

o Identifying and contrasting their
properties (e.g., symmetrical,
isosceles, regular)

o Drawing and constructing physical
models to specifications

o Explaining how these figures are
related to objects in the environ-
ment

C.8.2 Identify and use relationships
among the component parts of
special and complex two- and
three-dimensional figures (e.g.,
parallel sides, congruent faces).

C.8.3 Identify three-dimensional shapes
from two-dimensional perspec-
tives and draw two-dimensional
sketches of three-dimensional ob-
jects, preserving their significant
features.

(Hereafter, the basic essence of these three
standards is denoted by "Stem" in the
school district levels.)

School District Levels

Level C.4.4.1
o State the coordinates of locations or objects on simple maps and

grids.

Level C.4.4.2
o When given their coordinates, place or locate points on a two-

dimensional grid (including a map).

Level C.8.1.1
o "Stem" with respect

nent parts.

Level C.8.1.2
o "Stem" with respect

component parts.

Level C.8.1.3
o "Stem" with respect

ing cubes) and their

Level C.8.1.4
o "Stem" with respect

nent parts.

to the entire set of triangles and their compo-

to the entire set of quadrilaterals and their

to the entire set of rectangular solids (includ-
component parts.

to the entire set of polygons and their compo-

Level C.8.1.5
o "Stem" with respect to the entire set of polyhedra, including

prisms and pyramids, and their component parts.

Level C.8.1.6
o "Stem" with respect to the entire set of circle-related figures (cir-

cles, spheres, cones, cylinders) and their component parts.
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TABLE C.2 Geometry (continued)

WI Model Academic Standards

By the end of Grade 8, students will:

C.8.4 Perform transformations on two-
dimensional figures and describe
and analyze the effects of the
transformations on the figures.

C.8.5 Locate objects using the rectangu-
lar coordinate system.

By the end of Grade 12, students will:

C.12.1 Identify, describe and analyze
properties of figures, relationships
among figures, and relationships
among their parts by

o Constructing physical models
o Drawing precisely with paper and

pencil, hand calculators, and com-
puter software

O Using appropriate transformations
(e.g., translations, rotations, reflec-
tions, enlargements)

o Using reason and logic

(Hereafter to be denoted by "Stem" in the
school district levels.)

C.12.2 Use geometric models to solve
mathematical and real-world prob-
lems.

School District Levels

Level C.8.4.1
o Identify figures that have turn symmetry.

Level C.8.4.2
o Describe the effects of slides, flips, and turns of two-dimensional

figures.

Level C.8.4.3
o Describe the effect of two or more successive transformations of a

two-dimensional figure.

Level C.8.4.4
o Determine coordinates of slide and flip images of figures located

on a two-dimensional grid.

Level C.8.5.1
o Locate objects using the rectangular coordinate system and posi-

tive coordinates (i.e., in the first quadrant).

Level C.8.5.2
o Locate objects using the rectangular coordinate system (i.e., in all

four quadrants).

At all levels
o Use geometric models to solve mathematical and real-world prob-

lems.

Level C.12.1.1
"Stem" with respect to:

Perpendicular lines
Parallel lines, transversals, and resulting pairs of angles

Level C.12.1.2
o "Stem" with respect to congruent triangles, including the basic tri-

angle congruence theorems.

Level C.12.1.3
o "Stem" with respect to all quadrilaterals with particular attention

to parallelograms.

Level C.12.1.4
o "Stem" with respect to similar triangles.

Level C.12.1.5
o "Stem" with respect to circles.

Level C.12.1.6
o "Stem" with respect to three-dimensional figures.

(continued)
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TABLE C.2 Geometry (continued)

WI Model Academic Standards

By the end of Grade 12, students will:

C.12.3 Present convincing arguments by
means of demonstration, informal
proof, counterexamples, or any
other logical means to show the
truth of

o Statements (e.g., these two trian-
gles are not congruent).

o Generalizations (e.g., the
Pythagorean theorem holds for all
right triangles).

C.12.4 Use the two-dimensional rectan-
gular coordinate system and alge-
braic procedures to describe and
characterize geometric properties
and relationships such as slope, in-
tercepts, parallelism, and perpen-
dicularity.

(Hereafter to be denoted by "Stem" in the
School District levels.)

C.12.5 Identify and demonstrate an un-
derstanding of the three ratios
used in right-triangle trigonometry
(sine, cosine, tangent).

School District Levels

Level C.12.3.1
o Present valid arguments using elements of symbolic logic, includ-

ing concepts and techniques such as:
Truth tables
Negation, converse, inverse, contrapositive
Syllogism, chain rule

At all levels
o Present convincing arguments by means of demonstration, infor-

mal proof, counter-examples, or any other logical means to show
the truth of:

Statements (e.g., these two triangles are not congruent)
Generalizations (e.g., the Pythagorean theorem holds for all
right triangles)

Level C.12.4.1
o "Stem" with respect to lines, including:

Given a line, produce its equation, and conversely
Two-point, point-slope, slope-intercept forms

Level C.12.4.2
o "Stem" with respect to parallel and perpendicular lines.

Level C.12.4.3
o "Stein" with respect to distance and midpoints.

Level C.12.4.4
o "Stem" with respect to analysis of special figures such as parallelo-

grams, squares, rhombuses.

Level C.I2.5.1
o Identify and demonstrate an understanding of the three ratios

used in right-triangle trigonometry (sine, cosine, tangent).

, n ,
378 Appendix C



TABLE C.3 Measurement

WI Model Academic Standards

By the end of Grade 4, students will:

D.4.1 Recognize and describe measur-
able attributes, such as length, liq-
uid capacity, time, weight (mass),
temperature, volume, monetary
value, and angle size, and identify
the appropriate units to measure
them.

D.4.2 Demonstrate understanding of
basic facts, principles, and tech-
niques of measurement, including

o Appropriate use of arbitrary and
standard units (metric and U.S.)

o Appropriate use and conversion of
units within a system (such as
yards, feet, and inches; kilograms
and grams; gallons, quarts, pints,
and cups)

o Judging the reasonableness of an
obtained measurement as it relates
to prior experience and familiar
benchmarks

D.4.3 Read and interpret measuring in-
struments (e.g., rulers, clocks,
thermometers).

D.4.4 Determine measurements directly
by using standard tools to these
suggested degrees of accuracy:

o Length, to the nearest half-inch or
nearest centimeter

o_ Weight (mass), to_the nearest
ounce or nearest five grams

o Temperature, to the nearest five
degrees

o Time, to the nearest minute
o Monetary value, to dollars and

cents
o Liquid capacity, to the nearest

fluid ounce

School District Levels

Level 0.4.1.1
o Compare and measure length using arbitrary units.

Level 0.4.1.2
o Explain and use appropriate standard units to measure lengths

(inches, centimeters).

Level 0.4.1.3
o Compare and measure weight (mass) and capacity using arbitrary

units.

Level 0.4.1.4
o Explain and use appropriate standard units to measure length

(inches, feet, yards, centimeters, meters).

Level 0.4.1.5
o Appropriately use a ruler to measure length to the nearest 1/4 inch

or nearest centimeter.

Level 0.4.1.6
o Explain and use appropriate standard units to measure weight

(mass) (ounce, pound).

Level 0.4.1.7-
o Explain and use appropriate standard units to measure weight

(mass) (gram, kilogram).

Level 0.4.1.8
o Tell time to the nearest five minutes.
o Give monetary value for commonly used coins and bills and know

simple equivalences of coins.

Level 0:43.9
o Explain and use appropriate standard units to measure liquid ca-

pacity (cups, pints, gallons).
o Read a thermometer to the nearest 5° C or F.

Level 0.4.1.10
o Give the monetary value for any collection of coins or bills up to a

value of $10.00.
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TABLE C.3 Measurement (continued)

WI Model Academic Standards

By the end of Grade 4, students will:

D.4.3 Read and interpret measuring in-
stmments (e.g., rulers, clocks,
therinometers).

D.4.4 Determine measurements directly
by using standard tools to these
suggested degrees of accuracy:

o Length, to the nearest half-inch or
nearest centimeter

o Weight (mass), to the nearest
ounce or nearest five grams

o Temperature, to the nearest five
degrees

o Time, to the nearest minute
o Monetary value, to dollars and

cents
o Liquid capacity, to the nearest

fluid ounce

D.4.5 Determine measurements by
using basic relationships (such as
perimeter and area) and approxi-
mate measurements by using esti-
mation techniques.

School District Levels

Level D.4.1.11
o Estimate area of simple polygons by superimposing a square grid.
o Compare and measure angle size using arbitrary units.

Level D.4.1.12
o Measure weight (mass) to the nearest ounce or nearest gram.
o Measure liquid capacity of a container to the nearest fluid ounce.
o Use standard and digital clock to tell time to the nearest minute.

Level D.4.1.13
o Carry out conversion of units within a given system (e.g., pounds

to ounces, pints to gallons, centimeters to meters).

Level D.4.1.14
o Determine perimeter of simple polygons.
o Determine area of squares and rectangles.

Level D.4.1.15
o Estimate length, weight, capacity, and duration of events.
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TABLE C.3 Measurement (continued)

WI Model Academic Standards

By the end of Grade 8, students will:

D.8.1 Identify and describe attributes in
situations where they are not di-
rectly or easily measurable (e.g.,
distance, area of an irregular fig-
ure, likelihood of occurrence).

D.8.2 Demonstrate understanding of
basic measurement facts, princi-
ples, and techniques, including the
following:

o Approximate comparisons be-
tween metric and U.S. units (e.g.,
a liter and a quart are about the
same; a kilometer is about six-
tenths of a mile)

o Knowledge that direct measure-
ment produces approximate, not
exact, measures

o The use of smaller units to pro-
duce more precise measures

D.8.3 Determine measurements directly
using standard units (metric and
U.S.) with these suggested degrees
of accuracy:

o Lengths, to the nearest millimeter
or 1/16 inch

o Weight (mass), to the nearest 0.1 g
or 0.5 ounce

o Liquid capacity, to the nearest mil-
liliter

o Angles, to the nearest degree
o Temperature, to the nearest C°

or F°
o Elapsed time, to the nearest second

D.8.4 Determine measurements indi-
rectly using estimation:

o Conversion of units within a sys-
tem (e.g., quarts to cups, millime-
ters to centimeters)

o Ratio and proportion (e.g., similar-
ity, scale drawings)

o Geometric formulas to derive
lengths, areas, volumes of com-
mon figures (e.g., perimeter, cir-
cumference, surface area)

o The Pythagorean relationship
o Geometric relationships and prop-

erties for angle size (e.g., parallel
lines and transversals; sum of an-
gles of a triangle; vertical angles)

School District Levels

Level D.8.1.1
o Use a ruler to measure length to the nearest 1/16 inch or nearest

millimeter.
o Measure weight (mass) to the nearest 0.5 ounce or nearest 0.1 gram.
o Measure liquid capacity of a container to the nearest milliliter.
o Read a thermometer to the nearest degree Celsius or Fahrenheit.
o Use a stop watch to measure elapsed time to the nearest second.
o Use a protractor to measure angles to the nearest degree.

Level D.8.1.2
o Explain and use appropriate standard units to measure volume

(cubic inch, cubic centimeter).

Level D.8.1.3
o Carry out exact conversion of units within a given system (e.g.,

pounds to ounces, pints to gallons, centimeters, to meters) as well
as approximate conversions between systems.

Level D.8.1.4
El Use geometric formulas to determine perimeter and area of

squares, rectangles, parallelograms, and triangles.

Level D.8.1.5
o Use geometric formulas to determine the volume and surface area

of cubes and rectangular solids.

Level D.8.1.6
o Use geometric formulas and relationships to find linear, area, and

angle measures of polygons.

Level D.8.1.7
o Determine measurements indirectly using geometric relationships

and properties forangle size-(e.g.,-parallel lines-and transversals;
sum of angles of a triangle; vertical angles).

Level D.8.1.8
o Use ratio and proportion (e.g., similarity) to determine linear mea-

sures of geometric figures.

Level D.8.1.9
o Use geometric formulas and relationships to find linear, arc length,

surface area, volume and angle measures of circles and spheres.

Level D.8.1.10
o Use geometric formulas and relationships to find linear, surface

area, volume, and angle measures of prisms, pyramids, cones, and
cylinders.

Level D.8.1.11
o Use the Pythagorean relationship to find linear measures of right

triangles.

(continued)
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TABLE C.3 Measurement (continued)

WI Model Academic Standards

By the end of Grade 12, students will:

D.12.1 Identify, describe, and use derived
attributes (e.g., density, speed, ac-
celeration, pressure) to represent
and solve problem situations.

D.12.2 Select and use tools with appropri-
ate degree of precision to deter-
mine measurements directly
within specified degrees of accu-
racy and error (tolerance).

D.12.3 Determine measurements inch-
reedy, using

o Estimation
o Proportional reasoning, including

those involving squaring and cub-
ing (e.g., reasoning that areas of
circles are proportional to the
squares of their radii)

o Techniques of algebra, geometry,
and right-triangle trigonometry

o Formulas in applications (e.g., for
compound interest, distance for-
mula)

o Geometric formulas to derive
lengths, areas, or volumes of
shapes and objects (e.g., cones,
parallelograms, cylinders, and
pyramids)

o Geometric relationships and prop-
erties of circles and polygons (e.g.,
size of central angles, area of a sec-
tor of a circle)

o Conversion constants to relate
measures in one system to another
(e.g., meters to feet, dollars to
deutschmarks)

School District Levels

At All Levels
o Select and use tools with an appropriate degree of precision to de-

termine measurements directly within specified degrees of accu-
racy and error (tolerance).

o Determine measurements indirectly using estimation.

Level D.12.1.1
o Use conversion constants to relate measures in one system to an-

other (e.g., meters to feet, dollars to deutschmarks).

Level D.12.1.2
o Identify, describe, and use derived attributes (e.g., density, speed,

acceleration, pressure) to represent and solve problem situations.

Level D.12.1.3
o Use right-triangle trigonometry to find linear and angle measures

in right triangles.

Level 12.1.3.4
o Determine measurements indirectly using techniques of algebra

and geometry.

Level 12.1.3.5
o Determine measurements indirectly, using:

proportional reasoning, including those involving squaring and
cubing (e.g., reasoning that areas of circles are proportional to
the squares of their radii)
geometric relationships and properties of circles and polygons
(e.g., size of central angles, area of a sector of a circle)
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TABLE C.4 Statistics and Probability

WI Model Academic Standards

By the end of Grade 4, students will:

E .4.1

0

Work with data in the context of
real-world situations by
Formulating questions that lead to
data collection and analysis
Determining what data to collect
and when and how to collect them
Collecting, organizing, and dis-
playing data
Drawing reasonable conclusions
based on data

E.4.2 Describe a set of data using
o High and low values and range
o Most frequent value (mode)
o Middle value of a set of ordered

data (median)

E.4.3 In problem-solving situations,
read, extract, and use information
presented in graphs, tables, or
charts.

E.4.4 Determine if future events are
more, less, equally likely, impossi-
ble, or certain to occur.

E.4.5 Predict outcomes of future events
and test predictions using data
from a variety of sources.

School District Levels

At All Levels
o Formulate questions that lead to data collection and analysis.
o In problem-solving situations, read, extract, and use information

presented in graphs, tables, or charts.
o Draw reasonable conclusions based on data.

Level E.4.1.1
o Collect and organize data from common classroom events.
o Organize a set of data by tallying and counting.

Level E.4.1.2
o Create simple bar and picture graphs using real classroom data.

Level E.4.1.3
o Plan, collect, and organize data from surveys and experiments.

Level E.4.1.4
o Create bar graphs, picture graphs, and tables to represent data.
o Read and interpret information from simple bar graphs, picture

graphs, and tables.

Level E.4.1.5
o Create simple line graphs using real classroom data.
o Read and interpret information from bar, line, picture, and circle

graphs.

Level E.4.1.6
o Describe a set of data using:

High and low values, and range
Most frequent value (mode)

Level E.4.1.7
o Determine the median of a set of ordered data.

Level E.4.4.1
o Describe an imagined event as being impossible or certain to occur.

Level E.4.4.2
o Compare likelihood of simple events.
o Use available data to predict the outcome of a future event.

Level E.4.4.3
o Determine if future events are more, less, equally likely, impos-

sible, or certain to occur.

Level E.4.4.4
o Predict outcomes of future events and test predictions using data

from a variety of sources.

(continued)
Special Note: Particular numerical levels within a given cell are not necessarily of the same degree of difficulty or sophistication as a similarly
numbered level in another cell. For example, Level E.8.7.1 isa bit more sophisticated than Level E.8.1.1.; as a result, the latter should prob-
ably occur earlier in a program of instruction for all students.
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TABLE C.4 Statistics and Probability (continued)

WI Model Academic Standards

By the end of Grade 8, students will:

E.8.1 Work with data in the context of
real-world situations by

o Formulating questions that lead to
data collection and analysis

o Designing and conducting a statis-
tical investigation

o Using technology to generate dis-
plays, summary statistics, and pre-
sentations

E.8.2 Organize and display data from
statistical investigations using

o Appropriate tables, graphs, or
charts (e.g., circle, bar, or line for
multiple sets of data)

o Appropriate plots (e.g., line, stem-
and-leaf, box, scatter)

E.8.3 Extract, interpret, and analyze in-
formation from organized and dis-
played data by using

o Frequency and distribution, in-
cluding mode and range

o Central tendencies of data (mean
and median)

o Indicators of dispersion (e.g., out-
liers)

E.8.4 Use the results of data analysis to
o Make predictions.
o Develop convincing arguments.
o Draw conclusions.

E.8.5 Compare several sets of data to
generate, test, and as the data indi-
cate, confirm or deny hypotheses.

E.8.6 Evaluate presentations and statisti-
cal analyses from a variety of
sources for

o Credibility of the source
o Techniques of collection, organiza-

tion, and presentation of data
o Missing or incorrect data
o Inferences
o Possible sources of bias

School District Levels

At All Levels
o Work with data from real-world situations suitable to this grade

level by:
Formulating questions that lead to data collection and analysis
Designing and conducting experiments, investigations, and
surveys
Generating appropriate displays, summary statistics, and
presentations

o Use the results of data analysis to:
Make predictions.
Develop convincing arguments.
Draw conclusions.

Level E.8.1.1
o Determine the arithmetic mean of a set of data.

Level E.8.1.2
o Organize and display data from statistical investigations using line

plots.

Level E.8.1.3
o Extract, interpret, and analyze information from organized and

displayed data by using:
Frequency and distribution, including mode and range
Central tendencies of data (mean and median)
Indicators of dispersion (e.g., outliers)

Level E.8.1.4
o Organize and display data from statistical investigations using cir-

cle graphs.

Level E.8.1.5
o Organize and display data from statistical investigations using

stem-and-leaf plots, box plots, and scatter plots.

Level E.8.1.6
o Compare several sets of data to generate, test, and as the data indi-

cate, confirm or deny hypotheses.

Level E.8.6.1
o Evaluate simple experiments for quality of data collection.

Level E.8.6.1
o Evaluate statistical reports for missing or incorrect data.

Level E.8.6.3
o Evaluate statistical reports for techniques of collection, organiza-

tion, and presentation of data.

Level E.8.6.4
o Evaluate statistical reports for correctness of inferences and for

possible sources of bias.
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TABLE C.4 Statistics and Probability (continued)

WI Model Academic Standards

By the end of Grade 8, students will:

School District Levels

E.8.7 Determine the likelihood of occur- Level E.8.7.1
rence of simple events by

o using a variety of strategies to
identify possible outcomes (e.g.,
lists, tables, tree diagrams) Level E.8.7.2

o Create a list to identify all possible outcomes of an event.
o Generate a table to identify all possible outcomes of an event.

o conducting an experiment
o designing and conducting simula-

tions
o applying theoretical notions of

probability (e.g., that four equally
likely events have a 25% chance of
happening)

o Determine the probability of simple events such as getting heads
when flipping a coin or having a 5 turn up with one toss of a die.

o Conduct a simple experiment to determine the probability of an
event that cannot be predicted theoretically.

Level E.8.7.3
o Create tree diagrams to identify all possible outcomes of an event.

Level E.8.7.4
o Determine the likelihood of occurrence of simple events by apply-

ing theoretical notions of probability (e.g., that four equally likely
events have a 25 percent chance of happening).

Level E.8.7.5
o Determine the likelihood of occurrence of simple events by de-

signing and conducting simulations.
(continued)
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TABLE C.4 Statistics and Probability (continued)

WI Model Academic Standards

By the end of Grade 12, students will:

E.12.1 Work with data in the context of
real-world situations by

o Formulating hypotheses that lead
to collection and analysis of one-
and two-variable data

o Designing a data collection plan
that considers random sampling,
control groups, the role of assump-
tions, etc.

o Conducting an investigation based
on that plan

o Using technology to generate dis-
plays, summary statistics, and pre-
sentations

E.12.2 Organize and display data from
statistical investigations using

o Frequency distributions
o Percentiles, quartiles, deciles
o Lines of best fit (estimated regres-

sion line)
o Matrices

E .12.3 Interpret and analyze information
from organized and displayed data
when given

o Measures of dispersion, including
standard deviation and variance

o Measures of reliability
o Measures of correlation

E .12.4 Analyze, evaluate, and critique the
methods and conclusions of statis-
tical experiments reported in jour-
nals, magazines, news media, ad-
vertising, etc.

E.12.5 Determine the likelihood of occur-
rence of complex events by

o Using a variety of strategies (e.g.,
combinations) to identify possible
outcomes

o Conducting an experiment
o Designing and conducting simula-

tions
o Applying theoretical probability

School District Levels

Level E.12.1.1
o Work with data in the context of real-world situations by:

Formulating hypotheses that lead to collection and analysis of
one- and two-variable data
Designing a data collection plan that considers random sam-
pling, control groups, and the role of assumptions
Conducting an investigation based on that plan
Using technology to generate displays, summary statistics, and_
presentations

Level E.12.1.2
o Organize and display data from statistical investigations using:

Frequency distributions
Percentiles, quartiles, deciles

Level E.12.1.1
o Organize and display data from statistical investigations using lines

of best fit (estimated regression line).

Level E.12.1.4
o Organize and display data from statistical investigations using ma-

trices.

Level E.12.1.5
o Interpret and analyze information from organized and displayed

data when given:
Measures of dispersion, including standard deviation and
variance
Measures of reliability
Measures of correlation

Level E.12.4.1
o Analyze, evaluate, and critique the methods and conclusions of

statistical experiments reported in journals, magazines, news
media, advertising, etc.

Level E.12.5.1
o Determine the likelihood of occurrence of complex events by:

'Conducting an experiment
Designing and conducting simulations

Level E.12.5.2
o Determine the likelihood of occurrence of complex events by:

Using a variety of strategies (e.g., combinations) to identify
possible outcomes
Applying theoretical probability
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TABLE C.5 Algebra

WI Model Academic Standards

By the end of Grade 4, students will:

F.4.1 Use letters, boxes, or other sym-
bols to stand for any number, mea-
sured quantity, or object in simple
situations (e.g., N + 0 = N is true
for any number)

F.4.2 Use the vocabulary, symbols, and
notation of algebra accurately
(e.g., correct use of the symbol =;
effective use of the associative
property of multiplication)

F.4.5 Use simple equations and inequal-
ities in a variety of ways, including

o using them to represent problem
situations

o solving them by different methods
(e.g., use of manipulatives, guess
and check strategies, recall of
number facts)

o recording and describing solution
strategies

F.4.3 Work with linear patterns and
relationships in a variety of ways,
including

o Recognizing and extending num-
ber patterns

o Describing them verbally
o Representing them with pictures,

tables, charts, and graphs
o Recognizing that different models

can represent the same pattern or
relationship

o Using them to describe real-world
phenomena

School District Levels

Level F.4.1.1
o Solve simple open sentences involving addition, including missing

addends.
o Represent problem situations involving addition with simple open

sentences (one-step equations).

Level F.4.1.2
o Solve simple open sentences involving subtraction (e.g.,

7 [1 = 3, [1 5 = 4).
o Represent problem situations involving addition and subtraction

with simple open sentences (one-step equations).

Level F.4.1.3
o Solve simple open sentences involving multiplication, including

missing factors.
o Represent problem situations involving multiplication with simple

open sentences.

Level F.4.1.4
o Solve simple open sentences involving division.
o Represent problem situations involving multiplication and division

with simple open sentences (i.e., one-step equations).

Level F.4.1.5
o Demonstrate a basic understanding of equality and inequality.

Level F.4.3.1
o Identify, describe, extend, and create simple AI3 patterns using

concrete materials, sounds, and pictures (e.g., red, blue, red,
blue ...).

Level F.4.3.2
O Identify, describe, extend, and create a variety of patterns using

concrete materials, sounds, pictures, etc.

Level F.4.3.3
O Identify, describe, extend, and create a variety of number patterns.

Level F.4.3.4
O Represent patterns using tables, graphs, verbal rules, or equations.

Level F.4.3.5
O Recognize that different models can represent the same pattern or

relationship.
o Use patterns to describe real-world phenomena.

(continued)

Special Note: Particular numerical levels within a given cell are not necessarily of the same degree of difficulty or sophistication as a similarly
numbered level in another cell. For example, Level F.4.4.1 is much more sophisticated than Level F.4.3.1; the latter should probably occur
much earlier in a program of instruction for all children.
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TABLE C.5 Algebra (continued)

WI Model Academic Standards

By the end of Grade 4, students will:

F.4.4 Recognize variability in simple
functional relationships by de-
scribing how a change in one
quantity can produce a change in
another (e.g., number of bicycles
and the total number of wheels)

F.4.6 Recognize and use generalized
properties and relationships of
arithmetic (e.g., commutativity of
addition, inverse relationship of
multiplication and division)

By the end of Grade 8, students will:

F.8.1 Work with algebraic expressions in
a variety of ways, including

o Using appropriate symbolism, in-
cluding exponents and variables

o Evaluating expressions through
numerical substitution

o Generating equivalent expressions
o Adding and subtracting expressions

F.8.2 Work with linear and nonlinear
patterns and relationships in a va-
riety of ways, including

o Representing them with tables,
with graphs, and with algebraic ex-
pressions, equations, and inequali-
ties

o Describing and interpreting their
graphical representations (e.g.,
slope, rate of change, intercepts)

o Using them as models of real-
world phenomena

o Describing a real-world phenome-
non that a given graph might rep-
resent

School District Levels

Level F.4.4.1
o Recognize variability in simple functional relationships by describ-

ing how a change in one quantity can produce a change in another
(e.g., number of bicycles and the total number of wheels).

Level F.4.4.2
o Recognize and use generalized properties and relationships of

arithmetic (e.g., commutativity of addition, inverse relationship of
multiplication and division).

Level F.8.1.1
o Understand concepts of variable expressions and equations.

Level F.8.1.2
o Evaluate numerical expressions using correct order of operations.

Level F.8.1.3
o Evaluate algebraic expressions and formulas through numerical

substitution.

Level F.8.1.4
o Add and subtract algebraic expressions.

Level F.8.1.5
o Generate equivalent algebraic expressions.

Level F.8.2.1
Represent linear patterns with the use of variable expressions and
equations (e.g., 1, 3, 5, 7, ... by 2n 1).

Level F.8.2.2
o Represent patterns graphically and with tables.

Level F.8.2.3
o Differentiate between linear and nonlinear patterns and relation-

ships.

Level F.8.2.4
Describe linear graphs in terms of slope and intercepts.

Level F.8.2.5
o Use linear and non-linear patterns and relationships as models of

real-world phenomena.
o Describe a real-world phenomenon that a given graph might rep-

resent.
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TABLE C.5 Algebra (continued)

WI Model Academic Standards

By the end of Grade 8, students will:

F.8.3 Recognize, describe, and analyze
functional relationships by gener-
alizing a rule that characterizes the
pattern of change among variables.
These functional relationships in-
chide exponential growth and
decay (e.g., cell division, deprecia-
tion).

F.8.4 Use linear equations and inequali-
ties in a variety of ways, including

o Writing them to represent prob-
lem situations and to express
generalizations

o Solving them by different methods
(e.g., informally, graphically,
with formal properties, with tech-
nology)

o Writing and evaluating formulas
(including solving for a specified
variable)

o Using them to record and describe
solution strategies

School District Levels

Leve/ F.8.3.1
o Recognize and describe simple functional relationships (e.g., total

no. of inches = 12 x total no. of feet).

Level F.8.3.2
o Represent simple functional relationships with graphs, tables, and

equations.

Level F.8.3.3
o Recognize, describe, and analyze functional relationships by gen-

eralizing a rule that characterizes the pattern of change among
variables.

At All Levels
o Represent problem situations with an equation or inequality.

Level F.8.4.1
o Solve two-step linear equations with one variable with whole num-

ber solutions (e.g., 2x + 5 = 13).

Level F.8.4.1
o Solve linear equations with one variable involving

Whole-number coefficients
A variable appearing on either or both sides of the equal sign

Level F.8.4.2
Solve simple linear inequalities with one variable.

Level F.8.4.3
o Solve simple two-step inequalities with one variable.

Level F.8.4.4
o Solve linear equations and inequalities with one variable involving

Integer coefficients
Variable appearing on either or both sides of the equal (or
inequality) sign
Grouping symbols

Level F.8.4.5
o Solve any linear equation or inequality using formal addition and

multiplication properties of equations and inequalities.

Level F.8.4.6
o Write and evaluate formulas (including solving for a specified vari-

able).
(continued)
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TABLE C.5 Algebra (continued)

WI Model Academic Standards

By the end of Grade 8, students will:

F.8.5 Recognize and use generalized
properties and relations, including
additive and multiplicative prop-
erty of equations and inequalities
commutativity and associativity of
addition and multiplication
distributive property
inverses and identities for addition
and multiplication
transitive properly

By the end of Grade 12, students will:

F.12.1 Analyze and generalize patterns of
change (e.g., direct and inverse
variation) and numerical se-
quences and then represent them
with algebraic expressions and
equations.

F.12.2 Use mathematical functions (e.g.,
linear, exponential, quadratic,
power) in a variety of ways, includ-
ing

o Recognizing that a variety of
mathematical and real-world phe-
nomena can be modeled by the
same type of function

o Translating different forms of rep-
resenting them (e.g., tables,
graphs, functional notation, for-
mulas)

o Describing the relationships
among variables in a problem

o Using appropriate technology to
interpret properties of their graph-
ical representations (e.g., inter-
cepts, slopes, rates of change,
changes in rates of change, maxi-
mum, minimum)

F.12.4 Model and solve a variety of math-
ematical and real-world problems
by using algebraic expressions,
equations, and inequalities.

School District Levels

Level F.8.5.1
o Recognize and describe the following generalized properties and

relationships:
Commutativity and associativity of addition and multiplication
Inverses and identities for addition and multiplication

Level F.8.5.2
o Recognize and describe the distributive property.

Level F.8.5.3
o Recognize, describe, and use the transitive property as it does (or

does not) apply in a variety of relationships.

At All Levels
o Model and solve a variety of mathematical and real-world prob-

lems by using algebraic expressions, equations, and inequalities.

o Use mathematical functions in a variety of ways to recognize that a
variety of mathematical and real-world phenomena can be mod-
eled by the same type of function.

Level F.12.1.1
o Use linear functions in a variety of ways, including

Translating different forms of representing them (e.g., tables,
graphs, functional notation, formulas)
Describing the relationships among variables in a problem
Using appropriate technology to interpret properties of their
graphical representations (e.g., intercepts, slopes)

Level F.12.1.2
o Use quadratic functions in a variety of ways, including:

Translating different forms of representing them (e.g., tables,
graphs, functional notation, formulas)
Describing the relationships among variables in a problem
Using appropriate technology to interpret properties of their
graphical representations (e.g., maximum, minimum)

Level F.12.1.3
o Use exponential and power functions in a variety of ways, including:

Translating different forms of representing them (e.g., tables,
graphs, functional notation, formulas)
Describing the relationships among variables in a problem
Using appropriate technology to interpret properties of their
graphical representations (e.g., intercepts, slopes, rates of
change, changes in rates of change, maximum, minimum)

Level F.12.1.4
o Analyze and generalize patterns of change (e.g., direct and inverse

variation) and numerical sequences and then represent them with
algebraic expressions and equations.
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TABLE C.5 Algebra (continued)

WI Model Academic Standards

By the end of Grade 12, students will:

F.12.3 Solve linear and quadratic equa-
tions, linear inequalities, and sys-
tems of linear equations and in-
equalities

o Numerically
o Graphically, including use of ap-

propriate technology
o Symbolically, including use of the

quadratic formula

School District Levels

Level F.12.3.1
o Solve linear equations:

Numerically
Symbolically
Graphically, including use of appropriate technology

Level E12.3.2
o Solve systems of linear equations:

Numerically
Symbolically
Graphically, including use of appropriate technology

Level F.12.3.3
o Solve quadratic equations:

Numerically
Symbolically, including use of the quadratic formula
Graphically, including use of appropriate technology

Level F.12.3.4
o Solve linear inequalities:

Numerically
Symbolically
Graphically, including use of appropriate technology

Leve/ F.12.3.5
o Solve systems of linear inequalities:

Numerically
Symbolically
Graphically, including use of appropriate technology
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Tshi
appendix contains several sample pages from various resources use-

ful for classroom assessment. Included are forms for self-assessment,
fOr rubric scoring of several varieties, for portfolios, for assessment of

materials, for the Standards-Based Model, and so on.
The offerings are by no means exhaustive, only representative.

Informal Assessment
Classroom Observations, [interviews, Conferences,
and Questrions
"Assessment must be an interaction between teacher and students, with the
teacher continually seeking to understand what a student can do and how a
student is able to do it and then using this information to guide instruction"
(Webb and Briars 1990, 108). Many teachers jot down classroom observations
about student thinking and work during the class and bring those observa-
tions to the forefront during a whole-class discussion of the activity. Students'
active participation in group activities is also assessed. Although teachers have
always assessed classroom interaction, a conscious -effort to utilize specific
techniques and to focus on results of informal classroom assessments for
teacher decision making has emerged as classrooms focus on gathering valid
information about student understanding.

The Cognitively Guided Instruction (CGI) philosophy (Carpenter and
Fennema 1988) requires teachers to make assessment a regular part of in-
struction by "regularly asking students to explain how they figured an answer"
(Webb 1992, 678). Student strategies are referenced against an extensive map
of the domain to determine if the task has meaning for the student and to as-
certain next steps to be taken in building understanding. The Graded Assess-
ment in Mathematics (GAIM) project (Brown 1988) was a "continuous as-
sessment scheme for recording the mathematical progress" (Webb 1992, 678)
of a group of upper-level students. Based on an analysis of a year's anticipated
mathematical growth in six topic areas, students were assessed on all aspects
of growthorally, practically, and in writing, and teachers devised their own

"Assessment must be
an interaction between
teacher and students,
with the teacher
continually seeking to
understand what a
student can do and
how a student is able
to do it and then using
this information to
guide instruction."
Webb and Briars 1990, 108

Teachers [need to]
make assessment a
regular part of
instruction by
"regularly asking
students to explain how
they figured an
answer"
Webb 1992, 678
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Teachers can
frequently choose an
activity from a unit of
study that can be used

for assessment
purposes.

'When students can tell
themselves if they have

petformed at a
proficient level, then

the ultimate goal of
assessment has been

reached."
Howell 1999

assessment procedures, with supervision from an outside assessor. The focus

was on documentation of continual student growth.
An outstanding collection of attributes that can be assessed through ob-

servation, of tips for interviews and conferences, of classroom management
techniques for informal assessments, of questioning techniques and sample

questions, and of ways to record observations and interviews is given in Math-

ematics Assessment: Myths, Models, Good Questions, and Practical Sugges-

tions (Stenmark 1991, 26-34). Approached from the standpoint of aiding
classroom assessment, the suggestions are practical and useful.

Class ActhfiVes aind Projjects
"Assessment should become a routine part of the ongoing classroom activity
rather than an interruption," (Standards 2000 Project, 23). Teachers can fre-

quently choose an activity from a unit of study that can be used for assessment
purposes. Students can complete that activity in class, ask questions, work in

groups, or use references. Once they have completed the product as a class ac-

tivity, the teacher can then take the result and assess it as though it were a test.
Frequently, a scoring rubric for such an assessment is used. Students should
be aware of how their work will be scored in advance. Ideally, students would

be participants in development of the scoring rubric. (See Figure D.1.)
The quality of the mathematical tasks in which students engage for con-

struction of knowledge and for assessment of it often dictates the learning and
the results. Selection of a component of a task on which to evaluate student
learning is an art. Much can be learned easily about student understanding
based on task selection.

Student Seff-Assessment
"When students can tell themselves if they have performed at a proficient
level, then the ultimate goal of assessment has been reached" (Howell 1999).

We need to work with students to self-assess. The beginnings are simple.
Having a student write a comment under his or her name at the top of the
paper regarding the assignment is a first step. "Great, let's do some more!" "I
didn't get what we said about problem 5; can we discuss it?"

Observations, Interviews, Conferences, and Questions

Teacher observations, interviews, and conferences have always been impor-
tant tools in assessing student progress. The change in current assessment
processes reflects this important aspect of learning, adding documentation
and sometimes involving an outside observer or interviewer.

Observations

We might quietly observe students either individually or as they work in
groups. The purpose of an observation may be for mathematics (How far can
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4 Advanced Responses

Correct Mathematics
Good Explanation

Additional Charts, Graphs, Tables
Mathematical Synthesis/Efficiency

3 Proficient Responses

Correct Mathematics
An Explanation

An Additional Chart, Graph, Table

2 Basic Responses

Minimal Mathematics
Incomplete or Minimal Explanation

1 Minimal Response

Incorrect Mathematics
Incorrect Explanation

0 No Response

No Attempt Made

FIGURE D.1 Measuring Up: Scoring Rubric
Jodean Grunow and Students, Dodgeville Middle School, jodean.grunow@dpi.state.wi.us
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Any observer should
look for only a few
aspects in a single

observation. Be
selective.

students count with one-to-one correspondence?) or for affective characteris-

tics (Does this child's behavior help his learning?)
Some attributes that can be assessed best through observation are pre-

sented in the following list. We stress that this is a partial list and may not

show the goals you want for your students. Also, any observer should look for

only a few aspects in a single observation. Be selective.

MATHEMATICAL CONCEPTS

o Organizing and interpreting data
o Selecting and using appropriate measurement instruments
o Explaining the relationships between inverse operations
o Extending and describing numeric or geometric patterns

o Estimating regularly
o Using visual models and manipulative materials to demonstrate math-

ematical concepts
o Showing relationships between perimeter, area, and volume
o Making connections among concrete, representational, and abstract

ideas

STUDENTS' DISPOSITION TOWARD LEARNING

o Planning before acting; revising plans when necessary
o Sticking to the task without being easily distracted
o Becoming actively involved in the problem
o Using calculators, computers, or other needed tools effectively

o Explaining organizational and mathematical ideas
o Supporting arguments with evidence
o Asking probing mathematical questions
o Completing the task
o Reviewing the process and the results

MATHEMATICS COMMUNICATION

o Discussing for clarification of the student's own ideas and to communi-

cate to others
o Communicating a process so that it is replicable
o Having the confidence to make a report to the whole class

o Representing capably and fairly a group consensus

o Synthesizing_and summarizing the student's own or a group's thinking

GROUP WORK

o Dividing the task among the members
o Agreeing on a plan or structure for tackling the task

o Taking time to ensure that all members understand the task
o Using the time in a productive way
o Remembering to record results
o Considering seriously and using the suggestions and ideas of others

From J.K. Stenmark, ed., Myths, Models, Good Questions, and Practical Suggestions (Reston, VA:

National Council of Teachers of Mathematics, 1991).
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Interviews

Interviews and conferences with students are a source of rich information re-
garding their thoughts, understandings, and feelings about mathematics. Stu-
dents receive encouragement and are given opportunities to grow mathemat-
ically. Teachers gain solid bases for modification of the curriculum or for
necessary reporting of students' progress.

An interview includes a planned sequence of questions, whereas a con-
ference implies discussion, with student and teacher sharing ideas.

"Hey, graphing really makes sense now!" "I need HELP!" These simple
comments tell the teacher a great deal more than any number grade. Having
students write a mathematics autobiography (see Figure D.2), set mathemat-
ics goals (see Figure D.3), or do some daily evaluation (see Figure D.4) fos-
ters first efforts at self-assessment in small, doable tasks.

Just asking students to write a few comments on the bottom of a com-
pleted investigation also gets at evaluation, especially if directed responses are
indicated. "What was your greatest 'Ah-ha' in this investigation? Tell about it"
(see Figure D.5). "Why was the second question in the lesson asked?" An ex-
tension of that is a requested reflection on learning. "Having worked through
this investigation, what would you say about the relationships among and be-
tween fractions, decimals, and percentages?" These kinds of questions help
students make the mathematics in what they've done come alive. "We cannot
retain m-uch of the mathematics we have seen or heard if we have-not appro-
priated it as our own" (Silver, Kilpatrick, and Schlesinger 1990, 21).

eflection
Reflection on tasks done is also important (see attached Figure D.6). A simple
notebook checklist can become an evaluation tool. "Have I included all of the
requested materials?" "Is my work organized in a meaningful fashion?" "Have
I written down my understandings of mathematical terms used in class?" Re-
flection on classroom contributions is also important. "What was the best con-
tribution to the class that I made today?" 'Whatwas the most difficult idea that

thad-to-deal with-today? How did I confront it?-Would I workwith such diffi-
culty the same way tomorrow?" Reflection on contributions to group work is
also important (see Figure D.7). "What was my task in the group today? Did I
do it well?" "Did our group work together well today? Why.or why not?" "How
could I help my group increase our learning tomorrow?"

Journals
Students should be encouraged and required to write about what they are
learning. The use of journals can provide the teacher with invaluable insights
into student thinking, thus helping the teacher provide instruction based on
student knowledge. Creating a journal form where a question is posed, stu-
dents have a space to respond to the question, and including a place for stu-
dents to write other comments and concerns can be very useful (see Figure
D.8). Journaling can help identify students who need help as well as students

Simple student
comments tell the
teacher a great deal
more than any number
grade.

"We cannot retain much
of the mathematics we
have seen or heard if we
have not appropriated
it as our own."
Silver, Kilpatrick, and Schlesinger
1990, 21

The use of journals can
provide the teacher
with invaluable insights
into student thinking,
thus helping the teacher
provide instruction
based on student
knowledge.
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A Success Story

FIGURE D.2 A Success Story
Jodean Grunow, Dodgeville Middle School, jodean.grunow@dPi.state.wi.us.
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Name:
Date:
Hour:

My Mathematics Goal(s)

FIGURE D.3 My Mathematics Goals
jodean Grunow, Dodgeville Middle School, jodean.grunow@dpi.state.wi.us.

Appendix D 412 399



Name:
Date:
Hour:
Activity:

Individual Daily Evaluation Sheet
Each time I learn something new I feel good.

Today I learned:

We've been trying to implement the Standards in our classroom. Today's lesson used Standard(s):

Special Comments:

FIGURE D.4 Individual Daily Evaluation Sheet
Jodean Grunow, Dodgeville Middle School, jodean.grunow@dpi.state.wi.us.
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Name:
Period:
Date:

My "Ah-Ha's!"

Date Ah-Ha!

FIGURE D.5 My "Ah-Ha's!"
Jodean Grunow, Dodgeville Middle School, jodean.grunow@dpi.state.wi.us.
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Name:
Hour:
Unit:
Due Date:

Unit Assignment Sheet
Date Assignment Grade

Assignment Average:

Test Grade:

Extra Credit Points:

Unit Grade:

FIGURE D.6 Unit Assignment Sheet
Jodean Crunow, Dodgeville Middle School, jodean.grunow@dpi.state.wi.us.
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Group Record Sheet

We began promptly and independently:

Today we learned:

We worked well when we:

We could improve if we were to:

We would like to know more about:

Yes

Date:
Hour/Group:
Activity:
Director:
Recorder:
Runner:
Checker:

No (Circle one.)

We worked well throughout the entire hour: Yes No (Circle one.)

Remember:

1. You are responsible for your own behavior.

2. You must be willing to help anyone in your group who asks.

3. You need to discuss the problem thoroughly to see if your group can find a solution. Then ask the
teacher for help.

FIGURE D.7 Group Record Sheet
Joclean Grunow, Dodgeville Middle School, jodean.grunow@dpi.state.wi.us.
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Name:
Period:
Date:

Mathematics Journal

Topic:

Response:

Other Comments:

FIGURE D.8 Mathematics Journal
Jane Howell, Platteville Middle School, howell@mhtc.net.
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who understand and are ready to move ahead, and it may raise questions for
the teacher that he or /she had not considered. Students can respond to writ-
ing prompts such as, "When I worked through this activity ...

I learned ...
I discovered ...
I was most comfortable with ...
I was confused about ...
I predicted ...
I found that, if I were to teach a younger student about this, I would ...
I was challenged by ...

Because of the pertinence of the information, journals should be read as
soon as possible by the teacher, and comments should be made and shared
with the student. The journals are written for student self-reflection, to con-
vey ideas informally, and for the teacher's edification; no grade needs to be as-
signed. Care needs to be exercised in the use of journals. If students are asked
to journal everyday in every class, sheer overload will defeat the purpose.

Writing in Mathematics
Several alternative assessment strategies require writing. The teacher needs
to keep in mind that students need to be taught how to write quality responses
to mathematical problems. To help students learn what needs to be included
in a quality response, the teacher can create a form prompting students to ad-
dress their understanding of the problem: What was the mathematics in this
investigation? How did you address each part of the problem? What exten-
sion question would you like to ask after doing this investigation? Students
can generate a written response as a group and then evaluate the response to
see if all aspects of the investigation are addressed.

Students can also, with teacher assistance, score their response on a
rubric basis. They can begin with an analytic rubric (see Figure D.9) that as-
signsNalue to-each-part-of-the-response. Moving-to holistic scoririp Often fa-
cilitated by evaluating the response as "acceptable" or "needs revision." Stu-
dents then need to help devise a holistic rubric that reflects what they believe
is embodied in an advanced, a proficient, a basic, or a minimal response. Stu-
dents, as they progress, need to be given an opportunity to revise or redo their
responses before final evaluation.

"It's in the writing that the learning takes place" (Fennema 1998). Stu-
dents need to explain their reasoning, verbally, with manipulatives, pictorially,
graphically, in tables, and in writing. Explaining asks the student to verify
original thinking and then to put it in a form -that others will understand. In so
doing, the student often continues to build on understanding. There is some-
times a debate about asking students to read for information or to explain re-
sults. Both are major parts of building the "language of mathematics" and of
augmenting knowledge growth. Writing, especially, asks for organization of
thought to convey meaning.

Students need to be
taught how to write
quality responses to
mathematical problems.

"It's in the writing
that the learning
takes place."
Fennema 1998
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Analytic Scoring for Problem Solving

Understanding the Problem

0 No attempt

1 Completely misinterprets the problem

2 Misinterprets major part of the problem

3 Misinterprets minor part of the problem

4 Complete understanding of the problem

Solving the Problem

0 No attempt

1 Totally inappropriate plan

2 Partially correct procedure but with major fault

3 Substantially correct procedure with minor omission or procedural error

4 A plan that could lead to a correct solution with no arithmetic errors

Answering the Problem

0 No answer or wrong answer based upon an inappropriate plan

1 Copying error; computational error; partial answer for problem with multiple answers; no an-

swer statement; answer labeled incorrectly

2 Correct solution

FIGURE D.9 Analytic Scoring for Problem Solving
From: Education Leadership, May 1992. (This complete issue was devoted to alternative forms of assessment.)
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Azzolino (1990) offers a list of instructional purposes of writing in mathe-
matics. Writing can:

Demand participation of the student.
Help the student summarize, organize, relate, and associate ideas (connec-

tions!).

Provide an opportunity for a student to define, discuss, or describe an idea or
concept.

Permit the student to experiment with, create, or discover mathematics inde-
pendently.

Encourage the personalization, assimilation, and accommodation of the math-
ematics being taught.

Assist the student in reviewing, refocusing, and reconsidering topics either
recently studied or considered long ago.

Assist in recording and retaining mathematical procedures, algorithms, and
concepts for future use.

Assist in translating or decoding of mathematical notation.
Assist in symbolizing or coding with proper notation.
Help the teacher diagnose a student's misconceptions and problems.
Provide an appropriate vehicle for the student to express and focus on nega-

tive feelings and frustrations as well as to emote and rejoice in the beauty
of mathematics.

Assist in the reading, summarizing, or evaluating of texts.
Collect evidence for research.

Being able to explain reasoning is extremely important for constructed re-
sponse items on formal assessments such as the Wisconsin Student Assess-
ment System Knowledge and Concepts Test. The thrust of the assessment is
a read on student knowledge and understanding. This is best obtained
through student writing.

finvesdgatöons and Open7Endedilues1ions
As students investigate large mathematical explorations such as comparisons
of area and perimeter, surface area and volume, questions can be presented
to students for consideration pertinent to the point at hand; in other words,
tailored to the understanding Of the moment. Students' responses to investi-
gations can indicate if students can

Identify and define a problem and what they already know.
Make a plan; create, modify, and interpret strategies.
Collect needed information.
Organize the information and look for patterns.
Discuss, review, revise and explain results.
Persist, looking for more information, if needed.
Produce a quality product or report (Stenmark 1989, 13).

Being able to explain
reasoning is extremely
important for
constructed response
items on formal
assessments such as
the Wisconsin Student
Assessment System
Knowledge and
Concepts Test.
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An open-ended question
is one in which the

student is given a
situation and asked to
solve the problem and
then to explain why or

how the solution was
reached.

It is important for
students to become

accustomed to
explaining .. . to

emphasize reasoning
and to convey

knowledge.

Camping Investigation is an example of this type of exploration from The

Language of Functions and Graphs, An Examination Module for Secondary

Schools (Shell Centre for Mathematical Education), 14-15.

Camping Investigation

0 n their arrival at a campsite, a group of campers are given a piece of string 50

meters long and four flag poles with which they have to mark out a rectan-

gular boundary for their tent. They decide to pitch their tent next to a river. This

means that the string has to be used for only three sides of the boundary.

1. If they decide to make the width of the boundary 20 meters, what will the

length of the boundary be?

2. Describe in words, as fully as possible, how the length of the boundary

changes as the width increases through all possible values. (Consider both

small and large values of the width.)

3. Find the area enclosed by the boundary for a width of 20 meters and for some

other different widths.

4. DraW a sketch graph to show how the area enclosed changes as the width of
the boundary increases through all possible values. (Consider both small and

large values of the width.)

The campers are interested in finding out what the length and tbe width of

the boundary should be to obtain the greatest possible area.

5. Describe, in words, a method by which you could find this length and width.

6. Use the method you have described in part 5 to find this length and width.

An open-ended question is one in which the student is given a situation

and asked to solve the problem and then to explain why or how the solution

was reached. Consider the illustrative item prepared to reflect items that
might appear on the Wisconsin Student Assessment System Knowledge and
Concepts Examination, Levels 19-21/22 as shOwn in Figure D.10.

This item is considered to address two standards: measurement and

problem solving. It is a constructed response item. An explanation is given:

"Constructed-response items that measure the problem-solving objective

generally relate to real-world situations that have elements of several mathe-
matical content areas. The sample item requires the student to use proce-
dures of measurement and algebra to devise and explain a strategy that will

lead to the solution of the problem." Not only does the item assess response
construction, but it calls for connections and analysis (Shafer and Romberg
1999). The scoring rubric for this item would call for a correct solution and an

explanation. Again, it is important for students to become accustomed to ex-
plaining ... to emphasize reasoning and to convey knowledge.
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Table A
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Table B

The people at Table A ordered a 12-inch pizza to
share equally among them. The people at Table B
ordered a 16-inch pizza also to share equally among
everyone at their table. Who got more pizza, a
person sitting at Table A or a person at Table B?
Explain your answer in the space below with words,
calculations, or diagrams.

FIGURE D.10 Mathematics Illustrative Levels, 19-21/22

13 Measurement

17 Problem Solving and Reasoning
Constnicted-response items that measure
the problem-Solving objective generally
relate to real-world situations that have
elements of several mathematical content
areas. The sample item requires the student
to use procedures of measurement and
algebra to devise and explain a strategy that
will lead to the solution of the problem.
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The Wisconsin
Knowledge and

Concepts Test includes
constructed-response

questions that are a
modification of

petformance assessment
tasks and require

students to show more
than just an answer.

The assessment
Standards Working

Groups (1995, 13)
suggest that "assessment

that enhances
mathematics [reasoning]

incorporates activities
that are consistent with,
and sometimes the same
as, the activities used in

instruction."

Performance AssessmeM
Performance assessment offers students a mathematics investigation. In solv-

ing the problem, students demonstrate understanding of the task (particularly

if some aspect of it is not clearly defined); describe and explain their ap-
proaches to the task and what methods and materials they used; show flexibil-
ity in their thinking such as starting with one strategy and recognizing its lim-

itations and switching then to a different strategy; communicate clearly the

strategy or strategies used; and show evidence of reflection by assessing if
their responses are appropriate for the initial question. The Wisconsin
Knowledge and Concepts Test includes constructed-response questions that
are a modification of performance assessment tasks and require students to
show more than just an answer. Consider the illustrative item prepared to re-
flect items that might appear on the Wisconsin Knowledge and Concepts Ex-
amination, Levels 10-14 as shown in Figure D.11.

This item contributes to the scores in two objectivesmeasurement and
communication. The student demonstrates an understanding of scale by
drawing the second tree twice the height of the first. The student can use the
ruler provided to determine the desired height, but that is not the only possi-
ble strategy. The student then validates the solution by explaining his or her
own decision-making process. Concepts in the communication objective in-
clude relating daily vocabulaiy to mathematical terminology and relating
models, diagrams, and pictures to mathematical ideas.

In a discussion of mathematical reasoning and the role of assessment
tasks, Peressini and Webb (1999, 157) suggest that mathematical reasoning
involves "gathering evidence, making conjectures, establishing generaliza-
tions, building arguments, and drawing (and validating) logical conclusions
about these various ideas and their relationships." With this view of mathe-
matical power, thinking, and reasoning, they contend that selection of "rich
tasks that expose students to situations in which they must invoke their math-
ematical power and demonstrate their ability to think and reason in problem-
solving situations" is "one of the most important activities" in which mathe-
matics teachers engage (see Figure D.12).

The Assessment Standards Working Groups (1995, 13) suggest that "as-
sessment that enhances mathematics [reasoning] incorporates activities that
are consistent with, and sometimes the same as, the activities used in instruc-
tion." Worthwhile mathematical tasks have the following characteristics:

Based on sound and significant mathematics
Use knowledge of students' understandings, interests, and experiences
Employ knowledge of the range of ways that diverse students learn mathematics

Engage students' intellect
Develop students' mathematical understandings and skills
Stimulate students to make connections and develop a coherent framework

for mathematical ideas
Call for problem formulation, problem solving, and mathematical reasoning
Promote communication about mathematics
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9 The tree in the picture is 10 feet tall. Next to
the tree, draw another tree that is 20 feet tall.

Explain how you decided how tall to draw
your tree.

FIGURE D.11 Mathematics Illustrative Items, Levels 10-14

13 Measurement

18 Communication

This item contributes to the scores
in two objectiveMeasurement
and Communication. The student
demonstrates an understanding of
scale by drawing the second tree
twice the height of the first. The
student can use the ruler provided
to determine the desired height, but
that is not the only possible strategy.
The-student-then-validates-the
solution by explaining his or her
own decision-making process.
Concepts in the Communication
objective include relating daily
vocabulary to mathem4ical
terminology, and relating models,
diagrams, and pictures to
mathematical ideas.
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ESSENTIAL The task fits into the core of the curriculum. vs. TANGENTIAL

It represents a "big idea."

AUTHENTIC vs. CONTRIVEDThe task uses processes appropriate to the discipline.

Students value the outcome of the task.

RICH The task leads to other problems. vs. SUPERFICIAL

It raises other questions.

It has many possibilities.

ENGAGING vs. UNINTERESTINGThe task is thought-provoking.

It fosters persistence.

ACTIVE The student is the worker and decision maker. vs. PASSIVE

Students interact with other students.

Students are constructing meaning and deepening.
understanding.

FEASIBLE The task can be done within school and
homework time.

It is developmentally appropriate for students.

It is safe.

vs. INFEASIBLE

EQUITABLE r The task develops thinking in a variety of styles. vs. INEQUITABLE

It contributes to positive attitudes.

OPEN The task has more than one right answer.

It has multiple avenues of approach, making
it accessible to all students.

vs. CLOSED

FIGURE D.12 Criteria for Performance Tasks
J. K. Stenmark, ed. Mathematics Assessment: Myths, Models, Good Questions, and Practical Suggestions (Reston, VA: Nationai Council of

Teachers of Mathematics, 1991).
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Represent mathematics as an ongoing human activity
Display sensitivity to, and draw on, students' diverse background experiences

and dispositions
Promote the development of all students' dispositions to do mathematics

(Commission on Teaching Standards 1991, 25).

Shafer and Romberg (1999) note that assessment needs to include atten-
tion to levels of reasoning: reproduction, connections, and analysis. Well-
selected tasks often embody all components of reasoning. For example, an
item could be written that would assess reproduction of understanding re-
garding factors: "Find all of the factors of 36." The student would need to re-
call what a factor is, would need to know multiplication facts, and would need
to be able to apply both understandings to the item. The item is, however, not
highly motivating and is totally recall dependent. If, however, the item be-
came an item based on the game of Taxman (Mathematical Sciences Educa-
tion Board 1993, 101-14), it would be much more engaging and much more
could be learned. The game calls for a listing of numbers, i.e., 1-6. One stu-
dent selects a number. The partner gets to take all the factors of that number.
If 4 is selected, the first player gets 4 and the partner gets 1 and 2, factors of
4, and has a total of 3. The partner can then select 3, 5, or 6. However, there
are no remaining factors to be selected, so the game terminates. An assess-
ment item built on the game might give 10 numbers and ask the student to
select his first move and explain why he had selected it. The item is interest-
ing, it checks understanding of factors in a manner that allows the student to
actually apply his knowledge, and it connects to previous learning (playing the
game).

A performance item might take Taxman a step farther and ask for a math-
ematical analysis of the best pick and the worst pick if the game were to use
50 or 100 (Lappan et al. 1996). This item would then ask the student to con-
ceive of how he/she might convey mathematically what would happen. It
would be calling for analysis, certainly connections to the original compo-
nents, and would check not only factors but also tacit understanding of

_primes,_cornposites, abundant,-deficient,-and-perfect- numbers. -(Hopefully,
because the student is experiencing all of those components of number as the
game is played, the class would discuss the terms and talk about how they ar-
rived at them.)

The Wisconsin Center for Educational Research and the Department of
Public Instruction worked on a project designed to produce performance as-
sessments for the state assessment. The Wisconsin Criteria for Quality Tasks
(Fortier and Moser, 1992) called for authenticity (realistic and relevant), inte-
gration (drawing on knowledge from several disciplines, integrating with
higher level thinking skills, and using processes such as writing and comput-
ing), collaboration (group work), transferability (placed in a meaningful con-
text and requiring transfer of skills from one discipline to another), tools and
technology (as used in the classroom), duration (sustained efforts over longer
periods of time), sense of time (drawing on past, present, and future orienta-
tions), and a sense of place (aesthetics, civility, etc.), sense of culture (foster a
feeling for the richness of culture[s]).

Shafer and Romberg
(1999) note that
assessment needs to
include attention to
levels of reasoning:
reproduction,
connections, and
analysis. Well-selected
tasks often embody
all components
of reasoning.
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Scoring of
[petformance] tasks

required development
of assessment rubrics.

Students, too, can help
in evaluation of

learning and
assessment tasks.

Concept mapping is an
assessment method that

combines an open-
response format and the

hierarchical thrust of
the superitem method of

assessing domain
understanding.

Scoring of such tasks required development of assessment rubrics. The
rubrics characterized the degree to which students had met the requirements

of the task and included the designations of exemplary, competent, satisfac-

tory,. inadequate, and no attempt (see Figure D.13). Descriptions of compo-

nents of each were written in a generic form and also in task-specific forms.
Scoring was done by two assessors and were juried if there was a discrepancy.

Scoring was highly reliable. With permission from the Department of Public

Instruction Office of Educational Accountability, one of these performance

items follows (see Figure D.14).
There have been far-reaching efforts designed to aid in use of perfor-

mance tasks. Some notable examples and excellent sources of performance

items are the following:

Clarke, D. 1988. Assessment Alternatives in Mathematics. Melbourne, Aus-

tralia: Jenkin Buxton Printers Pty Ltd.
Danielson, C. 1997. A Collection of Performance Tasks and Rubrics. Larch-

mont, NY: Eye on Education.
MacDonell, A., and C. Anderson, eds. 1999. Balanced Assessment for the

Mathematics Curriculum: Berkeley, Harvard, Michigan State, Shell Cen-

tre. White Plains, NY: Dale Seymour Publications. (Available for elemen-

tary, middle school, and high school, two levels, these materials come with
examples of student work and analysis of scoring criteria for the work.)

New Standards. 1997. Performance Standards. Pittsburgh: National Center
on Education and the Economy and the University of Pittsburgh.

Shell Centre for Mathematical Education. 1984. Problems with Patterns and
Numbers. University of Nottingham, UK: Joint Matriculation Board.

. 1985. The Language of Functions and Graphs. University of Notting-
ham, UK: Joint Matriculation Board.

Students, too, can help in evaluation of learning and assessment tasks. At

the time that the Wisconsin Center for Educational Research and the De-
partment of Public Instruction were working on items for a performance
component of the state assessment, a set of questions was developed to help
students evaluate tasks when they had completed them. The set of questions

is very easily used with students and helps them assess both the mathematics
in the task and the task itself. (See Figure D.15.)

Concepq MappAng
Concept mapping is an assessment method that combines an open-response
format and the hierarchical thrust of the superitem method of assessing do-

main understanding. Concept maps use nodes (circles) for mathematical con-
cepts; lines, to connect the concepts and form propositions; arrows, to indicate
directionality; placement, to show hierarchy. "To construct a concept map, the
developer must have complete understanding of the domain to be represented
in order to (a) appropriately select the major concepts; (b) hierarchically place

those concepts; (c) adequately represent the relationships between and among

the concepts; and (d) visually represent cause and effect" (Grunow 1999, 44).
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Wisconsin Student Assessment System
Performance Assessment Development Project:

Draft Mathematics Scoring uhric

(E) EXEMPLARY RESPONSE:
E.1 Complete in every way with clear, coherent, unambiguous and insightful explanation;
E.2 Shows understanding of underlying mathematical concepts, procedures, and structures;
E.3 Examines and satisfies all essential conditions of the problem;
E.4 Presents strong supporting arguments with examples and counterexamples as appropriate;
E.5 Solution and work is efficient and shows evidence of reflection and checking of work;
E.6 Appropriately applies mathematics to the situation.

(D) PROFICIENT RESPONSE:
More than COMPETENT; but not EXEMPLARY.

(C) COMPETENT RESPONSE:
C.1 Gives a fairly complete response, with reasonably clear explanations;
C.2 Exhibits minor flaws in underlying mathematical concepts, procedures, and structures;
C.3 Examines and satisfies most essential conditions of the problem;
C.4 Draws some accurate conclusions, but reasoning may be faulty or incomplete;
C.5 Solution and work show some evidence of reflection and checking of work;
C.6 Applies mathematics to the situation.

(B) MINIMAL RESPONSE:
Needs development; minimally ADEQUATE but not COMPETENT.

(A) INADEQUATE RESPONSE:
A.1 Response is incomplete and eiplanation is insufficient or not understandable;
A.2 Exhibits major flaws in underlying mathematical concepts, procedures, and structures;
A.3 Fails to address essential conditions of the problem;
A.4 Uses faulty reasoning and draws incorrect conclusions;

Shows-no evidence-of-reflection-and checking of work;
A.6 Fails to apply mathematics to the situation.

(TF) NO ATTEMPT:
or Provides irrelevant or no response;
(AB) Copies part of the problem but does not attempt a solution;

Illegible response.

FIGURE D.13 Wisconsin Student Assessment System Performance Assessment Development Project:
Draft Mathematics Scoring Rubric
DRAFT: Scoring Institute, April 22-23, 1994
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A Mile of Coins

Your class is going to have an overnight field trip to an amusement park. The class has decided to pay

for the trip by collecting a mile of coins. You must gather enough coins of one single type that they

would stretch for one mile if the coins were laid out side by side. The coins also must provide enough

money to pay all of the expenses of the trip.

Here is some needed information:

Diameter of Coins
Penny 3/4 inch Nickel 7/8 inch Dime 11/16 inch Quarter 15/16 inch

Travel Expenses
Bus transportation $ 900

Lodging in Motel $2,600

Park Admission $1,500

Food Students provide for themselves

Measurement Equivalents
1 mile = 5,280 feet 1 foot = 12 inches

Which type of coin should be used to make your Mile of Coins?

Show all of your work and describe the reasoning you used to determine the answer. If your choice pro-

vides more money than is needed to meet expenses, give a reasonable plan of how the excess will be

used.

(See attached advanced student response.)

FIGURE D.14A A Mile of Coins
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A MILE OF COINS

Your class is going to have an overnight field trip to an amusement park. The
class has decided to pay for the trip by collecting A Mile of Coins. The Mile of
Coins must be enough coins of one single type that they would stretch for one
mile if the coins were laid out side-by-side. The coins also must provide enough
money to pay all of the expenses of the trip.

Here is some needed information:

Diameter of coins
7Penny 3 inch Nickel inch Di

11
i 15

ime .37 nch Quarter 37 nch

lar.dtoTravel Expenses 1 50 0
3 ct 0 9Bus transportation $900

#07270Lodging in Motel $2600
Park Admission $1500
Food Students provide for themselves

Measurement Equivalents
1 mile = 5280 feet 1 foot = 12 inches

1. Which type of coin should be used to make your Mile of Coins? D eS
Show all work and describe the reasoning you used to determine the answer.

e ,wv.. If your choice provides more money than is needed to meet expenses, give a
reasonable plan of how the excess will be
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FIGURE D.14B A Mile of Coins (continued)
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What did you think about this task?

Now that you have finished this task, would you please take time to respond to the following questions?
Your honest comments will be used to improve these tasks. Again, thankyou for your help!

Write the name of the task:

1. How did the task catch your interest and motivate you to do your best work?

2. What mathematics did this task require you to use? Please explain.

3. What changes do you recommend to make this task better?

4. What materials/supplies did you use, or would you have liked to use, to complete this task?

FIGURE D.15 What Did You Think About This Task?
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Scoring [of concept
maps] is highly reliable.

Shafer and Romberg
(/ 999) list end-of-unit

assessments and end-of-
grade-level assessments

as formal assessments.

All formal assessments
need to be cognizant

of mathematical
reasoning.

Concept-based assessment, as envisioned by Ruiz-Primo and Shavelson

(1997), is composed of a task, a form for the student's response, and a scoring

system. They found that concept maps pinpoint well understanding of the

topic as well as misconceptions regarding it. Scoring is highly reliable. Bartels

(1995) found concept mapping a useful tool for "explicitly stressing mathe-
matical connections" (542). Other recent studies have yielded positive results:

with university calculus classes (Williams 1998), with monitoring of fourth
and sixth grade students' understandings over the course of time (Hasemann

and Mansfield 1995), with college algebra and trigonometryclasses (Entrekin

1992), with prospective teachers' concept development (Beyerback 1986),

and with domain knowledge gain in a professional development setting

(Grunow 1999).
Concept mapping, akin to story mapping, scientific cycle maps, and social

studies cause/effect diagrams, is finding current use in curriculum mapping
and in interpreting the intent of standards statements. Several districts have

used concept mapping to "unpack" the standards and then to plan for imple-

mentation of specific concepts. Identification of the ideas that go in the cir-
cles often helps with understanding the sentence. Then, arrangement of the

circles and the cause/effect arrows helps teachers determine the manner in
which the concepts should be taught (see Figure D.16).

Formall Assessments
Listing end-of-unit assessments and end-of-grade-level assessments as for-

mal assessments, Shafer and Romberg (1999) describe assessment activities
offered in realistic contexts different from the ones used during instruction.
These activities allow students an opportunity to reflect on class experiences
to use as a basis for building approaches to the parallel but unfamiliar prob-
lems; it allows for creativity. The questions provide opportunity for students

to use reproduction, connections, and analysis. The items allow students "to
provide ample evidence of their abilities to apply their mathematical knowl-

edge in new situations, to articulate their understanding of the concepts in a
domain, and to make mathematics their own as they mathematize the prob-
lem situations" (177). The final component of formal assessment, growth

over time, suggests accumulation of evidence based on multiple types of as-
sessments. All formal assessments need to be cognizant of mathematical rea-

soning.

Portfonos
Portfolios are collections of students' work (see Figure D.17). The collection

can include assignments, projects, reports, writings, etc. The portfolio show-

cases student work and shows "progress in, attitudes toward, and understand-
ing of mathematics in a comprehensive way" (Stenmark 1991, 35). Portfolios

"show much more than a single test" or collection of tests.
Using portfolios can be extremely valuable in a variety of ways. They can

be used as a tool to create discussion between a child and the parents and can
be useful in parent conferences.To prepare these portfolios, students select
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INSIDE A PORTFOLIO

A solution to an
open-ended question
done as homework
not just a neat set
of figures, but show-
ing originality and
unusual procedures

A mathematical
autobiography

Teacher-
completed
checklists

Work in the
student's primary
language

A report of a group project, with
comments about the individual's
contribution, for example:

A survey of adult use of
mathematics in work

A review of media use of
mathematics

Work from another subject area
that relates to mathematics, such as
an analysis of data collected and
presented in a graph for social
studies

A problem made
up by the student,
with or without a
solution

Art work done by
the student, such
as string designs,
coordinate
pictures, and scale
drawings or maps

Notes from an
interviewby the
teacher or another
student

Papers that show
the student's correc-
tion of errors or
misconceptions

A photo or sketch
made by the student
(or teacher) of a
student's work with
manipulatives or
with mathematical
models of multi-
dimensional figures

The focus in student portfolios is on these items:
0 Student thinking
o Growth over time

(Be sure to date all papers.)
0 Mathematical connections

Student views of themselves as
mathematicians

o The problem-solving process

Excerpts from a
student's daily
journal

A letter from the student to the reader of
the portfolio, explaining each item

A table of contents

Draft, revised, and
final versions of
student work on a
complex mathematical
problem, including
writing, diagrams,
graphs, charts, or
whatever is most
appropriate

A description by the
teacher of a student
activity that displayed
understanding of a
mathematical concept
or relation

FIGURE D.17 Inside a Portfolio
J. K. Stenmark, ed. Mathematics Assessment: Myths, Models, Good Questions, and Practical Suggestions (Reston, VA: National Council of

Teachers of Mathematics, 1991).
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several samples of their work and write comments about why they've chosen
those samples.

More extensive portfolios can be used for formal assessment. Students
can see their growth over time and can-showcase some of their work. Teach-
ers can incorporate a portfolio grade into their grading system for the quarter.
Indeed, programs can be evaluated using portfolios (see Figures D.18 and
D .19).

One of the greatest values of portfolios is student self-assessment. When
the student goes through the pieces he or she has produced, reflection on
growth over time is inherent, consistency of performance is abundantly clear,
topics covered are reviewed, and the sheer amount of learning that has taken
place over the course of time is evident. Selection of tasks representative of
his or her work is another reflective, evaluative exercise. The student identi-
fies work that is best, most enlightening, most challenging, most fun, hardest,
and so on. Explanation of why the selections were made encourages self-
analysis and use of writing skills to demonstrate mathematical learning.

Management of the portfolios is often one of the deterrents to using
them. Knowing the worth of the information that portfolios convey, teachers
have devised unique systems of organization. One of these methods is to use
the portable milk-crate hanging file units. Each class can have its own unit.
Color coding can be used effectively to designate classes. Colored file folders
can be hung in the crate and labeled with the students' names. Colored file
folders labeled also with the students' names can then be placed inside the
appropriate hanging file folders. The file folders can then be readily removed
to insert "keepers" and replaced easily in the hanging unit. The portable
crates allow for portability so teachers can take a class to examine at a time.
The crates can also be stacked to conserve space. Other teachers designate a
single file cabinet for keeping the materials. Obviously, portfolios are effec-
tive only if materials are kept and organized.

One of the greatest
values of portfolios is
student self-assessment.

Obviously, portfolios
are effective only if
materials are kept
and organized.
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Portfolio/Unit Scoring Rubric

Unit Assignments

Neatly assembled

Unit assignment sheet completed

All Papers included in order

Grades recorded

Paper headings complete

Portfolio Assessment

Neatly assembled

Portfolio inclusion sheet completed

All papers included in order

Selections included as requested

Special/unique touches

Total

Total/10

FIGURE D.18 Portfolio/Unit Scoring Rubric
Jodean Grunow, Dodgeville Middle School, jodean.grunow@dpi.state.wi.us.
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Holistic Rubric for Using Portfolios to Evaluate Programs

Here is a sample holistic rubric for evaluating a group of portfolios. As with open-ended ques-
tions, many portfolios should be reviewed before your own rubric is finally developed and ap-
plied. Collect student work for a while; then take a class set of portfolios and sort them into sev-
eral stacks.

One of the major benefits of portfolios is the opportunity for students and teachers to present
their own best thinking and their most creative work rather than the thinking and work pre-
scribed by others. It is recommended that this rubric be used only as a start in developing your
own rubric.

Level 4 (Top Level)
The Level 4 portfolio is exciting to look through. It includes a variety of written arid graphic math-
ematical work, indicating both individual and group work. Projects, investigations, diagrams,
graphs, charts, photographs, audiotapes or videotapes, and other work indicate a broad and cre-
ative curriculum that leads students to think for themselves. There is evidence of student use of
many resources: calculators, computers, reference libraries, and conversations with adults and
students. Papers display student organization and analysis of information. Although neatness may
not be a primary requisite, clarity of communication is important. Student self-assessment is
shown by revisions of drafts, letters that explain why the student chose certain papers, or student-
generated assessment lists or reports. Improvement in communication over time is reflected in
samples from the beginning, middle, and end of the term. Student work reflects enthusiasm for
mathematics.

Level 3
The Level 3 portfolio indicates a solid mathematics program. There is a variety of types of work
presented, as in the top level. Students are able to explain fairly well their strategies and problem-
solving processes. Some use of resources and group work may be evident, and students indicate
good understanding, especially of basic mathematics concepts. Work over a period of time is in-
cluded. The factors most likely to be missing are indications of student enthusiasm, self-assessment,
extensive investigations, and student analysis of information.

Level 2
The -Level 2 portfolio-indicates an adequatb mathematics program, somewhat bound by textbook
requirements. There is little evidence of student original thinking as shown by projects, investiga-
tion, diagrams, and so on. Student explanations of the process by which they solved problems are
minimal. There may be an overconcentration on arithmetic or similar algorithmic topics and a re-
sulting lack of work from other content areas.

Level 1
The Level 1 portfolio includes almost no creative work and may consist mainly of ditto sheets or
pages copied from a textbook. There is almost no evidence of student thinking. Papers are likely
to be multiple-choice and short-answer and show no evidence that students are discussing math-
ematical ideas in class. Students do not explain their thinking about mathematical ideas.

FIGURE D.19 Holistic Rubric for Using Portfolios to Evaluate Programs
Stenmark, J. K., ed. Mathematics Assessment: Myths, Models, Good Questions, and Practical Suggestions (Reston, VA: National Council of
Teachers of Mathematics, 1991.
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Performance Assessment
Rubric Scoring

(See Chapter 3: CIA (Curriculum, Instruction, Assessment)an Integrated Whole.)
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General Proficiency Categories

Advanced

The student is distin-
guished in the content
area. Academic achieve-
ment is beyond mastery.
Test scores provide evi-
dence of in-depth under-
standing in the academic
content area tested.

Proficient

The student is competent
in the content area. Aca-
demic achievement in-
cludes mastery of the im-
portant knowledge and
skills. Test scores shows ev-
idence of skills necessary
for progress in the aca-
demic content area tested.

Basic

The student is somewhat
competent in the content
area. Academic achieve-
ment includes mastery of
most of the important
knowledge and skills. Test
score shows evidence of at
least one major flaw in un-
derstanding the academic
content area tested.

Minimal Performance

There is limited achieve-
ment in the content area.
Test score shows evidence
of major misconceptions or
gaps in knowledge and
skills in the academic con-
tent area tested.

Mathematics Proficiency Descriptors
Elementary Mathematics at Grade 4

Proficiency Level
(Scale Scores) Proficiency Descriptors

Advanced Demonstrates all the characteristics of proficient performance; consistently exhibits superior

(659 and above) performance, especially in problem solving and mathematical communication.
In data analysis, draws information from multiple sources and infers solutions, providing data-

based conclusions.
When solving real-world, nOn-routine problems, employs multiple strategies, where applicable,

as well as shows in-depth reasoning.
Displays a highly developed sense of number and number relations and an understanding of
number theory and the properties of numbers and operations.

Proficient
(623 to 658)

Consistently exhibits mastery of basic conceptual knowledge, skills, and problem solving.
Applies the four fundamental operations with whole numbers, adds and subtracts decimals and

fractions, and determines the reasonableness of answers.
In geometry identifies two- and three-dimensional figures, congruence of figures; uses physical

models to examine relationships.
Analyzes data from visual displays and applies it to solve problems.
Uses appropriate tools, understands appropriate units, and measures length to a specified de-

gree of accuracy.

Basic Demonstrates a good portion of expected conceptual knowledge and skills but may not be as

(581 to 622) proficient in applying them to problem solving situations.
Solves simple one-step story problems.
Mathematical computation is limited to addition and subtraction of whole numbers, simple
basic multiplication facts, and addition of decimals without regrouping.
Recognizes, fills-in and extends numerical and geometric patterns. Reads a ruler and a ther-

mometer.

Minimal
Performance

Limited achievement. Evidence of major misconceptions or gaps in the knowledge and skills

tested.

Taken from Final Summanj Report of the Proficiency Score Standards (Department of Public Instruction, Office of Educational Account-

ability, 1997).
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Middle Level Mathematics at Grade 8
Proficiency Level
(Scale Scores)

Advanced
(750 and above)

Proficiency Descriptors

Consistently demonstrates very high levels of conceptual understanding, numerical, geometric
and measurement sicills, and problem solving ability.
Accurately applies computational skills with whole numbers, fractions, decimals, percents and
integers to the solution of non-routine problems.
Uses knowledge of statistical techniques and theory of probability to establish conclusions and
infer future events.
Communicates in a thorough and logical manner about solution strategies, the validity of their
own conjectures, and the inferences of others.

Proficient
(718 to 740)

Demonstrates mastery of computational and estimation skills with decimals, fractions, and
integers and applies these skills to the solution of two-step problems.
Shows ability to work with various kinds of visual displays of data, using them to support con-
clusions.
Applies measurement skills to determine perimeter and area in both customary and metric
units.
Demonstrates competent analysis, solving, and evaluation of solutions to real-world problems
by using appropriate symbols, tables, graphs, and algebraic expressions.

Basic Demonstrates somewhat competent conceptual knowledge and skills.
(674 to 717) Performs basic operations on whole numbers, decimals, and some fractions. In data analysis,

works with bar and line graphs and determines possibleoutcomes of given events.
In geometry and measurement, recognizes most two- and three-dimensional figures, identifies
congruence and similarity, and solves simple indirect measurement problems with physical
models.
Works backward and uses guess-and-check as techniques to solve problems.

Minimal
Performance

Limited achievement. Evidence of major misconceptions or gaps in the knowledge and skills
tested.
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High School Mathematics at Grade 10

Proficiency Level
(Scale Scores)

Advanced
(782 and above)

Proficiency Descriptors

o Consistently demonstrates in-depth understanding olconceptual knowledge, problem solving
skills and ability to communicate in a thorough, logical, and articulate fashion.
Utilizes tools of data analysis, probability, and statistics to thoroughly examinedata, make infer-

ences, and draw conclusions.
Demonstrates use of a wide variety of high level algebraic, geometric and measurementskills.

Uses direct and indirect reasoning, gives examples while solving problems, makes conjectures,
and/or judges the validity of the inferences of other persons.

Proficient
(744 to 781)

Consistently demonstrates the ability to apply conceptual knowledge andskills to a variety of

problems.
G Shows mastery of computation with and without calculators and estimates computations in

real-life situations.
Other numerical skills include working with patterns, ratio and proportion, formulas, and
translating amongst equivalent forms such as exponents, fractions, decimals, percents, and sci-

entific notation.
Uses data presented in graphical form to rationalize and support arguments, inferences, or

conclusions.
Works with probability of simple events, communicating about it with fractions, decimals, and

percents.
Competent demonstration of measurement skills, including facilitY with scale drawings, are

well developed.

Basic G Demonstrates somewhat competent success with most conceptual knowledge and skills,

(716 to 743) although level of mastery is less than that of proficient performance.
G Supports conclusions with some clarity.

Somewhat competent with the basic operations with whole numbers, decimals, fractions, deci-

mals and percents.
G Uses appropriate measuring tools to obtain direct measurements and ratio and proportion for

indirect measurements.
O Algebraic skills include pattern recognition, substitution to solve equations and formulas, inter-

pretation and use of expressions, and solution of one-step equations.
Works backwards and uses guess-and-check to solve problems.

Minimal
Performance

Limited achievement. Evidence of major misconceptions or gaps in the knowledge and skills

tested.

Taken from Final Summary Report of the Proficiency Score Standards (Department ofPublic Instruction, Office of Educational Account-

ability, 1997).
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Sample Scoring Process

Scoring Process

Assemble team of people to score the tasks.

Sun Prairie Experience

We used two models:
Volunteers scored for 4 to 5 days during the summer.
One day during the school year was arranged for those that
were interested in only a one-day commitment. This gave an
opportunity for more teachers to have first-hand experience in
the assessment process. Teachers from a variety of grade levels
were invited to participate, even though their grade level was
not being assessed.

Work through one task as individuals.
Discuss questions arid responses.
Repeat for each task to be scored.

This is an extremely important step. The teachers who score the
task need to actually do them to fully understand the task and the
potential range of acceptable responses. The discussion is also ex-
tremely valuable as varying perspectives were shared.

Review "task-specific" rubric. In order to score the tasks, teachers need to fully understand the
rubric: what the various criteria mean and how to evaluate stu-
dents' responses.

Look at student work examples
and group papers according to rubric criteria.

All teachers first score the same set of student work and then, in
small groups, compare results to determine consistent interpreta-
tion of the rubric criteria.

Discuss concerns. As a large group, it is important to look at any possible misinter-
pretations of the rubric.

Score sets of papers using the rubric.
Using teams of two, each person scores

independently. When the entire set of papers
has been scored, compare results. When the
scores agree, record the score on the recording
sheet (see below for a sample). When scores do
not coincide, discuss reasons. If a mutually
agreeable score cannot be reached, a third person
will evaluate the task to determine the final score.

The total set of papers should be divided among the number of
two-person scoring teams. Every effort should be made to have
teachers score papers that are not from their own class to avoid
"inferring what Johnny or Suzie probably meant."

Record results. In a district with multiple buildings,_it is helpful to have papers
alpfiabefiied and scoring sheets printed with student names (see
sample below).

Analyze data. Recording results on a spreadsheet will allow for analyzing data
in various charts and graphs.

Used with permission of Sun Prairie School District. Contact: Diana Kasbaum, Eastside Elementary School, e-mail
diana_kasbaum@wetn.pbs.org.
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Rubric for Scoring Mathematics
Performance Assessment

Milwaukee Public Schools

4 Advanced/Exceeding
Strategy An appropriate strategy is used effectively.
Organization The response is highly organized and well documented,
Communication Responses to all parts of the prompt are effective and appropriate.
Solution A correct solution is presented.
Mathematics Efficient, accurate use of mathematics is evident throughout.

3 Proficient
Strategy An appropriate strategy is used.
Organization The response is sufficiently organized and documented.
Communication Response is communicated and understandable.
Solution A basically correct solution is presented.
Mathematics Appropriate mathematics is applied with only minor flaws.

2 Basic
Strategy A strategy is attempted but is incomplete or poorly carried out.
Organization The response is poorly organized and insufficiently documented.
Communication Response is vague or reflects inadequate understanding.
Solution A partial or incorrect solution is presented.
Mathematics Some of the mathematics used is inappropriate or frequently flawed.

1 Minimal
Strategy No strategy is attempted, or it is unclear what the strategy is.
Organization The response is disorganized.
Communication Response reflects random thoughts or haphazard restatements of fact.
Solution Minimal to no response is presented.
Mathematics Little or no use of appropriate mathematics is presented.

0 Not Scorable

Used with permission of Milwaukee Public Schools. Contact: Dr. DeAnn Huinker, University of WisconsinMilwaukee, huinker@uwm.edu.
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Piloting Materials

(See Chapter 3: CIA (Curriculum, Instruction, Assessrnent)an Integrated Whole.)
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Why Journal?

In a majority of classrooms that are identified as exemplary, we see children engaging in
reflective activities. Often this reflection comes by way of the journal.

Over the course of the upcoming school year, you will be asked to respond weekly to a se-
ries of focus questionsone question each week. Some of these questions will cause you
to examine your teaching, some will ask you to think about student learning. Others will
invite sharing parent input or feedback; still others will ask you to collect student work
samples. In every case it is our hope that you will take time to reflect on the work you are
doing with children and grow as a professional.

What value does a journal have?
It records important news of the day.
It provides commentary, experiences, and editorial insights.
It gathers the thoughts of our neighbors on the important issues of the day.
With time, it offers us an overview (a bird's-eye view) about the really important con-
cepts of the day.

So, too, this journal will provide both our Muskego-Norway math pilot teachers and other
interested readers with insights into

Support systems for the math plloters to better enable networking
Dipsticking for areas of strength and concern
Measurement of the climate of the district regarding math instruction
Direction and helpful guidelines
Qualitative data which gives the innermost feelings of our mathematics pilot staff
Resources for addressing the needs and concerns of the staff

Used with permission of Muskego-Norway School District. Contacts: Carol J. Apuli, Director of Curricu-
lum; Eileen P. Reider, Principal, Muskego Elementary School.
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Teacher's Response

Other Teacher Comments

Reply from Eileen and/or Carol

Used with permission of Muskego-Norway School District. Contacts: Carol J. Apuli, Director of Curriculum; Eileen P. Reider, Principal,
Muskego Elementary School.
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How Could a Brownie Be A Problem?

Each weekend Morn tries to bake a treat. The family especially likes it when she bakes brownies. To make sure that
Dad gets in on the treats, Morn always takes the first brownie and sets it aside for him.

Then, Dad likes to make that brownie last as long as he can. So, on the first day, he sneaks into the ldtchen and eats
half of the brownie. Then he carefully puts what's left in a baggie so it'll stay fresh. The second day he eats half of
what remains of the brownie from the first day; on the third day he eats half of what remains from the second day, and

so on.

If Dad continues this process over the course of the week (seven days), how much of the brownie has he eaten? How
much is left? If the process continues, can he make the brownie last all week until Mom bakes again?

Day

Start

Amount of Brownie Eaten Sum Amount of Brownie Not Eaten

1

2

3

4

5

6

10

454

483
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perndriK
safrings

.10 1r ever Say Anything a Kid Can Say!" is an article written by one of
the guidelines task force members, Steven Reinhart, that ap-
peared in the NCTM journal, Mathematics Teaching in the Mid-

dle School. It is a wonderful article that provides insight into the development
of meaningful classroom discourse congruent with the vision of the various
standards pieces and this document. Thanks to Steve for sharing this with us!

"Getting Started at Improving Your Math Education Program: One Dis-
trict's Ongoing Story," was written by Glen Miller, director of curriculum for
the Kiel School District, another one of the task force members. It,is a reflec-
tive piece written to share some of the thoughts, processes, and results in-
volved in focusing district effort on improvement of the mathematics pro-
gram. Glen has lead his district through an extensive evaluation of the Kiel
mathematics program and is now in the process of supporting implementa-
tion of three standards-based curricula. The process has been one of the most
carefully devised and executed and is a model for other districts to emulate.
We appreciate Glen's efforts and his sharing of his district's story.

Never Say Anythhig a Kid Can Say!
Steven C. Reinhart'

After extensive planning, I presented what should have been a masterpiece
lesson. I worked several examples on the overhead projector, answered every
student's question in great detail, and explained the concept so clearly that
surely my students understood. The next day, however, it became obvious
that the students were totally confused. In my early years of teaching, this sit-
uation happened all too often. Even though observations by my principal
clearly pointed out that I was very good at explaining mathematics to my stu-
dents, knew my subject matter well, and really seemed to be a dedicated and
caring teacher, something was wrong. My students were capable of learning
much more than they displayed.

Implementing Change over Time
The low levels of achievement of many students caused me to question how I
was teaching, and my search for a better approach began. Making a commit-
ment to change 10 percent of my teaching each year, I began to collect and

'Steven Reinhart, steven_reinhart@wetn.pbs.org, taught mathematics at Chippewa Falls Mid-
dle School, Chippewa Falls, WI 54729. He is interested in the teaching of algebraic thinking at
the middle school level and in the professional development of teachers.

461

494



Each year, my goal
was simply to teach a

single topic in a better
way than I had the

year before.

It was not enough
to teach better

mathematics; I also
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strategies that require

all students to
participate.

use materials and ideas gathered from supplements, workshops, professional
journals, and university classes. Each year, my goal was simply to teach a sin-
gle topic in a better way than I had the year before.

Before long, I noticed that the familiar teacher-centered, direct-instruction
model often did not fit well with the more in-depth problems and tasks that I
was using. The information that I had gathered also suggested teaching in
nontraditional ways. It was not enough to teach better mathematics; I also
had to teach mathematics better. Making changes in instruction proved diffi-
cult because I had to learn to teach in ways that I had never observed or ex-
perienced, challenging many of the old teaching paradigms. As I moved from
traditional methods of instruction to a more student-centered, problem-
based approach, many of my students enjoyed my classes more. They really
seemed to like working together, discussing and sharing their ideas and solu-
tions to the interesting, often contextual, problems that I posed. The small

changes that I implemented each year began to show results. In five years, I
had almost completely changed both what and how I was teaching.

The Rmdamental Flaw
At some point during this metamorphosis, I concluded that a fundamental
flaw existed in my teaching methods. When I was in front of the class demon-
strating and explaining, I was learning a great deal, but many of my students
were not! Eventually, I concluded that if my students were to ever really learn
mathematics, they would have to do the explaining, and I, the listening. My
definition of a good teacher has since changed from "one who explains things
so well that students understand" to "one who gets students to explain things
so well that they can be understood."

Getting middle school students to explain their thinking and become ac-
tively involved hi classroom discussions can be a challenge. By nature, these
students are self-conscious and insecure. This insecurity and the effeas of
negative peer pressure tend to discourage involvement. To get beyond these
and other roadblocks, I have learned to ask the best possible questions and to
apply strategies that require all students to participate. Adopting the goals
and implementing the strategies and questioning techniques that follow have
helped me develop and improve my questioning skills. At the same time,
these goals and strategies help me create a classroom atmosphere in which
students are actively engaged in learning mathematics and feel comfortable
in sharing and discussing ideas, asking questions, and taking risks.

Questiongng Sqvategfies The Mx* fop° Me
Although good teachers plan detailed lessons that focus on the mathematical
content, few take the time to plan to use specific questioning techniques on a
regular basis. Improving questioning skills is difficult and takes time, practice,
and planning. Strategies that work once will work again and again. Making a
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list of good ideas and strategies that work, revisiting the list regularly, and plan-
ning to practice selected techniques in daily lessons will make a difference.

Create a pOan
The following is a list of reminders that I have accumulated from the many
outstanding teachers with whom I have worked over several years. I revisit
this list often. None of these ideas is new, and I claim none, except the first
one, as my own. Although implementing any single suggestion from this list
may not result in major change, used together, these suggestions can help
transform a classroom. Attempting to change too much too fast may result in
frustration and failure. Changing a little at a time by selecting, practicing, and
refining one or two strategies or skills before moving on to others can result in
continual, incremental growth. Implementing one or two techniques at a
time also makes it easier for students to accept and adjust to the new expecta-
tions and standards being established.

1. Never say anything a kid can say! This one goal keeps me focused. Al-
though I do not think that I have ever met this goal completely in any one
day or even in a given class period, it has forced me to develop and im-
prove my questioning skills. It also sends a message to students that their
participation is essential. Every time I am tempted to tell students some-
thing, I try to ask a question instead.

2. Ask good questions. Good questions require more than recalling a fact or
reproducing a skill. By asking good questions, I encourage students to
think about, and reflect on, the mathematics they are learning. A student
should be able to learn from answering my question, and I should be able
to learn something about what the student knows or does not know from
her or his response. Quite simply, I ask good questions to get students to
think and to inform me about what they know. The best questions are
open-ended, those for which more than one way to solve the problem or
more than one acceptable response may be possible.

3. Use more process questions than product questions. Product questions
those that require short answers or a yes or no response or those that rely
almost completely on memoryprovide little information about what a
student knows. To find out what a student understands, I ask process
questions that requires the student to reflect, analyze, and explain his or
her thinking and reasoning. Process questions require students to think at
much higher levels.

4. Replace lectures with sets of questions. When tempted to present infor-
mation in the form of a lecture, I remind myself of this definition of a lec-
ture: "The transfer of information from the notes of the lecturer to the
notes of the student without passing through the minds of either." If I am
still tempted, I ask myself the humbling question "What percent of my ,

students will actually be listening to me?"
5. Be patient. Wait time is very important. Although some students always

seem to have their hands raised immediately, most need more time to

Used together, these
suggestions can help
transform a classroom.

Changing a little at a
time by selecting,
practicing, and refining
one or two strategies or
skills before moving on
to others can result in
continual, incremental
growth.
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valuable to me, even if
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show misconceptions.

process their thoughts. If I always call on one of the first students who
volunteers, I am cheating those who need more time to think about, and

process a response to, my question. Even very capable students can begin
to doubt their abilities, and many eventually stop thinking about my ques-
tions altogether. Increasing wait time to five seconds or longer can result

in more and better responses.
Good discussions take time; at first, I was uncomfortable in taking so

much time to discuss a single question or problem. The urge to simply tell
my students and move on for the sake of expedience was considerable.
Eventually, I began to see the value in what I now refer to as a "less is
more" philosophy. I now believe that all students learn more when I pose
a high-quality problem and give them the necessary time to investigate,
process their thoughts, and reflect on and defend their findings.

Share with students reasons for asking questions
Students should understand that all their statements are valuable to me, even
if they are incorrect or show misconceptions. I explain that I ask them ques-
tions because I am continuously evaluating what the class knows or does not
know. Their comments help me make decisions and plan the next activities.

Teach for success
If students are to value my questions and be involved in discussions, I cannot
use questions to embarrass or punish. Such questions accomplish little and
can make it more difficult to create an atmosphere in which students feel
comfortable sharing ideas and taking risks. If a student is struggling to re-
spond, I move on to another student quickly. As I listen to student conversa-
tions and observe their work, I also identify those who have good ideas or
comments to share. Asking a shy, quiet student a question when I know that
he or she has a good response is a great strategy for building confidence and
self-esteem. Frequently, I alert the student ahead of time: "That's a great
idea. I'd really like you to share that with the class in a few minutes."

e norqudgmenta0 about a response or comment
This goal is indispensable in encouraging discourse. Imagine being in a class-
room where the teacher makes this comment: 'Wow! Brittni, that was a ter-
rific insightful response! Who's next?" Not many middle school students have

the confidence to follow a response that has been praised so highly by a
teacher. If a student's response reveals a misconception and the teacher
replies in a negative way, the student may be discouraged from volunteering
again. Instead, encourage more discussion and move on to the next comment.
Often, students disagree with one another, discover their own errors, and cor-
rect their thinking. Allowing students to listen to fellow classmates is a far

more positive way to deal with misconceptions than announcing to the class
that an answer is incorrect. If several students remain confused, I might say,
."I'm hearing that we do not agree on this issue. Your comments and ideas
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have given me an idea for an activity that will help you clarify your thinking."
I then plan to revisit the concept with another activity as soon as possible.

Try not to repeat students' answers
If students are to listen to one another and value one another's input, I cannot
repeat or try to improve on what they say. If students realize that I will repeat
or clarify what another student says, they no longer have a reason to listen. I
must be patient and let students clarify their own thinking and encourage
them to speak to their classmates, not just to me. All students can speak
louderI have heard them in the halls! Yet I must be careful not to embar-
rass someone with a quiet voice. Because students know that I never accept
just one response, they think nothing of my asking another student to para-
phrase the soft-spoken comments of a classmate.

"fis this the right answer?"
Students frequently ask this question. My usual response to this question
might be that "I'm not sure. Can you explain your thinking to me?" As soon as
I tell a student that the answer is correct, thinking stops. If students explain
their thinking clearly, I ask a "What if ?" question to encourage them to ex-
tend their thinking.

Partficfipatfion fis not optfionafil
I remind my students of this expectation regularly. Whether working in small
groups or discussing a problem with the whole class, each student is expected
to contribute his or her fair share. Because reminding students of this expec-
tation is not enough, I also regularly apply several of the following techniques:

1. Use the think-pair-share strategy. Whole-group discussions are usually
improved by using this technique. When I pose a new problem, present a
new project, task, or activity, or simply ask a question, all students must
think and work independently first. In the past, letting students begin
working together on a task always allowed a few students to sit back while
others took over. Requiring students to work alone first reduces this prob-
lem by placing the responsibility for learning on each student. This inde-
pendent work time may vary from a few minutes to the entire class pe-
riod, depending on the task.

After students have had adequate time to work independently, they
are paired with partners or join small groups. In these groups, each stu-
dent is required to report his or her findings or summarize his or her so-
lution process. When teams have had the chance to share their thoughts
in small groups, we come together as a class to share our findings. I do not
call for volunteers but simply ask one student to report on a significant
point discussed in the group. I might say, "Tanya, will you share with the
class one important discovery your group made?" or "James, please sum-
marize for us what Adam shared with you." Students generally feel much

If students realize that
I will repeat or clarify
what another student
says, they no longer
have a reason to listen.

Each student is
expected to contribute
his or her fair share.
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I explain that it is all
right to be confused,

but students are
responsible for asking

questions that might
help them understand.

Never accept only one
response to a question.

No one in a group is
finished until everyone

in the group can explain
and defend the solution.

more confident in stating ideas when the responsibility for the response is
being shared with a partner or group. Using the think-pair-share strategy
helPs me send the message that participation is not optional.

A modified version of this strategy also works in whole-group discus-
sions. If I do not get the responses that I expect, either in quantity or
quality, I give students a chance to discuss the question in small groups.
On the basis of the difficulty of the question, they may have as little as fif-
teen seconds or as long as several minutes to discuss the question with
their partners. This strategy has helped improve discussions more than
any others that I have adopted.

2. If students or groups cannot answer a question or contribute to the dis-
cussion in a positive way, they must ask a question of the class. I explain
that it is all right to be confused, but students are responsible for asking
questions that might help them understand.

3. Always require students to ask a question when they need help. When a
student says, "I don't get it," he or she may really be saying, "Show me an
easy way to do this so I don't have to think." Initially, getting students to
ask a question is a big improvement over "I don't get it." Students soon
realize that my standards require them to think about the problem in
enough depth to ask a question.

4. Require several responses to the same question. Never accept only one
response to a question. Always ask for other comments, additions, clarifi-
cations, solutions, or methods. This request is difficult for students at first
because they have been conditioned to believe that only one answer is
correct and that only one correct way is possible to solve a problem. I ex-
plain that for them to become better thinkers, they need to investigate
the many possible ways of thinking about a problem. Even if two students
use the same method to solve a problem, they rarely explain their think-
ing in exactly the same way. Multiple explanations help other students
understand and clarify their thinking. One goal is to create a student-
centered classroom in which students are responsible for the conversa-
tion. To accomplish this goal, I try not to comment after each response. I
simply pause and wait for the next student to offer comments. If the
pause alone does not generate further discussion, I may ask, "Next?" or
"What do you think about 's idea?"

5. No one in a group is finished until everyone in the group can explain and
defend the solution. This rule forces students to work together, commu-
nicate, and be responsible for the learning of everyone in the group. The
lea`rning of any one person is of little value unless it can be communicated
to others, and those who would rather work on their own often need en-
couragement to develop valuable communication skills.

6. Use hand signals often. Using hand signalsthumbs up or thumbs down _
(a horizontal thumb means "I'm not sure")accomplishes two things.
First, by requiring all students to respond with hand signals, I ensure that
all students are on task. Second, by observing the responses, I can find
out how many students are having difficulty or do not understand. Watch-
ing students' faces as they think about how to respond is very revealing.
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7. Never carry a pencil. If I carry a pencil with me or pick up a student's
pencil, I am tempted to do the work for the student. Instead, I must
take time to ask thought-provoking questions that will lead to under-
standing.

8. Avoid answering my own questions. Answering my own questions only
confuses students because it requires them to guess which questions I re-
ally want them to think about, and I want them to think about all my
questions. I also avoid rhetorical questions.

9. Ask questions of the whole group. As soon as I direct a question to an in-
dividual, I suggest to the rest of the students that they are no longer re-
quired to think.

10. Limit the use of group responses. Group responses lower the level of con-
cern and allow some students to hide and not think about my questions.

11. Do not allow students to blurt out answers. A student's blurted out an-
swer is a signal to the rest of the class to stop thinking. Students who de-
velop this habit must realize that they are cheating other students of the
right to think about the question.

Summary
Like most teachers, I entered the teaching profession because I care about
children. It is only natural for me to want them to be successful, but by
merely telling them answers, doing things for them, or showing them short-
cuts, I relieve students of their responsibilities and cheat them of the oppor-
tunity to make sense of the mathematics that they are learning. To -help stu-
dents engage in real learning, I must ask good questions, allow students to
struggle, and place the responsibility for learning directly on their shoulders.
I am convinced that children learn in more ways than I know how to teach. By
listening to them, I not only give them the opportunity to develop deep un-
derstanding but also am able to develop true insights into what they know and
how they think.

Making extensive changes in curriculum and instruction is a challenging
process. Much can be learned about how children think and learn, from re-
cent publications about learning styles, multiple intelligences, and brain re-
search. Also, several reform curriculum projects funded by the National Sci-
ence Foundation are now available from publishers. The Connected
Mathematics Project, Mathematics in Context, and Math Scape, to name a
few, artfully address issues of content and pedagogy.
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The goal must be that
all teachers teach -

better math and teach
math better.

Riley 1998
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beginning to move all

personnel from habits
of too much day-to-day

detail management
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real educational
questions of what was
going to be needed to
make the schools the

best they could be.

Getting Started at Improving Your Math Education !Program:
One District's Ongoing Story
You've come to realize your math program isn't doing the job you'd like of fo-

cusing on the Wisconsin math standardsand you have a feeling that there

must be better ways of approaching the teaching and learning of math, par-
ticularly in view of the call for shifts in mathematical emphases and the need
in today's world for much better math literacy on the part of ALL students.
Still, it's difficult to know what to do, especially in the face of what former
U.S. Secretary of Education Richard W. Riley has referred to as the "polariz-
ing math wars" that have been going on for several years now.

Secretary Riley has further said that "we need to raise [our] standards

higher and ensure that all students are learning more challenging concepts in
addition to the traditional basics. . . . Those states that have developed chal-
lenging standards of learning, aligned their assessments to those standards,
and provided substantial professional development for teachers, have demon-
strated improvement in student achievement . . . these are issues of real im-
portanceas opposed to politically inspired debates that will serve to side-
track us from real improvement. We are suffering from an 'either-or'
mentality . . . when what we need is a mix of information and styles of provid-
ing that information. We need to provide traditional basics, along with more
challenging concepts, as well as the ability to problem solve, and to apply con-
cepts in real world settings. The goal must be that all teachers teach better
math and teach math better."

How do you begin to rationally look at something so emotionally and in-
tellectually polarizing yet at the same time so much in need of attention; that
is, changing a curriculum and methodology that has been pretty much un-
changed for literally hundreds of years (and in a world that is changing radi-
cally and rapidly)? Here's how one small community approached the problem
beginning in 1996.

The Hometown School District serves about 1,525 K-12 students in a
small city of 3,000 and its surrounding rural community. There has always
been strong community pride in the local schools, though by the mid-1990s
new assessment indicators such as Wisconsin Knowledge and Concepts Ex-
aminations (WKCE) (state achievement testing) scores were showing quite
average results on subtests ... and this in spite of local demographics that did
not correlate well with such modest achievement levels (a natural concern for

the school board).
By the early 1990s the Hothetown Board of Education was becoming

sensitive to perceived internal stagnation in parts of the school system. In
1994 the district administrator of more than a decade retired and was re-
placed by a successor whose assigned mission was to focus on school im-
provement and giving new impetus to making the Hometown schools the
best they could be for the full range of students. During this administrator's
initial two years between 1994 and 1996, the emphasis was on beginning to
move all personnel from habits of too much day-to-day detail management
toward more important real educational questions of what was going to be
needed to make the schools the best they could be.
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During the 1995-96 school year, there occurred (for the first time) a
strategic planning process that involved nearly fifty people from the schools
and community, led by an outside facilitator. From the time "the Plan" was
adopted by the board of education in spring 1996, it was held to be the dis-
trict's organizational "driver," which has translated to school improvement is-
sues (e.g., the correlates of effective schools) and more focus on customer sat-
isfaction. The board was clear about its desire to see positive change and
growth as well as efforts toward customizing education to the needs of the
broad variety of families and individual customers (this being one of the four
strategic objectives of the plan). Administrative team members were told
they'd need to become the "enzymes acting as catalytic agents" for this re-
newed focus on school improvement and customer attitudes.

As for curriculum in particular, the district administrator and school
board indicated that math was an area they wanted to see given immediate at-
tention. The director of curriculum and assessment was to get this effort in
motion on the part of the K-12 Math Committee and was expected to provide
ongoing guidance and support for that group's efforts. (All this was taking
place during that time when the state of Wisconsin was still encouraging local
districts to develop their own academic standards and just prior to the exis-
tence of WMAS.) It was expected by the Hometown district administrator
that leadership in the work of standards development and curriculum review
and alignment would merge from within the various KI2 curriculum com-
mittees in the districtand in fact the math staff had been clearly given to
understand that foot-dragging in reviewing and upgrading the program
(which was perceived in some quarters to have been going on in previous
years) would no longer be accepted. If the local staff would not actively in-
volve themselves in the effort to look at NCTM standards and those offered
in the Mid-continent Regional Educational Laboratory (McREL) Com-
pendium of Standards for K-12 Education and did not also look at the local
math program in light of the literature on the renewal of math education to
better serve recommended standards, then the district had determined to
have this accomplished "externally," with teachers subsequently being in-
formed what the local math standards would be and what program(s) would
be put in place to serve those standards (along with expectations by the board
for higher WKCE state test results).

In early September 1996, the curriculum director was directed to serch
for and bring in an outside math consultant to aid in this process, to help with
what was perceived as a bogged-down subject area, disinclined toward self-
review and change, and to make a subsequent recommendation to the board
by February 1997. By early November the district had settled on two consult-
ants, one from DPI and another working at UWMadison who had previously
been a DPI math consultant for a number of years. During this same time pe-
riod, the curriculum director spoke informally with individual members of the
K-12 Math Committee, telling them about the consultant search and trying to
communicate excitement over the board's attitude of empowerment of the
committee to truly study math education and arrive at recommendations for
the board. The director learned that in fact most members of the committee
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ahead.

Committing adequate
local monies to this work

was crucial in
communicating to

teachers that curriculum
work and professional
development were not

seen as really important
only if teachers were

willing to do them
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day and without extra
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were now enthusiastic about the prospect of beginning to work toward up-
grading local math education. Perhaps some part of this apparent newattitude

of anticipation came as a result of a local math curriculum workshop in the

previous summer (1996) within which present curriculum had been compared
(alignment mapped) to the McREL math standards and to the 1994-95 and
1995-96 WKCE math subtest content (and not particularly favorably).

After the false starts of the previous couple years, in October 1996 the re-
activated K-12 math committee met just as a first draft of the newWisconsin

math standards was coming out. On the basis of this draft, as well as the

NCTM and McREL math standards, it quickly became evident that if the dis-

trict were to improve math achievement results, there would need to be a re-
development of its math program around new approaches and emphases

truly aimed at math thinking and problem-solving competencies for all stu-

dents. This conclusion was further reinforced by a number of readings on
math education issues that committee members had been asked to review in

advance of that October meeting. These readings also served as a focal aid in

this early stage of allowing the teachers the chance to vent their frustrations

with years of the traditional approach to math.
It is worth mentioning that the teachers were not fearful or at all defen-

sive about the idea of outside consultants coming in to work with them in the
curriculum review processon the contrary, it actually served as a motivator

and source of some new excitement for the task ahead. It is also noteworthy
that when the local board had mandated a fOcus on math education and bad
committed to some unspecified level of expense for bringing in consulting

help, they had also indicated their willingness to provide considerably more

than the (historically) usual budgetary support for substitute teachers during
the coming committee work. They understood and supported the curriculum
director's intent to plan for an ongoing series of half-day and full-day working

meetings (in the various K-12 academic disciplines) to support local stan-

dards work, curricultim review, instructional change, and eventual develop-

ment of more appropriate classroom assessments over coming years. Com-

mitting adequate local monies (and Eisenhower funds) to this work was
crucial in communicating to teachers that curriculum work and professional

development were not seen as really important only if teachers were willing

to do them outside the contracted day andwithout extra compensation.
Early December 1996 saw the beginning of an exciting journey through

change, including much new learning (based on readings, discussion, pro-
gram visitations, classroom trials), gradual commitment to change, uncer-
tainty and misgivings, early failures and gradual successes, eventual develop-

ment of new beliefs and convictions about math education, efforts at teaching
parents about new ways and why they may be more effective, and eventually

going (as a full committee) to the board with the strength of their convictions

to sell their new beliefs and recommended ways for teaching K-12 math. This
December meeting was the first with the consultants and was a half-day of

getting acquainted and "grounding," that is, discussing board expectations
and empowerment of the committee, teacher's feelings, and so forth. There

was also time for beginning discussion of developments in math education,
new views and techniques for teaching math to children, and the like.
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Much of what took place during the next year and a half could be seen
through the lens of Stephen Covey's The 7 Habits of Highly Effective People
(1989) (i.e., in overseeing the process from the vantage point of a curriculum
director). In fact, upon arriving in the district in 1994 and setting about his
mission of refocusing the district's energies, the district administrator had fa-
cilitated the training of his administrative team in the Covey paradigms of
"First Things First" and "Principle-Centered Leadership." Virtually all seven
"habits" were important to the K-12 math study process: being proactive; be-
ginning with an end in mind (at least in general terms); keeping first things
first; taking a win/win approach; keeping in mind the importance of under-
standing the group's members (their frustrations, fears, needs, desires, etc.);
the power of synergy; and finally, the importance of "sharpening the saw" (as
Covey puts it), or in other words, continual learning and professional devel-
opment.

During the months between October 1996 and February 1998, the full
K-12 math committee (with attendance ranging between 12 and 15 mem-
bers) met for 10 half-day formal meetings, usually from 12:45 to 4:00, in addi-
tion to which there were other occasional meetings of building-level sub-
groups, plus school visitations, teacher attendance at training sessions, and
presentations to in-district oversight groups such as the board's standing Cur-
riculum Committee and the Curriculum Coordinating Council (a council of
teachers and administrators whose basic function was to provide direction,
oversight, and reaction to the continuous improvement process in the district
and that typically met once each semester). Those formal half-day meetings
all included at least one of the consultants.

During (and between) the monthly half-day meetings from December
1996 to April 1997, the group's work involved the following sorts of issues:

o Ongoing readings regarding subjects including constructivism and
math education

o Review of Draft 2 of the Wisconsin math standards
o Problem solving versus rote skills and algorithms
o Math competency for all students
o Which constructivist math programs to visit in other districts
o Ordering and reviewing assorted program materials from vendors
o Viewing a video on instructional methodology in the reform math

classroom
o Reports/discussions by subgroups following visitations
o Discussion of learning theory materials
o The advisability of mixing and matching local pilot programs
o How to pursue local piloting of selected programs during 1997-98

In late April 1997, members of the K-12 math committee presented to
the board of education's standing Curriculum Committee a summary of their
studies to date and requested that the Curriculum Committee (including
three of seven members of the board and the administrative team) give its
support to the math group's request for three limited pilot programs for
1997-98:

Virtually all of Stephen
Covey's The 7 Habits of
Highly Effeective
People (1989) were
important in the K-12
math study process:
being proactive;
beginning with an end
in mind; keeping first
things first; taking a
win/win approach;
keeping in mind the
importance of
understanding the
group's members; the
power of synergy; and
"sharpening the saw"
with continual learning
and professional
development.

The math group
requested a pilot
program for three
curricula.
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The board was
impressed and excited
by the attitudes of the

teachers.

The group was
provided several

half-days to meet off
campus to train and to

discuss their experiences,
successes, and concerns.

This was very
important to the

process of developing
understanding and

ownership on the part
of all teachers.

1. University of Chicago School Mathematics Project (UCSMP) Everyday

Math (one classroom group in each of grades 1 through 4).
2. Connected Math Project (CMP in selected units in grades 5 through 8).

NOTE: This district has a grades 5-8 middle school, which accounted
for the decision to switch from Everyday Math to CMP at Grade 5.

3. Interactive Math Program (IMP) was used in three high school math sec-
tions that would otherwise have been algebra and pre-algebra classes
there were also two other regular algebra classes in place.

The math teachers impressed the members of the Curriculum Commit-
tee with their excitement and enthusiasm for the three programs, so they

were also asked to make their full presentation to the whole board in early
June. The board was impressed and excited by the attitudes of the teachers,
and they voted to support the pilot programs for 1997-98, financially and
philosophically.

During that summer of 1997 before the pilots were to begin, two middle
school members of the math committee attended a two-week CMP math
training session at UWPlatteville, both to immerse themselves in the pro-
gram and to help enable them to subsequently train the other middle-level
teachers as the pilot began in fall. Also, the two high school math teachers
who were to be teaching the IMP math (Level I) pilot spent a week in train-
ing in the Minneapolis schools (followed by several follow-up training days in
Minneapolis during the course of the pilot year)paid for via both local and
Eisenhower funds. The elementary pilot team (one teacher at each of grades
1 through 4) did not have the benefit of a specific training workshop prior to
the pilot. Instead they worked to familiarize themselves with their new mate-
rials on their own during the summer. As the school year approached, every-
one had feelings of both excitement and trepidation, feeling that the board
and families would be watching as things progressed.

As the 1997-98 year began, the first math meeting to take place was a
full-day CMP training session (during a preschool in-service day) for the 11-
member middle-level group, led by the two members who had been trained
in Platteville as mentioned. Because not all these 11 pedple had been directly
involved on the K-12 math committee, there were varied levels of under-
standing- and commitment for the changes to come. On the other hand, the
aura of excitement and the informal leadership positions held by the leaders
carried the day and got everyone very involved. At the high school and ele-
mentary levels, the teachers involved in the pilot year had in fact all been in-
volved on the K-12 math committee, making for a smoother implementation
from the outset.

Again on October 10 (and on other occasions during the pilot year), the
middle-level group was provided several half-days to meet off campus to train
and to discuss their experiences, successes, and concerns. This was very im-
portant to the process of developing understanding and ownership on the

part of all teachers.
The first full K-12 math committee meeting of 1997-98 took place in

mid-October, once the piloting teachers were really into their projects and
getting anxious to compare notes across grade levels and buildings. Inciden-
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tally, one result of the way this whole project had taken shape as a K-12
movement" was a truly K-12 point of view by all the teachers as we ap-

proached a redevelopment of the math programthe high school was very
interested in the experiences of the elementary teachers and so forth. During
this pilot year, the formal half-day K-12 math meetings took place in October,
November, January, and February. During those months some of the subjects
dealt with included

o Success and concerns
o Need for parent education and parent reactions at fall parent confer-

ences
o Plans for "math night" for families
o Collection of evidence
o Timelines for the future
o Mapping of the pilot programs to the by-now-finalized Wisconsin stan-

dards (later also provided by the vendors of each program)
o Discussions leading to a unanimous and resounding decision to recom-

mend board adoption of all three programs for 1998-99, and the de-
velopment of an adoption calendar as follows:
1. March: Math committee presentation to Cur'riculum Coordinating

Council (CCC) to obtain its support
2. March: Math committee presentation to board's Curriculum Com-

mittee to request its support for adoption
3. April: Math committee presentation to full board for a first reading

of motion to adopt and fund all three programs for 1998-99
4. May: Second reading of motion by full board

o Level subcommittees (K-4,5-8,9-12) were assigned to develop bud-
gets for two possible degrees of adoption/implementation for fall 1998

o At the February math committee meeting, each subcommittee did a
practice presentation of its recommendations, data, and budget for re-
actions and recommendations by the rest of the K-12 math committee.

The CCC meeting went very well, with the group posing helpful ques-
tions and suggestions to the math committee. Owing to the outstanding sub-
sequent presentation to the Curriculum Committee, the chairperson (a board
member) asked that the math committee do their full (lengthy) presentation
to the whole board, which is not the usual way the board deals with issues
when they come from a standing board committee. This was meant to be a
compliment to the math committee and its work and was taken as such. The
board approved all three programs and funding for full adoption on May 12,
1998.

Now our attention shifted to issues of materials procurement and broader
staff training, particularly at the elementary level (remember, at this level
even the pilot teachers had not had formal training). To begin, we made it a
point to obtain all the Everyday Math (EM) materials before the close of the
1997-98 school year so that on the closing in-service day, all the teachers
could have a half-day session with the company's area representative, who
briefly familiarized them with the materials and methodologies. The teachers

One result of the way
this whole project had
taken shape as a K-12
"movement" was a truly
K-12 point of view by
all the teachers as we
approached a
redevelopment of the
math program.

We made it a point to
obtain all the materials
before the close of the
school year so that on
the' closing in-service
day, all the teachers
could have a half-day
session with the
company's area
representative.
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This excitement and
general feeling of

renewed prospects for
the math achievement

of all children is a
crucial element to

large change.

Perhaps it is true that
the pendulum of change
and growth must swing

from one extreme to
the other for it to

eventually end up in
the middle.

then took the materials home over the summer. During the August 1998 pre-
school in-service, the elementary teachers had a full day (in house) with a pro-
gram developer from the University of Chicago. This full implementation of
EM in 1998 was no mean feat on the part of our teachers, especially because
they were also implementing the Full Option Science System (FOSS) science
program at the same time (our local work in math was not, after all, taking
place in isolationand especially so in view of the general state of urgency
throughout Wisconsin regarding the standards movement).

At the middle-level grades, those two math teachers who had attended a
two-week training session in CMP math in summer 1997 were having their
own locally sponsored 20 hour (each) curriculum workshop in summer, 1998
to work on agendas and materials to do further in-house training of the other
nine middle-level math teachers during the coming school year.

As to the high school's IMP program, this training began in summer 1997,
with two teachers going to training in IMP Level I in the Minneapolis School
District in August, with follow-up on several occasions during the 1997-98
school year. Then in August 1998, these two teachers went back to Min-
neapolis for IMP Level II training (again with follow-up sessions during the
year), while three other teachers now went for IMP I training and so forth ...
with Level III training in summer 1999 and Level IV in summer 2000. Bear
in mind that IMP was (unlike EM and CMP) implemented one level at a time
over four years.

As our programs become fully implemented (from fall 1998 on), there
was much internal excitement. In retrospect, this excitement and general
feeling of renewed prospects for the math achievement of all children is a
crucial element to large change, as this was to be. Perhaps not all involved
teachers need to be convinced and committed from the outset, but some level
of critical mass (both people and attitudes) is needed to carry the day for a
long period of time after the initial euphoria of doing something new and on
through those time periods like the "implementation dip" and the second
thoughts on the part of true believers and doubters alike.

I write this in May 2000, two years later, and where are we? Still the math
wars rage on, as Secretary Riley commented over two years ago. Many ques-
tions are still being asked about math education, and many convincing an-
swers come from both polarized viewpoints on the battlefield. Sometimes the
changes in math education have been referred to as "whole math," an implied
pejorative meant to refer to the similar "whole language" versus phonics bat-
des of several year ago. Interestingly, it might be observed that those battles
culminated in an eventual meeting point wherein the best of both approaches
were blended into a strong hybrid methodology. Perhaps the same thing is
now happening in math education. Perhaps it is true that the pendulum of
change and growth must swing from one extreme to the other for it to even-
tually end up in the middle. Or to put it another way, suggestions for modest
change often lead to no change at all, as people follow their natural tendency
to drift back to the comfortable ground of the way they've always done it.

In May 2000, the Hometown Board of Education is beginning to scruti-
nize its math programs again, knowing that the programs do have vocal de-
tractors and (less vocal) supporters. Without knowing at this point where this
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scrutiny will lead, it is still probably safe to say that local Hometown math ed-
ucation can never be the same as it was, with true math literacy for an elite
few and most students bailing out of math as early in their high school career
as possible. Our teachers have learned a great deal about the potential that
exists in both the general student body and in the teaching of mathematics.
The process that has gone on in Hometown has reminded teachers and stu-
dents alike that they can indeed again feel excited about what they can do and
learn.
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and students alike that
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isconsin has been a leader in developing outstanding professional
development programs for its mathematics teachers. With profes-
sional development receiving much attention and with school dis-

tricts seeking exemplary models, the following programs are described as il-
lustrative of professional development that can make a difference. The names
and addresses of the coordinators of the programs are given so they can be
contacted to answer questions regarding the experiences.

Eisenhower Higher Education Partnerships:
University of Wisconsin-Platteville
Using Eisenhower federal funding, coupled with university funding, the Uni-
versity of WisconsinPlatteville offered a middle school mathematics profes-
sional development institute for several years that impacted heavily middle
school mathematics programs in the state. Participants applied for admit-
tance. Teams were encouraged. The groups that were selected came from all
parts of the state and usually numbered around thirty. Selected participants
stayed on campus for the two weeks of the institute and received college
credit as well as seed funds for classroom supplies.

A unique combination of instructors was useda college professor and
two middle school practicing teachers, one with an elementary background
and one with a secondary orientation. The institute, offered for two weeks, fo-
cused on current proven middle school curricular materials, instructional ap-
proaches designed to help participants augment their knowledge base, and
assessment practices designed to be congruent with presented materials and
instructional methodologies.

The following
programs are
described as
illustrative of
professional
development that can
make a difference.
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Unique features of the institute were 1) the on-campus, live-in experi-

ence; 2) the granting of college credit; 3) the funds for supply purchases for
the classroom; 4) the diverse mix of instructors; and 5) the intrastate experi-

ence. Outstanding results of this endeavor were 1) stronger middle school
mathematics teachersteachers gained in knowledge of content, of instruc-

tional methodologies, of pedagogical content knowledge, and of congruent
assessment strategies; 2) collegiality; attending teachers bonded over the two-

weeks and continued to interact and support one another as they left the in-

stitute; 3) a middle school teacher-leader groupthese teachers emerged as
workshop leaders, their classrooms served as demonstration sites, and they
contributed to regional and state efforts in subsequent years.

Contacts
Jane Howell
313 Tamarac Trace
Platteville, WI 53818
(608) 348-9093
howellja@mhtc.net

Jodean Grunow, Mathematics Consultant
Wisconsin Department of Public Instruction
PO Box 7841 (125 S. Webster St.)
Madison, WI 53707-7841
jodean.grunow@dpi.state.wi.us

Mathematics for the New Millennium
Departmeat of Pub No Instructiion
Responding to felt needs from the field and recognizing that special-needs

students were often one of the identified populations in need of improve-

ment, a unique professional development experience was jointly developed

by the Title I and Content and Learning teams at the Department of Public

Instruction. Schools were encouraged to apply as teams. Title I funds could

be used for subscription purposes.
Subscribing schools agreed to participate in a two-day orientation work-

shop and a week-long summer institute and were then entitled to three men-

toring visits in their district to address their identified needs. Participants
were treated to sessions with nationally known leaders such as Thomas A.
Romberg, University of WisconsinMadison, and Glenda Lappan, then pres-
ident of NCTM. State leaders from the Title I team, the Content and Learn-

ing team, and the Assessment team at the Department of Public Instniction

met with the groups. Outstanding practicing teachers shared activities and
ideas with subscribers. Participants considered mathematics instruction per
se, experienced rich mathematical endeavors in meaningful contexts, met
with local team members to plan for their district, met with teachers from
other districts who taught at specific levels, and had the opportunity to inter-
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act with the institute instructors and, in some cases, with the mentors who
were to serve their district.

A partnership with institutions of higher learning was a thrust of the men-
torships. Districts were able to access either a mentor from the Department
of Public Instruction or from a teacher education institution. These mentors
worked with districts at district invitation and addressed the specific self-
identified needs of the districts.

Unique features of the experience were 1) the Content and Learning and
Title I partnership; 2) the focus on systemic assistance; 3) the exposure to a
wide variety of expertise; 4) the substantial support piovided through the ini-
tial learning experience, the interim in-depth augmentation of knowledge,
and the continued district-specific support; 5) the relatively sustained time-
frame; 6) the collegiality experienced as a by-product of the considerable in-
teraction between and among school districts; and 7) the magnitude of the re-
sponse (140 Wisconsin school districts participated in the endeavor).
Outstanding results of the effort were 1) significant district awareness of
mathematics today and of current mathematical endeavors; 2) dialogue be-
tween and among deliverers of mathematics regarding efforts to meet the
need for challenging and meaningful mathematics for ALL students; 3) de-
velopment of a cadre of mathematically astute school districts; 4) recognition
of similar needs; and 5) formulation of plans for moving mathematics forward
in districts and in the state.

Contacts

Myrna Toney, Title I Team Leader
Myrna.toney@dpi.state.wi.us

Jodean Grunow, Mathematics Consultant
jodean.grunow@dpi.state.wi.us

Jennifer Thayer, Eisenhower Coordinator
jennifer.thayer@dpi.state.wi.us

Wisconsin Department of Public Instruction
(800) 441-4563

Wisconsin Academy Staff
Development Initiative
The Wisconsin Academy Staff Development Initiative (WASDI) is a coordi-
nated, systematic, statewide dissemination of a documented successful K-12
staff development program to improve mathematics, science, and technology
education in Wisconsin. The Wisconsin Academy Staff Development Initia-
tive is a teacher enhancement program, originally funded from 1994 through
1999 by NSF, which has received continuation funding from the U.S. Depart-
ment of Education under its Fund for the Improvement of Education.
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WASDI consists of two major components: a network of summer academies
modeled after the Cra.).7 Academy in Chippewa Falls, which was initiated and
developed with support from Cray Research and its successor SGI, and a
Lead Teacher Institute.

The academies offer a series of one-week workshops during the summer.
The workshops are led by teachers in most cases and some highly recognized
professors, consultants, or other experts. The instructors are identified for
their abilities to model effective teaching practices and to provide the
teacher-participants with the tools, activities, tasks, and so on to engage their
students in mathematics, science, and technolog. The integration of these
disciplines and networking among participants is emphasized. In addition,
during each one-week session, teachers tour local businesses and industries
and participate in discussions with business representatives to gain an under-
standing of the application of science, mathematics, and technology in the
workplace. By the summer of 2000, 16 weeks of such academies were held in
geographically scattered locations throughout the state.

From 1994 through 2000, 13,255 teachers attended academy workshops
and this number included 9,500 unique individual teachers. By the
2000-2001 school year, over 1.6 million students will have been taught by a
teacher whose skills were enhanced at a WASDI Academy. Six hundred busi-
ness and industries provided tours for teacher academy participants, and 75
corporations made financial contributions to various academies. In the six
years of the project, 1,000 business representatives participated in structured
discussions with teachers about skills needed by the workforce of the present
and future.

Evaluations of the academies have documented that teachers have
changed their attitude toward math and science and have significantly in-
creased the amount of hands-on activities in their classrooms. Evaluators
have found that the academies also provided teachers with the unique oppor-
tunity to work in other subject areas, to renew interest in their profession and
revitalize their energy, to work with teachers from grade levels other than
their own, and to further understand the value of their relationships with peo-
ple in the business community.

The second major WASDI component, the Lead Teacher Institute, pre-
pared teachers to act as agents of change in their schools and to conduct staff
development workshops across the state. The institute consisted of approxi-
mately 32 days of training over an 18-month period on topics such as leader-
ship, change process, team building, content (math, science, and technology
education), best classroom practice, alternatives for assessment, TIMSS, pre-
sentation skills, standards-based education, and strategies of professional de-
velopment. From 1994 through 2000, 336 WASDI Lead Teachers received
training and are now providing leadership in schools, districts, regions, and
professional organizations and at WASDI Academies. Evaluation reports
noted that Lead Teachers have conducted staff development workshops for
teachers in their own schools and in other districts and have received out-
-standing evaluations; have become involved in national and state standards
development; have received numerous professional awards; have written and
received program related grants; and have assumed leadership roles in other
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NSF-funded programs. The evaluator concluded that the Lead Teacher Insti-
tute has provided a cadre of well-trained, dedicated teachers who consistently
provide leadership in science, mathematics, and technology education through-
out the state.

The WASDI infrastructure, the academies and Lead Teacher cadre, exist
in a viable fashion to continue to move Wisconsin ahead in implementing
standards-based education. Schools that need staff development in the re-
form curriculum materials or other current topics can request academy direc-
tors to offer the desired topic. Teachers from a variety of districts who need
similar training can then benefit from an economy of numbers since each dis-
trict does not need to duplicate offerings. Approximately 30 percent of the
districts in the state have a WASDI Lead Teacher on their staff These Lead
Teachers can also be resources to neighboring districts.

More information is available at http://www.wasdi.org.

Contacts
Dr. Julie Stafford, Project Director
Wisconsin Academy Staff Development Initiative
140 West Elm Street, Math Department
Chippewa Falls, WI 54729
(715) 723-1181
julie_stafford @wetn.pbs.org

Dr. Billie Earl Sparks, Project Codirector
University of WisconsinEau Claire
Eau Claire, WI 54702
(715) 836-3778
sparksbe@uwec.edu

Eisenhower Higher Education/University
of Wisconsin-Eau Claire Mentor Program
Under Eisenhower Higher Education funding and university contributions,
the University of WisconsinEau Claire has offered a series of programs cen-
tered around the concept of talented teachers mentoring other teachers.
After refinements over five years of such programs, the model that shows the
most promise is one in which outstanding teachers who are experienced in
teaching the NSF-sponsored reform curriculum projects have an intern
teacher placed in their classroom for the year. The teacher and intern coplan
daily, and the intern relieves the teacher of part of their teaching responsibil-
ities. On one or two days a week the intern covers all teaching responsibilities,
and the teacher is free to consult with teachers in other districts. The other
partners in the project are school districts that are starting implementation of
reform curricula in their mathematics programs. Teachers in these schools
then receive consultations from the mentor teachers whose classrooms are
covered by the interns. These consultations may involve the mentor teacher
teaching a demonstration class, observing and critiquing a class, working on
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lesson plans, developing a plan for coverage of required topics, and answering
any questions about detail or philosophy of implementing the materials. This
professional development has been seen to be highly effective as it is targeted
to teacher need, it is on site and in the classroom, and it utilizes the talents of
teachers who are ready to take next steps in the profession. It also has a
tremendous advantage in preservice education as the intern works with an
outstanding teacher who is a model of professionalism. The model is easily
adaptable to other locations and may be used at all levels.

Contact
Dr. Billie Earl Sparks, Department of Mathematics
UWEau Claire
Eau Claire, WI 54702

WECB On-line Professional
Development Programs
Using a model originally developed by PBS MATHLINE, the Wisconsin Ed-
ucational Communications Board (ECB) provides unique on-line, profes-
sional development programs for K-12 mathematics teachers as well as for
higher education faculty who prepare mathematics teachers.

Participants enroll for one year or more. The on-line professional devel-
opment is lead by teacher-leaders who are trained and supported in the skills
and knowledge involved with creating and sustaining on-line learning com-
munities. Called facilitators, each teacher leader is responsible for a Learning
Community of 20 to 30 participants.

The ECB partially underwrites these programs. Additional needed rev-
enues come from individual yearly registration fees. Teacher registration fees

can be paid by districts using federal and state professional development
grant program funds. The ECB solicits business and industry underwriting or
grants and uses these funds to offer teacher scholarships. In some programs
the participants' fees are paid through NSF, Department of Education
(DOE), or Eisenhower federal funding.

The ECB provides and maintains the network server and user licenses for
WECB On-line. Participants have multiple ways to access the network: dial-
up modern, Internet, or Web access. A toll-free line allows users to access the
network from locations throughout the country. A toll-free help line is pro-
vided as well as on-line technical support. There are both virtual and face-to-
face training opportunities in use of the special on-line conferencing software
and in the specific elements of various projects, including the professional de-
velopment program objectives and how to create and sustain an on-line learn-
ing community. The propriety conferencing software that is used by the ECB
was specially chosen and is maintained/upgraded because of the results. Fa-
cilitators and participants report that it creates an environment that engages
teachers in discourse about systemic reform and moving to a vision of mathe-
matics teaching embodied in the state and national standards.
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MATHLIINIE

Wisconsin teachers can enroll in four professional development programs of-
fered by the ECB: the Elementary School Math Project for grades K-5
teachers, the Middle School Math Project for grades 5-8 teachers, the High
School Math Project for grades 8-12 teachers, and the Algebraic Thinking
Math Project for grades 3-8 teachers. Each project has a set of twelve to
twenty-six 15-60 minute videos and accompanying lesson guides for teachers
that model the vision embodied in the 1991 NCTM Professional Standards
for Teaching Mathematics.

Each year the ECB recruits 10-30 Wisconsin teacher-leaders to become
the facilitators of the Learning Communities. They represent the recognized,
outstanding teacher leadership in the Wisconsin K-12 mathematics educa-
tion community.

. In collaboration with the facilitators, the ECB prepares an extensive Wis-
consin MATHLINE Resource book for each participant. The bookcontains a
variety of professional development materials, including journal articles that
are matched to particular videos or tied to broader pedagogical or content is-
sues embodied in the NCTM vision of how classrooms must change in order
to meet the need for challenging and meaningful mathematics for ALL stu-
dents.

Wisconsin MATHLINE is primarily a virtual professional development
program. Participants rarely have face-to-face meetings. Yearly at the annual
meeting of the NCTM affiliate, the Wisconsin Mathematics Council, Inc., a
MATHLINE social gathering takes place. The ECB with the Learning Com-
munity facilitators sometimes provide one- to three-day regional workshops
at the start of the project year.

In operation for six years, results have included at least a 50 percent re-
turn rate by participants in the same program or another program. Some
teachers have participated for six years, citing the value of the networking
with teacher-leaders across the state and the value of the informational and
emotional support received from other on-line participants. Many teachers
report that they felt alone in their schools and districts in their efforts to
change teaching and learning to embody the vision in the state and national
standards. MATHLINE provides support from other teachers around the
state who also are making similar changes in teaching and learning, often
without support from school colleagues. MATHLINE also provides access to
a network of teacher leaders whose daily classroom experiences in imple-
menting reform teaching and learning are shared and discussed. This contin-
uing exposure to the state's teacher leaders and their sharing of daily practice
is an invaluable resource for teachers who are at early or middle stages of im-
plementation.

A continuing strong result is teachers' increased comfort in using on-line
communications technology for other professional developmentpurposes or
for use with students in the classroom. Access to and discussion of the
MATHLINE videos continues to be important to teachers. The viCleos are
viewed as electronic field trips into classrooms of teachers like themselves
who have struggled to change their practices and continue to move forward
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because of the positive student resultsmore students are successful with

meaningful and challenging mathematics. The on-line discussion focuses on

aspects of the NCTM teaching standards modeled in particular videos as well

as on ways teachers change the particular lessons to match their particular
students or situations. This sharing about ways to develop exemplary lessons

is another important result.

NPROM(E

The Networking Project for Improvement in Mathematics Education

(NPRIME) is the result of recommendations from the statewide Advisory

Council whose vision was to extend the MATHLINE model into higher edu-

cation in Wisconsin. Using Eisenhower federal funding coupled with ECB
and university funding NPRIM.E connects college and university professors

who teach content or curriculum and methods courses to preservice elemen-

tary or secondary teachers. NPRIME participants meet primarily in virtual
reality. They represent fkulty from across the state at the 36 institutions that

prepare mathematics teachers. The project leadership team and facilitators
meet face-to-face for initial design and planning.

Results include the preparation of a new guidebook that PBS will distrib-

ute nationally for preservice use with the PBS MATHLINE video materials.
Twelve Wisconsin faculty members contributed to writing sections of this

guidebook, which also focuses more generally on recommendations for using
videos in courses with preservice students.

This writing project leads to extensive discussion among faculty on-line

about the importance and value of using videos that model and reflect the

pedagogy of the good instruction. The PBS MATHLINE videos are valuable

because they are based upon the 1991 NCTM Professional Standards for

Teaching. Faculty reported that using the videos in classrooms resulted in
preservice students seeing teachers pose worthwhile tasks and model enhanc-
ing discourse through the use of a variety of tools, creating learning environ-

ments that support and encourage reasoning and expect and encourage
teachers to take intellectual risks. Use of the videos engaged preservice stu-
dents in discourse about teaching and learning mathematics.

The videos were also valued because they created some disequilibrium
for preservice students. The students in the videos challenged the preservice
teacher's current assumptions about what mathematics elementary students

can do, about the nature of algebra and algebraic thinking, and about what it

means for high school students to be successful in communicating mathemat-
ically and being successful in understanding mathematics.

The purpose of NPRIME is to encourage collaboration among preservice
faculty on 1) timely topics at implementation of the new Wisconsin PI-34
Rules and the 2000 NCTM standards and 2) continuing topics such as re-
cruitment of students as mathematics majors/minors and content and cur-
riculum issues for college-level courses. Results for participants include
recognition of similar needs across campuses and sharing of plans for moving

preservice courses into alignment with state and national standards and rules.
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WASEDOLfine

The Wisconsin Academy Staff Development Initiative was a five-year NSF-
funded teacher enhancement project for the development ofa Lead Teacher
Institute for preparing teachers to become leaders in curriculum reform at
the school, district, regional, and state levels. Another goal was the establish-
ment of Summer Academies across the state that would be based on the
model of the highly successful Cray Academy in Chippewa Falls. Lead teach-
ers are prepared to provide reform-based workshops at these academies.

WASDILine is in its fifth year as part of the program for the lead teachers
as well as the communication network to link project staff, lead teachers, and
the directors of the 16 academies that have been established across the state.
The NSF grant did not originally have an on-line professional development
component for the Lead Teacher Institute. The Department of Public In-
struction has participated in funding WASDILine, along with registration
fees paid by the district of participating teachers. The WASDI project is cur-
rently funded by the Department of Education and the Wisconsin Depart-
ment for Public Instruction.

WASDILine has been highly successful as a professional development el-
ement in the Lead Teacher Institute. Many lead teachers cite it as the most
important component of the institute because it is available any time, any
place, whether a teacher needs support on a classroom-school-district leader-
ship crisis issue or support on planning for change and professional develop-
ment in his or her district. The emotional support is as important to lead
teachers as the informational support. Each year the WASDI lead teachers
spend over four thousand hours on-line networking and supporting one an-
other. The most outstanding benefit has been the increased learning about
and use of the national and state standards in their own classrooms. Lead
teachers value daily access to one another, the project staff, as well as, access
to the Summer Academy directors.

Contact
Marge Wilsman
Director WECB On-Line Professional Development Services
ECB
3319 W Be Mine Hwy.
Madison, WI 53713
(608) 264-9691
mwilsman@ecb.state.wi.us

LLMP Projects Piece
The Linked Learning in Mathematics Project (LLMP) is a professional de-
velopment project designed to prepare teachers to implement algebra for all
in Milwaukee-area schools.

Funded by NSF from 1997 through 2000, LLMP is conducted jointly
through Marquette University and Education Development Center. All

Appendix F 485



phases of LLMP are closely tied to the NSF-funded Milwaukee Urban Sys-

temic Initiative. Two cohorts of 55 teachers and principals have participated
in the project for each year. Teachers participate in teams of two or more
teachers from the same school; principals participate in the project in a lim-

ited capacity.
Each cohort of participants takes part in an eight-day summer institute.

During the school year, participants are enrolled in a three-credit course en-
tided "Algebraic Thinking: Framework, Activities, and Implementation."
Emphasis in the course is on strategies for understanding student thinking in

algebra and for helping students experience success in algebra-related math-

ematics. Although workshop and class sessions are held on the campus of
Marquette University, much of the course work is done inside the teachers'

own classrooms. In particular, the teachers are observed by other teachers on
six occasions as they implement algebra problem solving activities with their
students. Observers record the questions teachers and students ask one an-
other as they work on activities. Additionally, teachers conduct three inter-
views over the course of the year with small groups of students in which they

are given the opportunity to listen to student thinking.

Contact
Dr. John M. Moyer
Department of Mathematics, Statistics, and Computer Science
Marquette University
PO Box 1881 (1313 W. Wisconsin Ave.)
Milwaukee, WI 53201-1881
(414) 288-5299
johnm@mscs.mu.edu

Middle School Trainers' Mathematics Project
The Middle School Trainers' Mathematics Project (MSTMP) operated from

1986 to 1997. Marquette University and Milwaukee Public Schools spon-
sored the project, which was funded through the Dwight D. Eisenhower Pro-
fessional Development Program. The project objectives and activities
changed over the years. Beginning in 1989, the general objective of the proj-
ect was to prepare a cadre of middle school trainers who would be available to

the various school districts in the greater Milwaukee area to help raise the
level of implementation of the NCTM Curriculum and Evaluation Standards.

The project helped the participants themselves implement the NCTM
Curriculum and Evaluation Standards, particularly those relating to algebra.

The project also included a precourse development and assessment compo-
nent (utilizing a committee of middle school teachers), monthly postcourse
follow-up for all the participants, and a comprehensive evaluation compo-
nent.

Twenty-eight teachers were enrolled in the project at any given time. The
teachers enrolled for a minimum of two years. During the summers, the
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teachers met each afternoon for three weeks. During the school year they
met after school once each month. Graduate credit was granted for participa-
tion in the project.

Specific objectives were that the participants:

1. Increase their knowledge of the mathematics related to the curricular
changes advocated by the NCTM Curriculum and Evaluation Standards
with special connections to algebraic concepts.

2. Engage all students, regardless of background, economic status, ethnicity,
national origin, or gender in meaningful, high-order mathematics learn-
ing and to prepare their students to enroll and experience success in
ninth grade algebra.

3. Improve their classroom practice by implementing the NCTM's Curricu-
lum and Evaluation Standards and Professional Teaching Standards.

4. Reach out to help those teachers in their districts who were not able to
participate in MSTMP by offering formal in-service programs in their de-
partment, school, or district.

Contact
Dr. John M. Moyer
Department of Mathematics, Statistics, and Computer Science
PO Box 1881 (1313 W. Wisconsin Ave.)
Milwaukee, WI 53201-1881
(414) 288-5299
johnm@mscs.mu.edu

Shape and Dimension Project: Infusing
Shape and Dimension into the
Middle School Mathematics Curriculum
Through a collaborative effort of the Woodrow Wilson National Fellowship
Foundation (WWNFF) in Princeton, New Jersey, and the University of Wis-
consinMilwaukee, the Shape and Dimension Project was a one-year profes-
sional development program in mathematics for middle grade teachers
(grades 4 8). Through this project, participants examined mathematics topics
in new ways, learned strategies and activities that were brought into their own
classrooms, and saw that shape and dimension were an integral facet of the
curriculum. Some of the specific mathematics topics included factor lattices,
Pascal's triangle, polyhedrons, polygons, fractals, topology, number theoiy, and
networks. These topics were explored with tools such as paper folding, cubes,
tiles, pentominoes, patty paper, graphing calculators, and dynamic geometry
computer programs. The development of children's understanding of geome-
try was also examined through the Van Hiele model of geometric thought.

A special feature of this project was its link with WWNFF in Princeton,
New Jersey. The core of the summer activities was facilitated by a team of
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master teachers from across the country who had studied with mathematicians
and scientists through fellowships at the foundation in Princeton and who
were part of its Teacher Outreach program. The major funding for this project
came from the University of Wisconsin System Eisenhower Professional De-
velopment program. Additional support was provided by WWNFF, the Mil-
waukee Public Schools, GlendaleRiver Hills School District, and the Univer-
sity of WisconsinMilwaukee.

School-based teams of teachers from southeast Wisconsin met for a
seven-day summer institute. The participants then attended monthly follow-
up sessions on Saturday morning during the school year. Participants also

communicated via an on-line network throughout the project. Each partici-
pant received four graduate or undergraduate university credits. Each indi-
vidual was also given cut paper and other materials so that they could more
easily engage their students in paper folding and other project-related activi-
ties. The school-year instructional team consisted of one of the WWNFF
master teachers who was from Wisconsin, another middle school teacher
from the area, and a university professor.

Participants in the Shape and Dimension Project improved their mathe-
matical knowledge, enhanced their teaching strategies, and increased their
confidence in infusing shape and dimension into their mathematics curricu-
lum. Each participant conducted two action research projects with their stu-
dents and compiled a portfolio throughout the school year that demonstrated
enhanced student learning. One participant remarked, "I understand much
more about geometry than a year ago. I wish that every teacher could have
this course. It would change the world of mathematics." Another individual
wrote, "I have done more geometry this year than any other year. Next year I
plan on starting with geometry, unlike previous years. Shape and Dimension
will be woven into activities/lessons weekly. I now realize more than ever be-
fore the importance of geometry. There are so many misconceptions that I
need to be aware of and desire to change." Another participant summarized,
"The shape and dimension project affected how I infuse geometry into activ-
ities throughout the year. The Van Hie le levels of thinking have had a dra-
matic impact on how I teach. I am more willing to let students play and more
skillful at pressing their thinking." The school-based teams also developed
and carried out implementation plans within their schools or districts in order
to further share and disseminate their learning from the course. A participant
noted, "This course has created enthusiasm amongst us. We share it with oth-
ers and now we are advocates for improving and strengthening the teaching
of geometry and spatial reasoning."

Contact
Dr. De Ann Huinker, Mathematics Education Department
University of WisconsinMilwaukee
PO Box 413
Milwaukee, WI 53201-0413
(414) 229-5467
huinker@uwm.edu
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Leadership for Implementing
the Investigations Curriculum
The Leadership for Implementing the Investigations Curriculum (LIIC) pro-
gram was a collaborative effort of the University of WisconsinMilwaukee
and the Milwaukee Public Schools. The program developed a cadre- of
Teacher Leaders that have provided district-wide support for the implemen-
tation of the Investigations in Number, Data, and Space (INDS) curriculum.
This reform-based K-5 mathematics curriculum was developed by TERC
under a grant from NSF. It emphasizes the exploration of meaningful mathe-
matical problems and the deepening of mathematical thinking. The partici-
pants in the program 1) developed leadership and facilitation skills for profes-
sional development; 2) became more familiar with the philosophy, strategies,
components, and organization of INDS; 3) deepened their understanding of
children's development of mathematical knowledge; 4) examined effective
professional development and change strategies; and 5) learned strategies to
support colleagues using INDS. The major funding for this program was from
the Wisconsin System Eisenhower Professional Development component.
Additional support was provided by the Milwaukee Public Schools and the
University of WisconsinMilwaukee.

The participants in this leadership program were selected through a rec-
ommendation and application process. They had been using INDS in their
classro6ms, were willing to learn how and work hard to become effective fa-
cilitators of professional development sessions at the district and school lev-
els, and made a commitment to conduct staff development sessions for other
teachers. The participants attended a summer institute that met for eight
half-days in June in which they learned more about the background, organi-
zation, and development of mathematical ideas in the curriculum and exam-
ined effective professional development and change strategies. Then they
participated in the school-year component, meeting about once every other
week, for 15 sessions that focused on learning more about the curriculum,
strategies to support the implementation of the curriculum, and the planning
of professional development sessions. In addition, the participants facilitated
professional development sessions for other teachers throughout the district.
The participants were also linked electronically through an on-line listserv.
During the school year, participants videotaped themselves teaching with the
curriculum and discussed ways to use their videos in professional develop-
ment sessions. Each participant received five graduate or undergraduate uni-
versity credits.

The participants in this leadership program have become Teacher Leaders
in the district. The Teacher Leaders became a united voice of support for im-
plementation of INDS, relaying common messages and successful practices to
teachers, administrators, and parents throughout the district. They planned
and facilitated numerous districtwide professional development sessions, pro-
vided support for teachers in their own schools, and were requested to con-
duct in-service sessions at other schools. In addition, the Teacher Leaders also
provided advice to the district on the implementation of the curriculum, such
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as developing the pacing chart and setting priorities for professional develop-
ment structures and topics. Many of the Teacher Leaders were nervous as they
joined the cadre, but all grew in their understanding of the curriculum, en-
hanced their own teaching, developed facilitation skills, and gained confidence
in themselves as facilitators of professional development. One participant re-
marked, "I feel my biggest accomplishment is feeling like a successful facilita-
tor. I made it through two banking day workshops and two cluster sessions (4
two-hour sessions each) unscathed and willing to do more. I wasn't sure how I
would do way back when in the beginning of this program, but looking back, I
feel proud!" Another individual wrote, "My biggest accomplishment was over-
coming my fear of speaking in front of a group. I joined this program because I
was terrified at the thought of presenting. I was anticipating being a wreck, but
I've found that I actually love facilitating. I may even pursue it further."

Contact
Dr. De Ann Huinker, Mathematics Education Department
University of WisconsinMilwaukee
PO Box 413
Milwaukee, WI 53201-0413
(414) 229-5467
huinker@uwm.edu

Grade-Level Cluster Meetings: Support for
Reform-Based Curriculum Implementation
The Milwaukee Public Schools developed a program of grade-level cluster
meetings to provide ongoing support for teachers as they began implement-
ing the INDS mathematics curriculum. One goal of the cluster meetings was
to engage teachers in professional development sessions that focused directly
on tbe grade-level unit book that was currently being taught according to the
district-pacing schedule. Another goal was to increase understanding of the
role of the teacher and the role of the students in an INDS classroom that
supports effective pedagogical practices.

Cluster meetings were held for each grade level, kindergarten through
Grade 5. For each set of cluster meetings, teachers met four times after school,
receiving eight hours of support. Each set of grade-level cluster meetings was
facilitated by a pair of district Teacher Leaders currently teaching at that grade
level. Teachers in their grade-level clusters worked through INDS lessons and
discussed student learning, teaching approaches, and implementation strate-
gies. A major portion of each evening was devoted to working through sessions
from the curriculum units. As teachers worked through sessions, they had many
opportunities to share issues and strategies for implementation.

Teachers attending the cluster meetings were expected to work with
other teachers at their grade level, bring in samples of their students' work,
and review the assessments from the current unit. Three sets of cluster ses-
sions were held during the first year of implementation of the new curricu-
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lumfall, winter, and spring. Teachers could participate in one, two, or all
three sets of clusters. Funds from the district Eisenhower Professional De-
velopment program were used to support two teachers for every one teacher
supported by individual school budgets for the fall and winter clusters. Inch-
vidual school budgets were used to compensate teachers for their participa-
tion at the spring clusters.

The cluster meetings were a huge success. Multiple sections of each
grade level were offered based on the large number of teachers who wanted
to attend. About eight hundred teachers attended the fall cluster meetings,
about six hundred attended the winter cluster meetings, and about two hun-
dred fifty attended the spring cluster meetings. The participants repeatedly
noted their appreciation of the teachers-teaching-teachers model that was
used with the cluster meetings. The Teacher Leaders encouraged an ex-
change of ideas and created a safe atmosphere for learning. One individual
wrote, "The strength of this workshop was Teacher Leaders who had taught
the program, not corporate people telling us how to use the program." An-
other remarked, "Great opportunity to dialogue with teachers from our own
district who have already implemented this program." Another noted, "Our
presenters had taught this before and could bring their experiences to our
discussion groups." The teachers valued the opportunity to work through ses-
sions using the manipulatives, materials, and resources they were using in
their own classrooms. The cluster meetings created a professional learning
community and support network for teachers working together to implement
the curriculum. Some of the strengths of the cluster meetings as noted in
their written evaluations included: "The sharing of experiences relieved my
anxiety," "Thanks for the opportunity to exchange ideas and express con-
cerns," and "I feel more securewe are all learning together."

Contact
Dr. DeAnn Huinker, Mathematics Education Department
University of WisconsinMilwaukee
PO Box 413
Milwaukee, WI 53201-0413
(414) 229-5467
huinker@uwm.edu

Mathematics and Science Beginning
Teacher Project
The Mathematics and Science Beginning Teacher Project is a two-year
discipline-based teacher induction program for elementary school teachers.
Through this project, first-year teachers in the Milwaukee Public Schools
(MPS) will receive sustained support for twoyears as they make the transition
from being students in a teacher preparation program to being full-time
teachers in a large urban district. The context for support is successful imple-
mentation of the district elementary mathematics and science programs,
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which are standards-based programs that use an inquiry approach to teaching
and learning. Participants will become well-versed in the philosophy, compo-
nents, approaches, content, and assessment of the MPS elementary mathe-
matics and science programs; receive ongoing support in using an inquiry-

approach to engage all children in standards-based mathematics and science
learning; and form a supportive learning community with other new teachers
around the teaching of mathematics and science. The major funding for this
program comes from the Wisconsin System Eisenhower Professional Devel-
opment component. Additional support was provided by MPS and the Uni-

versity of WisconsinMilwaukee.
In the first year of the project, participants will meet for four full-day Satur-

day sessions and 11 evening sessions during the school year. In the second year
of the project, they will meet for one week in the summer and approximately
twice a month during the school year. Participants will also interact through an
on-line conference. To bring these novice teachers into the mathematics and sci-

ence education professions, each individual will be given memberships in na-
tional and state professional organizations in mathematics and science education
and be given support to attend state mathematics and science conferences. They

will also receive other resources and materials to support their mathematics and
science instruction. Participants will earn seven university graduate credits over

the two years. The instructional team will consist of university faculty in mathe-

matics and science education and experienced teachers from MPS.
The immediate outcome of this project is a group of beginning teachers

who will support each other and receive support from experienced teachers
and university faculty in their critical first two years of teaching. They will not
experience the isolation of many beginning teachers but will have a sustained
support network. Further, they will be more knowledgeable of standards-
based mathematics and science programs and more skilled in their imple-
mentation resulting in improved student learning. Long-term outcomes of
this project are the establishment of new advocates for standards-based
mathematics and science and the retention of these participants in the teach-
ing profession, particularly retention within a large urban district.

Contact
Dr. De Ann Huinker, Mathematics Education Department
University of WisconsinMilwaukee
PO Box 413
Milwaukee, WI 53201-0413
(414) 229-5467
huinker@uwin.edu

Teaching Integrated Mathematics
in the High School: Implementing
the Core-Plus Mathematics Curriculum
This one-year professional development project prepared teachers of mathe-
matics to implement an integrated high school mathematics curriculum with
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an emphasis on the Course 1 of Contemporary Mathematics in Context
(Core-Plus). Participants examined the mathematics content in depth, stud-
ied the instructional units with emphasis on learning activities and student re-
sponses, experienced and practiced instructional and assessment strategies,
and gained knowledge and skills in the use of technology. The project was fo-
cused on teacher content and actions necessary to prepare their students to
learn and use algebra and functions, data analysis and statistics, geometry, and
discrete mathematics. The major funding for this project came from the Wis-
consin System Eisenhower Professional Development program and MPS.
Additional support was provided by T3Teachers Teaching with Technology
and the University of WisconsinMilwaukee.

This project was targeted on the teaching of mathematics to all students,
with attention to MPS teachers and students. The project activities were fa-
cilitated by nationally recognized teachers who were using the curriculum
and graphing calculator technology and by university faculty from education
and mathematics departments. The participants met during an intense eight-
day summer institute and for eight Saturday-morning sessions during the
school year. The summer session focused on learning content and studying
mathematics topics from new perspectives. All sessions were very interactive,
with hands-on use of concrete materials, computers, and graphing calcula-
tors. Curriculum implementation and action plans were developed for imple-
menting the new curriculum into the participants' mathematics classroom
and assessing student work in classroom and district assessments. The school-
year meetings focused on strategies to implement an integrated mathematics
curriculum and provide ongoing support to the participants and their stu-
dents. Participants also engaged in ongoing discussion and sharing of tasks
and activities through an on-line network.

The participants gained an understanding of the rationale for and devel-
opment of the four-year Core-Plus integrated mathematics curriculum. They
developed confidence as they were supported during the implementation of
the Core-Plus Course 1 curriculum materials in their classrooms. They re-
ceived focused instruction on specific mathematics content, instructional
strategies, and student assessment. They learned techniques, ideas, and dis-
cussions for facilitating collaborative learning and clas'sroom management.
They developed skill in effective use of technology embedded in mathematics
learning settings. Finally, they developed strategies for gaining support from
parents and administrators and practical suggestions for schoolhome com-
munication.

Contact
Dr. Henry Kepner, Mathematics Education Department
University of WisconsinMilwaukee
PO Box 413
Milwaukee, WI 53201-0413
(414) 229-5253
kepner@uwm.edu
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Appandx
Melons II Couna

©r ©F Manama Tics
Fos Mon Papers

1 the National Council of Teachers of Mathematics has, through the
years, provided outstanding assistance to mathematics teachers. Be-
cause their research is so thorough and their input so often sought re-

garding specific topics, position papers have been developed regarding those
issues. Those papers are printed here as a resource. Additional information
can be obtained from the NCTM website: http://www.nctm.org.

Calculators and the Education of Youth,
July 1998
The National Council of Teachers of Mathematics recommends the integra-
tion of calculators into the school mathematics program at all grade levels.

Appropriate instruction that includes calculators can extend students' un-
derstanding of mathematics and will allow all students access to rich problem-
solving experiences. Such instruction must develop students' ability to know
how and when to use a calculator. Ski ll 'in estimation, both numerical and
graphical, and the ability to determine if a solution is reasonable are essential
elements for the effective use of calculators.

Assessment and evaluation must be aligned with classroom uses of calcu-
lators. Instruments designed to assess students' mathematical understanding
and application must acknowledge students' access to, and use of, calculators.

Research and experience support the potential for appropriate calculator
use to enhance the learning and teaching of mathematics. Calculator use has
been shown to enhance cognitive gains in areas that include number sense,
conceptual development, and visualization. Such gains can empower and mo-
tivate all teachers and students to engage in richer problem-solving activities.

Therefore, the National Council of Teachers of Mathematics makes the
following recommendations:

o All students should have access to calculators to explore mathematical
ideas and experiences, to develop arid reinforce skills, to support problem-
solving activities, and to perform calculations and manipulations.

These papers are
attached for ready
reference.
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Evaluation of Teacher Performance and
Effectiveness, March 2000

Position
It is the position of the National Council of Teachers of Mathematics that the
evaluation of teaching performance and effectiveness must be conducted in
light of the Council's Professional Standards for Teaching Mathematics and
that teaching performance must be connected to the professional develop-
ment necessary to improve practice.

Rationaie
Increasing demands for accountability have led state and provincial legisla-
tures and agencies, school districts, professional organizations, and teacher
education institutions to expand their efforts to evaluate a teacher's know-
ledge, performance, and effectiveness.

Recommendations
The National Council of Teachers of Mathematics believes that the evalua-
tion of teaching performance and effectiveness must:

o include the active participation of the teacher in all phases of the pro-
cess;

o be conducted by evaluators who possess a knowledge of the vision of
teaching mathematics as presented in the Council's Professional Stan-
dards for Teaching Mathematics and Principles and Standards for
School Mathematics and who us criteria directly related to the content
of mathematics, effective instructional strategies, and assessments of
students' performance that are aligned with this vision;

o be based on a mutually agreed-on plan for professional growth that
arises from clear goals for both the teacher and the evaluator(s);

o include the collection and analysis of a wide range of data, drawn from
various sources such as self-assessment, observations, interviews, peers,
teacher's portfolios, supervisors, and administratorsas well as from
multiple measures of students' performance;

o link the evaluation of teaching with professional development that ad-
dresses the needs identified by both the teacher and the evaluator(s);

o balance the identification of strengths and positive aspects of perfor-
mance with the identification of areas needing improvement.

In addition to resulting in plans for professional improvement, the
processes and procedures for the evaluation of teaching performance and ef-
fectiveness must also encourage risk taking and personal and collegial reflec-
tion on practice. Therefore, the evaluator(s) must work closely with the
teacher to assure that the evaluation process is used to enhance the profes-
sional development of the teacher, increase the effectiveness of mathematics
teaching, and realize the improvement of students' performance.
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Guiding Students' Attitudes and Decisions
Regarding Their Mathematics Education,
February 1994
Educators, including parents, teachers, counselors, and administrators, are
positioned to influence the formation of students' attitudes toward, and per-
ceptions about, mathematics. These attitudes and perceptions are formed at
an early age and reinforced by educators throughout the students' school
years.

The following issues should be addressed at all levels:

o Equal access to the world of mathematics regardless of gender, ethnic-
ity, or race

o The broad range of options available to students of mathematics
o That success in mathematics is more dependent on effort and opportu-

nity to learn than on innate ability.

For students to succeed in their study of mathematics, they must believe
that they can "do" mathematics and that it is worth "doing." Therefore, the
National Council of Teachers of Mathematics believes the following state-
ments should characterize student programs:

Elementary School Level
Young children enter school having natural interest, curiosity, and an eager-
ness to learn. As children move through the elementary school level, educators
build on these attitudes, which support children's mathematical development.
By connecting mathematics with real-life experiences, educators can help chil-
dren not only understand mathematics but see its value and usefulness.

Middle School Level
During the middle school years, students are experiencing the greatest
changes in their development. It is during these years that educators must
continue to provide encouragement to students and enable them to develop
confidence in their ability to make sense of mathematics. A focal point for this
age group is making connections between mathematics and their future op-
tions so that their academic and work-related choices are kept as broad as
possible.

Secondary School Level
At the secondary school level, students should recognize the importance of
the relationships between academic choices and career choices. It is essential
that educators reinforce students' belief in the value of mathematics, in their
ability to "do" mathematics now and in the future, and in their need to con-
tinually learn.
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In addition, students should continually be provided reliable, up-to-date

information on:

o How what they are learning in mathematics relates to future options;
o The increasing number of career opportunities that are available as a

consequence of further mathematical study;
o How careers in fields other than mathematics and the physical sciences

are increasingly dependent on mathematical knowledge;
o Their school's graduation requirements in mathematics;
o The entrance and graduation requirements in mathematics for voca-

tional schools, technical schools, colleges, and universities.

Therefore, the NCTM recommends that all educators, including parents,
teachers, counselors, and administrators, work together to shape, guide, and
inform students' attitudes, perceptions, and decisions regarding their educa-
tion in mathematics.

The Mathematics Education of
Underrepresented Groups, April 1995
The National Council of Teachers of Mathematics is committed to the princi-
ple that groups underrepresented in mathematics-based fields of study
'should be full participants in all aspects of mathematics education. These
groups are composed of students who do not take advanced mathematics
courses and do not enter mathematics-related vocations and careers in pro-
portion to their representation in the population. The groups include females,
African Americans, Hispanics, Native Americans, Alaskan Natives, and Na-
tive Pacific Islanders, among others.

Paths to continuing education and employment opportunities are often
hindered by powerful social and institutional influences that discourage these
students from studying mathematics. In our challenging and complex society,
it is paramount that all students be considered valuable resources to be af-
forded the opportunity to reach their full potential and contribute to society.

Schools and districts should examine programs including assessment and
instructional practices that may lead to mathematics avoidance. Mathematics
educators must make an individual and collective commitment to eliminate any
psychological and institutional barriers to the study of mathematics. Educators
must explore and implement innovative ways to convince students and families

from these groups of the vital importance of taking mathematics courses.
Teachers, administrators, and counselors at all educational levels should

expect that students from all segments of the population will be successful in

mathematics. The teacher is in a pivotal position to motivate and encourage
all students to continue the study of mathematics.

All students must study a core curriculum in mathematics that reflects
the spirit and the content of the NCTM Standards. The NCTM will continue
to work to increase the participation and achievement of underrepresented
groups in mathematics education.
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Mathematics for Second-Language Learners,
July 1998
The National Council of Teachers of Mathematics is committed to the princi-
ple that second-language learners should be full participants in all aspects of
mathematics education.

Language and cultural background must not be a barrier to full participa-
tion. All students, regardless of their language and cultural background,
should study a comprehensive mathematics curriculum with high-quality in-
struction and coordinated assessment.

The National Council of Teachers of Mathematics believes that:

o Second-language learners should be given appropriate first- and second-
language support while learning mathematics;

o Teachers, counselors, and other professionals who have expertise
should carefully assess the language and mathematics proficiencies of
each student in order to make appropriate curricular decisions and
recommendations;

o The importance of mathematics and the nature of the mathematics
program should be communicated, with appropriate language support,
to both students and parents;

o Mathematics teaching, curriculum, and assessment strategies should
build on the prior knowledge and experiences of students and on their
cultural heritage.

To verify that barriers have been removed, educators should monitor en-
rollment and achievement data to determine whether second-language learn-
ers have gained access to, and are succeeding in, mathematics courses. Re-
views should be conducted at school, district, state or provincial, and national
levels.

Mathematics Program Leaders in
Elementary, Middle Schools,
and High Schools, March 2000*

Position
The National Council of Teachers of Mathematics believes that the designa-
tion and the support of school- and district-level mathematics program lead-
ers are essential to the improvement of mathematics instruction and achieve-
ment for all students.

°Adapted from "Improving Student Achievement through Designated District and School
Mathematics Program Leaders," a position statement of the National Council of Supervisors of
Mathematics.
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Fiatrionae
The demands on teachers of mathematics have never been greater:

o Society in general and a changing workplace in particular demand
broader mathematical literacy for every student.

o Technology forces a reconsideration of what mathematics is essential
and how best to teach this mathematics.

o National standards and higher academic expectations have heightened
the need for teachers to update their knowledge of, and skills in, math-
ematics.

Recommendations
The designation of school- and district-level mathematics program leaders
must be seen as an indispensable component of providing high-quality math-

ematics programs for all students. These program leaders should

o be knowledgeable about mathematics, the mathematics curriculum,
and mathematics pedagogy;

o coordinate the planning, implementation, and evaluation of mathemat-

ics programs;
o promote excellence in mathematics education for all students;

o be visionary agents of positive change, knowledgeable about national
standards, aware of current research, and able to translate these stan-
dards and this research into classroom practice;

o regularly visit classrooms and maintain an awareness of needs, prob-
lems, and issues;

o link with stakeholders in education and enlist their support in improv-
ing the quality of the teaching and learning of mathematics.

In addition, these designated program leaders should be able to serve as
informed resources in the areas of curriculum design, instructional strate-
gies, student and program assessment, professional development, and the
development of partnerships with the broader community. Among the ex-
pectations for school- and district-level mathematics program leaders are the

following:

In the area of curriculum design:
o To coordinate the development and implementation of a sound and co-

herent grades K-12 mathematics curriculum
o To ensure curricular alignment and coordination between grade levels

and courses
o To assist teachers in using rich and challenging problems and activities

that integrate mathematics into other disciplines and the content of
other disciplines into mathematics

o To guide the ongoing review and revision of the curriculum and ensure
alignment with state and local guidelines
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In the area of instructional strategies and the use of technology and ma-
terials:

o To recommend programs, instructional technologies and materials,
oversee their piloting and adoption, and evaluate their effectiveness

o To acquaint teachers with successful and innovative strategies, includ-
ing translating research findings into practice

o To assist teachers in the effective use of technology in daily instruction
o To assist teachers by modeling effective instructional strategies
o To encourage reflection on, and the discussion of, what is working,

what is not working, and how to make improvements

In the area of assessment:
o To ensure the alignment of assessment instruments with the curricu-

lum
o To assist teachers in designing and implementing a broad range of as-

sessment tools
o To collect and analyze data about what is and is not working and to use

these data, including results from students' assessment, to improve
curriculum and instruction

o To interpret the results of assessment for parents and the community
at large

In the area of professional development:
o To collaborate with the staff to determine needs and priorities for pro-

fessional development
o To conduct or facilitate professional development activities and moti-

vate colleagues to engage in ongoing professional growth and evelop-
ment

o To encourage involvement in professional organizations
o To encourage professional communication between and among col-

leagues
o To promote the mentoring of colleagues and professional visits among

teachers

In the area of forging partnerships:
o To communicate with committees, school boards, administrators,

teachers, parents, and students about the importance of mathematics
and the need for high-quality mathematics programs

o To cultivate connections with local businesses, industry, and post-
secondary mathematics and mathematics education communities

o To establish and support forums and encourage dialogue among
groups that influence the shape and direction of school mathematics
programs
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Mathematics Leaders in Secondary Schools,
April 1988
Strong mathematics leadership in each school building is a significant factor

in the improvement of secondary mathematics instruction. Leaders in school

mathematics are essential for improving the mathematical knowledge and
pedagogical competence of the staff, for providing information about mathe-
matics instruction within the school and between the school and its feeder
schools, and for assuring the implementation of a comprehensive, high-
quality program. Such leaders give assistance and support to teachers and ad-
ministrators in promoting excellence in mathematics for all students.

For these reasons, the National Council of Teachers of Mathematics
recommends that every secondary school identify a mathematics leader,
often called the department head, to provide ongoing leadership and assis-
tance in planning, implementing, and evaluating a comprehensive mathe-
matics program. The mathematics leader must have an in-depth under-
standing of mathematics and a thorough knowledge of, and competence in,
effective teaching methodology, coupled with the ability to work well with
others. Such a person would be available at the building level to provide
leadership in matters concerning (a) curriculum, (b) methodology and ma-
terials, (c) student assessment, (d) professional development, and (e) proce-
dural duties.

Specifically, the mathematics leader should provide leadership and assis-
tance to teachers, principals, supervisors, and other administrators in the fol-

lowing ways:

1. Curriculum
a. Fostering the development, implementation, evaluation, and updat-

ing of departmental goals and objectives
b. Coordinating the implementation of an effective instructional scope

and sequence for mathematics
c. Contributing toward the development of course offerings to meet di-

verse student needs
d. Facilitating the review and revision of curricula to incorporate new

developments in mathematics education
e. Encouraging the integration of mathematics with other content areas
f. Providing curriculum articulation between schools and among grade

levels
g. Assuring consistent standards among teachers and among courses

2. Methodology and Materials
a. Acquainting teachers with successful and innovative strategies for

classroom instruction through demonstration lessons and conferences
b. Helping teachers select and implement activities that improve stu-

dents' motivation and attitude toward mathematics
c. Facilitating the review and selection of textbooks
d. Making recommendations for the acquisition of teaching resources

such as manipulative materials, calculators, computers, computer
software, and other instructional media
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3. Student Assessment
a. Participating in the review and selection of assessment techniques
b. Assisting teachers in the design and implementation of all forms of as-

sessment
c. Helping teachers interpret and use assessment data
d. Working with the guidance staff to facilitate appropriate student place-

ment
4. Professional Development

a. Encouraging teachers ;to pursue further study of the mathematical
sciences

b. Providing information about innovative materials and teaching strate-
gies recommended by the mathematics education community

c. Encouraging teachers to become participating members in profes-
sional mathematics organizations

d. Facilitating the attendance of teachers at professional meetings and
conferences

e. Encouraging discussion of the professional literature in mathematics
education and related fields

5. Procedural Duties
a. Orienting new teachers
b. Assisting substitute teachers and student teachers
c. Conducting departmental meetings
d. Participating in the development of the master schedule
e. Formulating the departmental budget
£ Participating in the recruitment and selection of mathematics

teachers
g. Facilitating students' participation in competitions and special pro-

grams

For the mathematics leader to accomplish the expected tasks, it is recom-
mended that school systems provide a monetary supplement, released time,
sufficient support services, and the opportunity to participate in professional
activities in mathematics education at the local, state/provincial, regional, and
national levels. The school mathematics leader is a critical component of an
effective mathematics instructional program. The need for strong leadership
at the building level is not merely desirable, it is essential.

Metrication, March 2000
Pos5Von

The National Council of Teachers of Mathematics recommends theuse of the
metric system as the primary measurement system in mathematics instruction.

Er, ackgromd and Rationalle
Measurement is a common daily activity performed throughout the world
and in all sectors of society. As a well-conceived, logical system of units, the
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metric system provides models that reinforce concepts and skills involving
numeration, decimal relationships, and estimation, connecting mathematics
to the rest of the pre-K-12 curriculum. For example:

o Conversion between metric units is facilitated by the decimal nature
and consistent prefixes of the system, which leads to a high degree of
accuracy in measurements.

o Units for volume, capacity, and mass are interrelated (for example, one
cubic decimeter of water, which is one liter, has a mass of one kilo-
gram).

On an international level in the scientific and industrial worlds, the metric
system is the standard system of measurement. Canada adopted the metric
system long ago and immediately mandated that all school curricula use the
metric system exclusively. To compete in a world that already functions with
this system, our students also need to be competent with the metric system.

Recommendations
o Given that the English customary system is well established in the

United States and the metric system is used throughout the rest of the
world, the pre-K-12 curriculum should include both systems.

o For all teachers to become proficient with the metric system, profes-
sional development and support will be necessary and should be pro-
vided.

o All mathematics educators should assume responsibility for providing
leadership and direction in metrication by integrating it into the entire
curriculum at every grade level.

Professional Development of Teachers
of Mathematics, July 1998
The National Council of Teachers of Mathematics believes that teachers of
mathematics must have access to professional programs and activities that re-
inforce the instructional and assessment strategies it advocates for students in
the Standards and that the primary focus for all professional development
programs is helping teachers teach mathematical content to their students.

The professional development of teachers of mathematics is a process of
learning: learning mathematics and about mathematics; learning about stu-
dents and how they learn, individually and in the social setting of school; and
learning the craft of teaching. In light of the Standards, professional develop-
ment must also include learning new ways to develop mathematical power in
all students.

Professional development must:

o Actively engage teachers in developing an understanding of mathemat-
ics, pedagogy, and students, just as good instruction actively engages
students in learning and developing their own understanding;
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o Allow adequate time and furnish support for teachers to explore, prac-
tice, discuss, refine, apply, and reflect on new ideas, techniques, and
practices, just as good instruction allows students to explore, practice,
discuss, refine, and apply new understandings;

o Provide feedback and support from colleagues and supervisors, partic-
ularly when changes are being implemented, just as good instruction
supports students with feedback from teachers and peers;

o Focus on school or department faculties as the primary unit of atten-
tion, just as classrooms are the primary unit of focus for students;

o Set students' learning of mathematics as the ultimate outcome of all
professional development, just as students' learning of mathematics is
the ultimate goal of all classroom mathematics instruction.

NCTM recommends, therefore, that all professional development pro-
grams must:

o Be planned and implemented as a regular part of teachers' ongoing
work;

o Be guided by a comprehensive framework that emphasizes:
Building teachers' knowledge of content, pedagogy, and students;

Translating the vision of the Standards into daily teachingpractice;
Creating vibrant support networks for teachers at the local, state, or
provincial, regional, and national levels;

o Attend to teachers' needs as they work to enhance the learning of all
studentsincluding students from groups typically underrepresented
in mathematicsin their classrooms, schools, and communities;

o Provide teachers with sustained opportunities to collaborate with col-
leagues, to share and critique ideas, and to draw on the knowledge and
perspectives of others as reflective and analytical members of a profes-
sional community;

o Recognize that the needs of teachers should evolve as they move from
being prospective teachers to new teachers to experienced teachers;

o Involve teachers in the identification of their needs and in the pro-
gram's design and implementation;

o Be shaped by the most current knowledge of effective practice and
ways to achieve it;

o Be supported by adequate long-term financial and structural re-
sources.

Position Statement on Research,
February 1999

PosROon

The National Council of Teachers of Mathematics believes that research
must be conducted to study student learning, instructional practices, policies,
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and programs to improve mathematics education, whether the focus of this

research is on individual students, classrooms, schools, school districts or

states or provinces. Further, it is the position of the National Council of
Teachers of Mathematics that if mathematics education research is to be re-
sponsive to questions regarding pedagogy and student learning, then collabo-
ration between teachers and researchers is critical.

RaVonage
Educators who have studied student learning, created new programs, pro-
posed new ideas, or expressed new commitments to old ideas should be en-
couraged to hold their proposals up for critical analysis. One should collect
evidence to assess a program or theory whenever possible, even if it increases
the likelihood that one's ideas will be discredited. The research literature then
serves not as a repository of facts and answers but as a resource that educators
can draw on in their question to generate more valid and useful knowledge.
When viewed from this dynamic perspective, research becomes a relevant
tool in the improvement of educational practice.

Both quantitative and qualitative analyses, on a large as well as a small
scale, are required to provide rich and informative pictures of how policies,
programs, and theoretical perspectives affect classroom practice and student
learning. Students of past efforts make clear that fundamental educational
problems cannot be solved by altering or examining just one, or even a few,
aspects of a system as complex as schooling. Given the challenge to create ap-
propriate research designs to analyze complex systems, a wide range of design
must be employed.

Teachers who are reflecting on their practice can apply those same skills
in professional conversations. Teachers should meet with other teachers and
with researchers to discuss outcomes and observations, to consider curricular
and instructional dilemmas from a variety of perspectives, and to offer class-
room data for analysis and interpretation.

Recommendardons
Researchers should work together with teachers and administrators to ad-
dress, examine, and document the initiation, the implementation, and the
long-term implications of changes in state or provincial, district, and school-
based mathematics programs, in mathematics curricula, and in classroom
mathematics instruction and organization, as well as the impact of these
changes on students' mathematical knowledge and achievement.

Researchers and teachers should develop effective modes of professional
interaction and communication within and between their communities.

Researchers must learn to use the rich sources of information and inter-
pret the information that teachers may share from their mathematics class-

rooms and schools.
Educational policies, programs, and theories as well as student learning

and instructional practices in mathematics education should be examined
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from an unbiased viewpoint using appropriate research methods and exem-
plifying differing designs and durations.

Researchers must share their research-based or interpretative insights
in ways that address teachers' daily concerns for mathematics classroom
practice.

Teaching Mathematics in the Middle Grades,
July 1998
The National Council of Teachers of Mathematics advocates that all teachers
of mathematics for middle-grades students have extensive preparation in
mathematics and its pedagogy as related to the characteristics and needs of
students in those grades.

All students have the right to a mathematics education that ensures math-
ematical literacy and the development of the concepts, skills, and dispositions
necessary for a meaningful and productive life. Middle-grades students in
particular are at a crucial stage when the attitudes they develop toward math-
ematics can have a significant impact on their changes for success in high
school mathematics and on their life choices. It is therefore essential that
mathematics teaching in the middle grades help students experience mathe-
matics as a personally meaningful and worthwhile endeavor.

Therefore, middle-grades mathematics teachers should:

o Have high-quality preparation in mathematics and mathematical peda-
gogy as outlined in NCTM's Professional Standards for Teaching
Mathematics;

o Create a learning environment that fosters students' confidence in
their own abilities and skills in problem solving, reasoning, making
connections, and communicating with and about mathematics;

o Work with other teachers as a team to develop meaningful mathemat-
ics programs;

o Modify mathematics instruction as needed to motivate and nurture
students;

o Interact sensitively with students and parents from diverse racial and
cultural backgrounds.

Schools, school districts, colleges, universities, and provincial or state li-
censing agencies are encouraged to collaborate in designing and implement-
ing undergraduate, in-service, and graduate programs that:

o Include preparation for the middle-grades teacher's license or certifi-
cation;

o Enable middle-grades teachers of mathematics to teach for the pres-
ent and future demands of society in accordance with the developmen-
tal needs of the students.
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The Use of Technology in the Learning
and Teaching of Mathematics, July 1998
The appropriate use of instructional technology tools is integral to the learn-
ing and teaching of mathematics and to the assessment of mathematics learn-

ing at all levels.
Technology has changed the ways in which mathematics is used and has

led to the creation of both new and expanded fields of mathematical study.
Thus, technology is driving change in the content of mathematics programs,
in methods for mathematics instruction, and in the ways that mathematics is
learned and assessed. A vital aspect of such change is a teacher's ability to se-
lect and use appropriate instructional technology to develop, enhance, and
extend students' understanding and application of mathematics. It is essential
that teachers continue to explore the impact of instructional technology and
the perspectives it provides on an expanding array of mathematics concepts,
skills, and applications.

Therefore, the National Council of Teachers of Mathematics makes the
following recommendations:

o Every student should have access to an appropriate calculator.

o Every mathematics teacher should have access to a computer with ap-
propriate software and network connections for instructional and non-
instructional tasks.

o Every mathematics classroom should have computers with Internet
connections available at all times for demonstrations and students' use.

o Every school mathematics program shouldprovide students and teach-
ers access to computers and other appropriate technology for individ-
ual, small-group, and whole-class use, as needed, on a daily basis.

o Curriculum development, evaluation, and revision must take into ac-
count the mathematical opportunities provided by instructional tech-
nology. When a curriculum is implemented, time and emphasis must
be given to the use of technology to teach mathematics concepts, skills,
and applications in the ways they are encountered in an age of ever in-
creasing access to more-powerful technology.

o Professional development for preservice and in-service teachers must
include opportunities to learn mathematics in technology-rich environ-
ments.

Interdisciplinary Learning, Pre-K-Grade 4,
September 1994
Recent calls for educational reform focus on the need for curricula emphasiz-
ing conceptual learning that is integrated across traditional subject areas. Re- .
sponding to this need, the major national subject-matter organizationsthe
National Council of Teachers of Mathematics, the National Council of Teach-
ers of English, the International Reading Association, the National Science
Teachers Association, the National Council of the Social Studies, the Speech
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Communication Association, and the Council for Elementary Science Inter-
nationalmet to discuss and develop guidelines for integrating the curricu-
lum from Pre-KGrade 4. A result of their discussions is this position state-
ment, which outlines the principles that should guide the implementation of
an integrated curriculum.

Basic to this effort is the belief that educational experiences are more au-
thentic and of greater value to students when the curricula reflect real lie,
which is multifaceted rather than being compartmentalized into neat subject-
matter packages. Interdisciplinary instruction capitalizes on natural and logical
connections that cut across content areas and is organized around questions,
themes, problems, or projects rather than along traditional subject-matter
boundaries. Such instruction is likely to be responsive to children's curiosity
and questions about real life and to result in productive learning and positive
attitudes toward school and teachers.

The participating organizations believe that educational experiences
should help develop children's natural curiosity and their inclination to con-
struct meaning. A focus on relationships across disciplines should encourage

-creative problem solving and decision making because it makes available to
student the perspectives, knowledge, and data-gathering skills of all the disci-
plines. Such an instructional process should also encourage children to inter-
act with others in a learning community where diversity of thought and cul-
ture is valued.

With the above statements in mind, the participating organizations rec-
ommend the following guiding principles:

Interdisciplinary Pre-KGrade 4 curricula should:
1. Maintain the integrity of content drawn from the disciplines by using

meaningful connections to sustain students' inquiry between and
among those disciplines. Interdisciplinary instruction should be au-
thentic and worthwhile. It is important for students to develop famil-
iarity with the knowledge, assumptions, and methods of inquiry used in
many subject-matter areas in order to be able to select that which is
most appropriate for any given situation. Major concepts and methods
from the various disciplines should be taught as part of integrated units
and at times that are appropriate to students' interests and cognitive
and social development.

2. Foster a learning community in which students and teachers deter-
mine together the issues, questions, and strategies for investigation. An
appropriate balance should be maintained between student-initiated
and teacher-initiated learning experiences.

3. Develop democratic classrooms. Select curricula and organize class-
rooms that will cultivate a learning community in which students de-
velop both independence as investigators and the ability to collaborate
with each other and with teachers to raise questions, investigate issues,
and solve problems. Students should be encouraged to assume increas-
ing responsibility for their learning sot that they can gain confidence in
their abilities to find information, understand and articulate ideas, and
make decisions.
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4. Provide a variety of opportunities for interaction among diverse learners:

for example, discussion, investigation, product development, drama, and
telecommunications. Collaborative interaction among students who dif-
fer in abilities, perspectives, experiences, ethnicity, and interests pro-
motes learning for all students and fosters positive attitudes towards oth-

ers and toward learning.
5. Respect diversity of thought and culture. Students should learn by em-

ploying a variety of learning strategies, engaging in a wide range of
learning experiences, and examining many and varied perspectives.

6. Teach students to use a wide variety of sources, including primary
sources, oral communication, direct observation, and experimentation.
The use of multiple and diverse sources accommodates various learn-
ing styles, interests, and abilities; teaches the importance of cross-
checking for accuracy and bias; and develops students' ability to choose
the most appropriate and productive sources for investigating specific
questions or problems.

7. Use multiple symbol systems as tools to learn and present knowledge.
These can include symbols used in language, mathematics, music, and art,
as well as those that translate knowledge into tables, charts, and graphs.

8. Use wide-ranging assessments to evaluate both the processes and out-
comes of student learning. Ongoing assessment during the inquiry pro-
cess should lead students and teachers to determine what criteria can
be used to identify quality work. Decisions about instruction should be
based on a variety of formal and informal assessment strategies that
move beyond the exclusive use of objective measures to include obser-
vation, portfolios, and performance assessments.

An interdisciplinary education which draws from the knowledge and
processes of multiple disciplines should encourage students to become active
learners equipped with the analytical, interpretative, and evaluative skills
needed to solve real life problems. Eliminating artificial barriers among sub-
ject areas gives students a broader context for solving real-life problems.

Teacher Time, March 2000
Pos5Von
The National Council of Teachers of Mathematics believes that schools must
restructure the use of teacher time to enable teachers to implement a variety
of activities aimed at enhancing students' learning. These activities should pro-
vide opportunities for teachers to reflect on their practice, support teachers'
ongoing professional development, and support a culture of professionalism.

Fr, ackground and RaVonalle
High standards for mathematics curricular Content and the increased diver-
sity of the student population require teachers to have an in-depth under-

_
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standing of mathematics content and effective methods for instruction and
assessment. Internationally, mathematics achievement is higher among those
students whose teachers have more opportunities within the school day to re-
flect on their teaching and discuss instructional and related issues with their
colleagues.

The professional literature indicates that teachers frequently cite pro-
fessional isolation as a serious impediment to their ability to improve cur-
riculum, instruction, and assessment practices. Teachers improve their
practice when time is provided to collaborate with their colleagues by shar-
ing ideas and materials, discussing mathematics content, comparing in-
structional methods, learning about different forms of student assessment,
and exploring an ever-expanding array of technological tools and their ap-
propriate uses.

Moreover, current research indicates that teachers need time to reflect
on their current teaching practices and to increase their own mathematical
knowledge. In order for teachers to increase the mathematics learning of
their students and to grow professionally, they must be afforded adequate
opportunity during the regular school day for reflection, personal planning,
and collaboration with colleagues. This vitally important time must be pro-
vided for in addition to structured, on-going professional development op-
portunities.

Recommendations
School schedules should be restructured to ensure the implementation of two
types of strategies:

o Strategies that provide for the well-planned allocation of personal re-
flective time for all teachings as well as time for collaborative profes-
sional interaction with their peers. This allocated time should include
opportunities for
deepening understanding of mathematical content;
common planning among teachers;
the mentoring of new teachers;
reading, sharing, and discussing current research and educational

literature.
o Strategies for long-term, coordinated staff development that is based

on a long-range plan that include support for both the pedagogical and
the mathematical needs of teachers.

High-Stakes Testing, November 2000
Pos5Von

The National Council of Teachers of Mathematics believes that far-reaching
and critical educational decisions should be made only on the basis of multi-
ple measures. A well-conceived system of assessment and accountability must
consist of a number of assessment components at various levels.
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IRetkonaDe

High-stakes tests are tests that are used to make significant educational deci-
sions about children, teachers, schools, or school districts. To use a single ob-
jective test in the determination of such things as graduation, course credit,
grade placement, promotion to the next grade, or placement in special groups
is a serious misuse of such tests. This misuse of tests is unacceptable. The
movement toward high-stakes testing marks a major retreat from fairness, ac-
curacy, and educational equity. When test use is inappropriate, especially in
making high-stakes decisions about a child's future, it undermines the quality
of education and equality of opportunity.

Just as disturbing as the serious misuse of these tests is the manner in
which the content and format of these high-stakes tests tends to narrow the
curriculum and limit instructional approaches. Test results may also be inval-
idated by teaching so narrowly to the objectives of a particular test that scores
are raised without actually improving the broader, often more important, set
of academic skills that the test is intended to measure.

Assessment should be a means of fostering growth toward high expecta-
tions and should support high levels of student learning. When assessments
are used in thoughtful and meaningful ways, students' scores provide impor-
tant information that, when combined with information from other sources,
can lead to decisions that promote student learning and equality of opportu-
nity. The misuse of tests for high-stakes purposes has subverted the benefits
these tests can bring if they are used appropriately.

Recommendations
o Multiple sources of assessment information should be used when mak-

ing high-stakes decisions. No single high-stakes test should be used for
making decisions about the tracking, promotion, or graduation of indi-
vidual children.

o Assessment methods must be appropriate for their purposes.
o All aspects of mathematical knowledge and its connections should be

assessed.
o Instruction and curriculum should be considered equally in judging

the quality of a program.
o Assessment should advance students' learning and inform teachers as

they make instructional decisions.
o Assessment should be an open process with everyone knowing what is

expected, what will be measured, and what the results imply for what
should be done next.

o If tests are used as one of multiple measures in making high-stakes de-
cisions about students, those tests must be valid and reliable for the
purposes for which they are used; they must measure what the studerit
was taught; they must provide students with multiple opportunities to
demonstrate proficiency; and they must provide appropriate accommo-
dations for student with special needs or limited English proficiency.

o All standardized assessments of mathematical understanding at the na-
tional, state, province, district, or classroom level should be aligned
with the NCTM standards.
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